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On certain tensor fields on contact metric manifolds

By HIROSHI ENDO (Ichikawa, Japan)
Dedicated to Professor Lajos Tamdssy on his 70th birthday

In Sasakian manifolds, MATSUMOTO and CHUMAN [3] defined a con-
tact Bochner curvature tensor (see also YANO [6]). This is invariable
with respect to a D-homothetic deformation (see TANNO [5] about a D-
homothetic deformation). In this paper we define a new tensor field which
is invariable with respect to the D-homothetic deformation in a contact
metric manifold and call it an E-tensor. Then we shall study the contact
metric manifold with vanishing E-tensor.

1. Preliminaries

Let M be a (2n + 1)-dimensional contact metric manifold with the
structure tensors (¢, &,n, g), where ¢ is a linear mapping TM — TM (T M
is the tangent bundle over M), & is a vector field, n a l-form, and g a
Riemannian metric on M, such that

¢=0, ) =1 ¢*=-I+ne& nX)=g(X)
9(6X,¢Y) = g(X,Y) =n(X)n(Y),  g(6X,Y) =dn(X,Y)
for any vector fields X and Y on M. Now we define an operator h by
h = —%£5¢ where £ denotes Lie differentiation. Then the vector field &
is Killing if and only if A vanishes. It is well known that h and ¢h are
symmetric operators, h anti-commutes with ¢ (i.e., ¢h + he = 0), h§ = 0,

noh =0, Trh =0 and Tr ¢h = 0 (see [1]). Moreover the following general
formulas for a contact metric manifold M were obtained

(1.1) Vxé = ¢X + ¢hX

(1.2) 9(Q&,€) = 2n — Trh?
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2n—+1
(1.3) Z (Vg,¢0)E; = —2n& ({E;} is an orthonormal frame)

=1

(14) (Vox9)dY +(Vx0)Y ==2g(X, V)E+n(Y) (X +hX+7(X)¢)
((Vx9)§ = —n(X)§ + X + hX)

(1.5) $(Veh)X = X —n(X)€ — h*X — R(X, §)¢,

where V is the covariant differentiation with respect to g, Q) is the Ricci
operator of M, R is the curvature tensor field of M and Trh denotes the
trace of h (see [1] [2] and [4]). Moreover, by means of ¢ph& = 0, we get

(1.6) H(Vyh)é = —hY — h%Y.

If ¢ is Killing in a contact metric manifold M, M is said to be a K-contact
Riemannian manifold. If a contact metric manifold M is normal (i.e.,
N+dn®& =0, where N denotes the Nijenhuis tensor formed with ¢), M is

called a Sasakian manifold. A Sasakian manifold is a K-contact Riemann-
ian manifold. In a Sasakian manifold with structure tensors (¢,&,n,g) we

have
PQ=Q0,  QE=2n¢ (seeeg., [7]).

2. D-homothetic deformations

Let M be an (m + 1)-dimensional (m = 2n) contact metric manifold.
Now we define the tensor field B in M by

(2.1) B(X,Y) = R(X,Y) (QY/\X _QXAY

+ -
m+4
+QdY A X — Qo X N Y + g(QoX,Y)d — g(QaY, X)é

+29(6X,Y)Q4 +n(Y)QX A& +n(X)EAQY)

k+m k—4
a0 AKX+ 20X YV)6) — gy A X
k
+m—+4 <77(Y)§ ANX +n(X)Y A f);

where k£ = 257’1—:_73 (S is the scalar curvature of M) and (X AY)Z =

9(Y,Z)X — g(X,Z)Y (cf., [3]). If M is a Sasakian manifold, B coincides
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with the contact Bochner curvature tensor by MATSUMOTO and CHUMAN
[3] and the following are satisfied

(2.2) B(,Y)Z=B(X,Y)¢=0, n(B(X,Y)Z)=0,
B(¢X,$Y)Z = B(X,Y)Z,

where we have used R(¢X,Y)Z —R(¢Y, X)Z = g(¢Z,X)Y —g(¢pZ,Y)X —
9(Z, X)oY 4+ g(Z,Y)pX in a Sasakian manifold.

