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Infinite dimensional singular discrete
control systems and feedback law

By MOHAMED RABIE ABDALLAH MOUBARAK (El-Minia)

Abstract. The aim of this paper is to find a feedback law which steers the initial
state to the origin in uniform finite time for the infinite dimensional singular discrete
control systems where the state and control spaces are Hilbert spaces.

1. Introduction

We begin with two infinite dimensional Hilbert spaces H and U as the
state space and the control space, respectively. Let Y be a closed subspace
of H, then H can be written in the decomposition form:

(1) H=Y®Y",

where Y is the orthogonal complement of Y. Let £(H) be the set of
all bounded linear operators from H into H and L(U, H) the set of all
bounded linear operators from U into H. Given A € L(H), A can be
represented in the matrix operator form:

@) Ao <A11 A12>
Ay Asp )’

where A11 : Y—>Y, A12 . YJ‘ —>Y, A21 . Y—>YJ',A22 . YJ' —>YJ‘, see [6}
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Consider the infinite dimensional autonomous singular discrete control
systems.

(3) Exiiq = Az + Bug, k=0,1,2,...,

where x, € H, uy, € U, the operators E, A € L(H) and B € L(U, H). The
operator F is assumed to be singular and given in the form

(1) E= (Egl g)

where F1; : Y — Y and it is invertible, furthermore it is assumed that:

En 0\ '
(5) ( )
Agr Agp
exists if and only if A2_21 exists.
Consider the feedback law

(6) up = Mxy,

where M € L(H,U). Our aim in this work is to find a feedback law that
drives the initial state xy to the origin in finite time.

This work has been undertaken in order to establish a link between
operator theory and control theory and it can be considered as a general-
ization of the work in [7] to the infinite dimensional case. Also, the sys-
tem (3) is very important for many fields such as economics and robotics.
Furthermore the concepts of reachability, controllability and observability
have been studied extensively for the system (3) in the two cases of finite
and infinite dimensional spaces, for example see [1-5] and [8].

2. The main work

If we write the vector x; as

@ =)

then the system (3) can be written in the form

Ein 0 Ekt1 A A Ek B
®) < 0 0> (771:—1-1) (Am A22> (Uk) " <B2>uk’
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where By : U — Y, By : U — Y. This gives

© { E11&k11 = A&k + Arane + Biug,

0 = A&, + Agany, + Bouy.

Multiplying the first equation in (9) on the left by E', yields

(10) { Epi1 = Bt A€y + B Ao + Bt Buug,
0 = A2y + Agamy + Baug.
The second equation in (10) gives
(11) = —Agy A21&), — Agy Bauy,.

Using the equation (11) in the first equation of (10), we get

€1 = B! (A — A2 A5y A&,

(12) + BN (By — A1 ALy Bo)uy, = C&p, + Duy,
where
(13) { C= Eﬁl (A1 — A12A521A21),

D = E;/(By — A2 Ay By).

Using (11), the vector xj, given in (7) can be written