We consider a D-homothetic deformation ¢* = ag + a(a — 1)n ® n,
* = ¢, & = a7'¢, n* = an on a contact metric manifold M, where
« is a positive constant, and for a D-homothetic deformation we say that
M(9,&,n,g) is D-homothetic to M (¢*, £, n*, g*). It is well known that if a
contact metric manifold M (¢,&,n, g) is D-homothetic to M (¢*,&*,n*, g*),
M (¢p*,£*,n*, g*) is a contact metric manifold. Moreover if M (¢,&,n,g) is a
K-contact Riemannian manifold (resp. Sasakian manifold), then M (¢*, £*,
n*,g*) is also a K-contact Riemannian manifold (resp. Sasakian manifold)
(see [5]). Denoting by W'y, the difference T}, " — T'j;* of Christoffel sym-
bols, by (1.1), we have in a contact metric manifold

W(X,Y)=(a—1)(n(Y)oX + n(X)pY)
L@V £ (Tym)(X))E (see [3])

2cv
= (o - V()X + n(X)eY) + “—Lg(enX, V).

Putting this into

R*(X,Y)Z = R(X,Y)Z + (VxW)(Z,Y) — (VyW)(Z, X)
FWW(Z,Y),X) - W(W(Z,X),Y)

and using (1.1), we have
(2.3) R*(X,Y)Z = R(X,Y)Z + (a — 1)
% (20(0X, V)07 + 9(67,Y)6X — 967, X)8Y +n(Y)(Vx0)Z
“(X)(Vy&)Z +n(Z)(Vx4)Y = n(Z)(Vy)X)
~(a =12 (n(Z)M(X)Y = n(Z)n(¥)X)
O (9%, (Ty9)h2)€ — g(Y, (VxO)RZ)6 + 9(X, 6(Vy h) 2)¢

—~9(Y, 6(Vxh) Z)& + g(X, 0hZ)6hY — g(Y, 6hZ)6hX )
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(o — 1)?

(n(X)g(hZ Y)§—n(Y)g(hz, X)S)-
Here, choosing a ¢-basis and using (1.3) and (1.5), we get
(2.4) Ric*(X,Y) = Ric(X,Y)
+(a—1)(—29(X,Y) +2(2n + 1)n(X)n(Y))
( —9(X,Y)

+n(X)n(Y) = 29(hX,Y) +g(hX,hY) + g (R(X,OE.Y) ),

(o — 1)2(X)n(¥) — L

where Ric is the Ricci curvature of M. From (2.4) we find

a—1

(2.5) Q*X = éQX + (—2X +2(2n + 1)n(X)E)

a—1 a—1\°
22000~ 20 (U1 ) o

a—1

(— X +n(X)€ —2hX + K*X + R(X, €)E),

a?

where we have used Q*¢ = éQf — o= loQe )¢ + 2n 0 e
a a

By virtue of (1.2) we have

-1 a-1
TR
« (87

(2.6) S* = lS —2n
a

From (2.1), (2.3), (2.4), (2.5) and (2.6), after some lengthy computation
we obtain

(2.7) BY(X,Y)Z = B(X,Y)Z + (a — 1) (n(Y)g(X, 7)€
—n(X)g(Y, Z)¢ + 2n(X)n(Z2)Y = 2n(Y)n(2)X +n(Y)(Vx¢)Z

+1(2)(Vx @)Y = n(X)(Vyd)Z = n(Z)(Vyd)X )

~0 2 (9(X (Vy@)h2)E — 9V, (VxO)hZ)6 + 9(X, 6(Ty ) 2)¢

(6
—9(Y, (T xh) Z)& + g(X, 0hZ)6hY — g(Y, 6hZ)ohX )

(a —1)?

(n(X)g(hZ,Y)§ = n(Y)g(hZ, X)¢)
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b { L (nXm(2)a(Y, QE)E — m(¥ )n(Z)g X, Qe)e

+9(Y, 2)9(X, QE)E — g(X, Z)g(Y, QE)E + g(oY, Z)g(¢ X, QE)E
~9(6X, Z)9(6Y, QE)E — 29(6X, Y )g(67, QE)¢)
+2n(a = 1) (n(Y)g(X, 2) = n(X)g(Y. 2)¢)

(o —1)?

~(9(X, 2) = n(X)n(2)) (2n n(Y)e

+aa_ 1<—Y—|—77(Y)§— ZhY—l—th—{—R(Y’f)g))

a—1

o ( —g(Y, Z) + n(Y)n(Z) — 29(hY, Z) + g(hY, hZ)

+9(R(Y.©)6.2) )X + (9(¥. 2) = n(Y In(Z))

(20 + O (= X (X2 XA+ RO E)E))

_O‘T‘l (~9(X, 2)40(X)n(2) ~29(hX, Z)+9(h X, hZ) +9 (R(X. )6 2)) Y

a—1

—g(6X,2)( = 9 — 2h9Y +h26Y + R(4Y,)¢)

(0%

+O2 (= 907, 2) — 29(h0Y, 2) + (h6Y, hZ) + g (R(SY, )6, 7) ) o

a—1

+5—g(6Y. 2)( — 0X — 2h6X + 26X + R(6X, €)¢)

‘aT_l (= 9(6X, 2)~29(h0 X, Z)+g(ho X, hZ)+9(R(6X,£)¢, Z)) Y

—aT_l (—2g(¢>X, Y)—2g(¢hX,hY)+g(R(¢X,£)&Y) —g(R(Y, £)& X)) o7

a—1

—g(¢X.Y)( — 62 = 2h9Z + h*6Z + R(62.€)¢)

a—1
+
«

—2

( — (X, Z) + n(X)n(Z) + 29(hX, Z) + g(hX, hZ)

Fo(RX, 06, 2) In(V)e ~ “— 2~ g%, 2) + 0¥ n(2)
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“24(Y. 2) + 9(hY. Z) + 9 (R(Y.€)6,2) )l X)¢ |

1 a—1
C(2n+4)(2n +2)

+29(6X,Y)6Z + g(X, Z)Y = g(Y, )X = n(Y)g(X, Z)¢
+1(X)g(Y, 2)E +n(YV)n(2)X — n(X)n(Z)Y )

Now we shall introduce in M an E-tensor by

Tr 12 (g(6X, Z)8Y — g(oY, Z)0X

(28)  E(X,Y)Z=B(X,Y)Z - n(X)B(,Y)Z —n(Y)B(X,£)Z
—1(Z)B(X,Y)é = n(B(X,Y)Z)¢ = B(6X,9Y)Z +1(Z)B(¢X, ¢Y )¢
+1(B(9X,0Y)Z)é — ¢B(X, 9Y)Z — $B(¢X,Y)Z +1(X)$B(€, ¢Y)Z

+(Y)$B(6X.€)Z +1(Z2)pB(X, ¢Y )& +1(Z )¢B(¢X Y)¢
)Z)¢.

(X )n(B(E,Y)Z)€ +n(Y)n(B(X
In particular if M is Sasakian, &£ = 0 from (2.2).

Theorem 2.1. The E-tensor is invariant with respect to the D-homo-
thetic deformation M(¢,&,n,9) — M(¢*,&£*,n*,g*) on a contact metric
manifold M.

Proor. Using (1.4), (1.5), (1.6) and (2.7), we find

(2.9) =" (X)B*(€".Y)Z = —n(X)B*(§,Y)Z = —n(X)B(§,Y)Z
o= D = n(XZ)Y +n(X)(Z)RY +n(X)(Ty6)Z)

F L (X (2 + n(X)g (Y, RZ,E)6)e)
+Mn<x>< 26+ 1{,5“ D (x)g(v.h2)¢
e (0002 =002 (0069 2n)n)g

(2.10) 0 (V)B(X.€)7 = (V) B(X.&)2

o= 1) (10)1(2)X =0V In(Z)hX = (Y )(Vx)Z)

= <77(X)77(Y)77(Z)€ +0(Y)g (X, R(Z, g)g)f)

(e
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(A vyg(z 306 - 2D

M= v )ghz, X

+2n1—|— 4 . ; 1 <9(Xa Z) - n(X)n(Z)> (g(Q& £) - 2n>77(Y)§

(2.11) —"(Z)B* (X, Y)E" = —n(Z)B(X,Y)¢
+a - 1)( = n(X)n(2)Y +n(Y)n(Z2)X = n(Y)n(2)hX
F(X)(Z)RY = n(Z)(Vxd)Y +1(Z)(Vyd)X)
(2.12)

—n*(BX(X,Y)Z)¢* = —n(B*(X,Y)Z)¢

=—n(B(X,Y)Z)¢ - a; ! (n(X)g(Z, hY)e —n(Y)g(Z, hX)¢

—9(X, (Vy9)hZ)E+g(Y,(Vx$)hZ)& — (X, ¢(Vyh)Z)§

+aV.o(Txm2)6) + 5 {2 (— nCOn2a0v. Q0

+n(Y)In(Z)g(X, Q€& — g(Y, Z)g(X, QE)E + g(X, Z)g(Y, QE)E

—9(oY, 2)g(9X, QE)E+9(0X, Z)g(dY, QE)E+29(9 X, Y)g (02, Q€)€>

~2n(a —1)(9(X, Z)n(¥ )& ~ g(¥. Z)n(X)e)

—1)2
+2n(a )

(9(X.2) = n(X)n(2) )n(¥ )¢
+E2 (90 2) = (Y )(2) + 29(0Y. 2) — g(Y h2)

~g(RV.9)6.2) ()¢ — 2 (g(v, 2) — m(x () Jm(x)e
a—1

— (9%, 2) = n(X)(2) + 29(hX. Z) — 9(hX . 12)

—g(R(X,€)E, Z))n(Y)é“ + a; ! (g(X, Z) —n(X)n(Z) — 29(hX, Z)

~g(hX,h2) ~ g(R(X,€)6,2) )n(¥V )& = “— = (4(¥,2) 0¥ )n(2)
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124(hY, Z) — g(hY 1 Z) — g(R(Y; )€, Z))n(X)é}-
From (2.7), (2.11) and (2.12), we get
(2.13) —B*(¢*X,¢*Y)Z = —B(¢X, ¢Y)Z
+a=1)( = n(2)(Tox )oY +n(Z)(Voy 60X )
+0 2 (90X, (Vay $)h2)€ — 96V, (Vox 9)h2)g

+9(6X, 6(Voy h) Z)~ (Y, 6(Vsxh) Z2)-+g(X, hZ)RY —g(Y, hZ)hX)

#arr{ (- al0Y 2)00X, QO+ 9(6X, 2)9(6Y. Q8)¢

+29(¢X,Y)g(02,QE)E — (Y, Z2)g(X, Q)€ + g(X, Z)g(Y, QE)E
—9(X, Z)n(Y)g(Q¢, )€ + g(Y, Z)n(X)g(Q¢E, §)¢

~g(Y, QEM(X)M(Z)E + 9(X, QY )n(2)¢)

42 ; Lotox, Z)( — Y = 2hgY + h2$Y + R(¢Y, 5)5)

~C (006, 2) ~ 20(h0Y. 2) + g(1h6Y.02) + g (R6Y.€)6. Z) X

—a; Lg(oY, Z)( — X —2h¢X + h*¢X + R($X, g)g)
+a7_1 (— 9(6X,Z)—29(h¢ X, Z)+g(h¢ X, hZ)+g(R(¢ X, €)E, Z)>¢y
+a7_1 (9(X, Z) — n(X)n(Z)> ( —Y +n(Y)E — hY + k%Y + R(Y, 5)5)

_a; L < —gY, )X +n(Y)n(2)X —29(hY,Z)X + g(hY,hZ)X
+g(R(Y, )€, Z) X + g(Y, Z)n(X)€ — n(X)n(Y)n(Z)¢
+29(hY, Z)n(X)E = g(hY. hZ)n(X)E — g (R(Y. )¢, Z)n(X)¢)

O (o 2) -V () (— X n(X)E—2nX +H2 X+ R(Y, )

«

+= o 1 ( —9(X, Z2)Y + n(X)n(2)Y — 2g(hX, Z)Y + g(hX,hZ)Y
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+9(R(X,8)¢,2)Y 4+ g(X, Z)n(Y )& — n(X)n(Y)n(Z)¢

+29(hX, Z)n(Y )¢ = g(h X, hZ)(Y ) = g(R(X, )8, Z)n(Y )¢ )

a—1

5 (200, 6Y) =29 (h X, hoY ) =g (R(X, )¢, 6Y) +9(R(Y )¢, 6X)) 62

+20‘T_19(¢X, Y)( — ¢Z —2h¢Z + h*¢Z + R(¢Z, 5)6) }

+(2n+4)1(2n+2) = : b (9(X, 2)Y - g(¥. 2)X

+9(Y, Z)n(X)€ — g(X, Z)n(Y)E +n(Y)n(Z2) X

“(X)(Z)Y +g(6X, Z)6Y — g(6Y, Z2)6X — 29(X,6Y )67 )

(2.14) n*(Z)B*(¢* X, ¢*Y)E* = n(Z)B(¢X, ¢Y )¢

+(a = 1) (M2)(Vox@)dY —n(2) (Vv 9)6X )

(2.15) n* (B*(¢* X, ¢*Y)Z)¢* = n(B(¢X,9Y)Z)¢

oa—1

— (9(6X. (Var 9)hZ)¢ — g(6Y. (Vox@)hZ)§

+9(6X, 9(V sy 1) Z)€ — g(6Y, 6(V sxh) Z)¢)

byt S (006, 2)9(0X, QO)E — 90X, Z)g(6Y, Q)€

—29(¢X,Y)g(¢Z,QE)E + g(Y, Z)g(X, QE)E — g(X, Z)g(Y, Q&)§
+9(X, Z)n(Y)g(Q&, )& — g(Y, Z)n(X)g(QE, €)E

+9(Y, QX )n(2)§ - 9(X, Q)Y )n(Z)¢ ).
Using (1.4), (1.5) and (2.12), we have

(2.16) n (X" (BX(&5,Y)Z2)E +n*(Y)n* (B* (X, ") Z)¢*
a—1

= " (2000)g(Y. hZ)¢ — (Y )g(X, hZ)¢ +n(X)g(Y. 2)¢

—n(Y)g(X, 2)§ = n(X)g(Y, R(Z,)€) +n(Y)g (X, R(Z.€)¢)¢)
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g L g0, 2 — X, 2m(0) (9108, €) — 2m )<

Thus using (2.7), (2.9), (2.10), (2.11), (2.12), (2.13), (2.14), (2.15) and
(2.16) we get

(217)  B*X,Y)Z - (X)B* (&, Y)Z -0 (V) B*(X,€)Z
—0*(2)B*(X.Y)e" — " (B*(X,Y)Z)€" - B*(¢*X,¢*Y)Z

+"(Z) B (6" X, 67V )¢" *(B*<¢ X,6"Y)Z)¢"

+0* (X)n* (BX(€5,Y) 2) & +n*(Y)n* (B (X, %) Z)¢*
= B(X.Y)Z - n(X)B(&,Y)Z - n(Y)B (X 2 —n(Z)B(X,Y)¢

—n(B(X,Y)Z)¢ — B(¢X,6Y)Z +n(2)B(¢X, $Y )¢

+n(B(¢X,9Y)Z) ¢+ n(X)n(B(E,Y)Z)E

+(Y)n(B(X, €)Z)€ = 2(a = 1)(n(V)(Z)hX — n(X)n(2)hY )

a—1

e (g(y, hZ)hX —g(X,hZ)hY +g(X, phZ)phY —g(Y, ¢hZ)gz5hX> .

+
+

Here, substituting ¢*Y for Y in (2.17) and transforming (2.17) by ¢*, we
have

(2.18) —¢*B*(X,¢*Y) — ¢*B*(6*X,Y)Z + 0" (X)¢* B*(¢*,9*Y) Z
—n*(Y)¢* B*(¢* X, ") Z — n*(Z)¢* B* (X, " Y )&*
—n*(2)¢* B (¢* X, Y )& —n* (Y)n*(2)6* B* (¢ X, £%)€*
= —¢B(X,¢Y) - ¢B(¢X,Y)Z +n(X)¢B(¢,¢Y)Z
—n(Y)¢B(¢X,6)Z — n(Z2)¢B(X, ¢Y )& —n(Z)¢B(¢X, Y )¢
—n(Y)n(Z2)¢B(¢X,£)¢ — 2(a — Ln(X)n(Z)hY

—O‘T_l (g(X, dhZ)hoY —g(Y,hZ)hX +g(Y, phZ)phX +g(X, hZ)hY) .
On the other hand we find by virtue of (1.4)
(219)  — 0" (Y)n*(2)¢* B*(¢* X, £")¢

= —n(Y)n(Z2)¢B(6X,€)¢ — 2(ar — (Y )n(Z)hX .

Substituting (2.19) into (2.18) and combining (2.17) and (2.18), we obtain
our result.
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3. Contact metric manifolds with vanishing F-tensor

We define
2n—+1

ij=1
where {E;} is an orthonormal frame.

Lemma 3.1. ([4]). For any (2n+1)-dimensional contact metric mani-
fold M we have

1
s — S +4n? =Trh? + 5{|yv¢\|2 —4n} > 0.
Moreover M is Sasakian if and only if |[V¢||? — 4n = 0 or equivalently
s — S +4n? =0.

Proposition 3.1. Let M be a (2n + 1)-dimensional contact metric
manifold with vanishing E-tensor. Then we have

2Trh? = ||Ve|* — 4n.
PROOF. Since the E-tensor of M vanishes, we have
(3.2) 9(B(X,Y)Z,W) =n(X)g(B(,Y)Z,W)
+n(Y)g(B(X,€) 2, W) +n(Z)g(B(X,Y)¢, W) +n(W)n(B(X,Y)Z2)
+9(B(6X,¢Y)Z, W) —n(Z)g(B(¢X, 6Y)E, W) —n(W)n(B(sX, ¢Y)Z)
—n(X)n(W)n(B(EY)Z) =¥ )n(Wn(B(X,€)Z) + g(¢B(X,¢Y)Z,W)
+9(¢B(6X,Y)Z, W) —n(X)g(¢B(&, 6Y) Z, W) —n(Y)g(¢B(¢X,£)Z, W)

~1(2)g(6B(X, ¢Y)§, W) — n(Z)g(¢B(X,Y )¢, W)
Taking X = FE;, Y = E;, Z = ¢E;, W = ¢E;, ({E;} is a ¢-basis) into
each member of (3.2) and summing over ¢ and j, we have

2(n+1)
n—+ 2

2n+1
N 9(B(E:i, E;)0E;, 0E;) = s# — S —

i,5=1

Tr h? + 4n?

2n—+1

g 3 X 7 VR i) = _29 ’
> 9(B($E;:, ¢E;)pE;, oE;) = S — 29(Q&, )

ij=1
2(n+1)

3n(k+2n) n@2n—1)k—4)
n+ 2 *

n-+ 2 n+ 2
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2n—+1
> 9(6B(Ei, ¢E;)¢E;, oE;) = S — 29(Q&, €)
ij=1
2(n+1) 3n(k+2n) ni2n-—1)(k—4)
n+ 2 (g(Qf,f)—S)—l— n+ 2 n+ 2
2n—+1 _ 2(n+ 1)
ij=1
n(2n + 1) n(k —4)
B n+ 2 (k+2n) - n+ 2
2n+1 _
> n(E)g(B(&, E;)¢E;, ¢E;) =0
ij=1
2n+1 ~
> n(E;)g(B(E;, §)¢E;, ¢E;) =0
ij=1
2n—+1 ~
> n(E:)g(sB(E, E;)OE;, pE;) =
ij=1
2n+1 B
> n(E;)g(¢B(¢E;,&)$E;, o E;) =
i,j=1
where we have used
2n+1 2n+1
> 9(R(¢E;, Ej)¢E;, E;) = — > g(¢E;, R(E;, E;)E;)
Q=1 Q=1
’ 2n+1 ’
= Z < ¢EJ7 R(E Z)¢Ez) + g(¢Ej7 R(E;, ¢E1)EJ))
2, 1
o
= Z < ¢E37R 7Ez)¢Ez) _g(¢Ej7R(¢Eian)Ei)
1,7=1
- g(¢Ej’ R<Ej7 El)¢Ez)>
2n+1
= > (9(6E;, R(E;, E)OE;) + g(0Fs, R(E;, 6E:) E)
ij=1

_ g(¢Ej,R(Ej,Ei)¢EZ.)> _ _#
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Therefore, using each of the above equations, (1.2) and k = %z+—4—272l’ we

get
s* — S +4n? = 2Tr k2.

From Lemma 3.1, we have our result.

By Proposition 3.1, we immediately get the following

Theorem 3.1. Let M be a K-contact Riemannian manifold. Then
M is a Sasakian manifold if and only if the E-tensor vanishes.
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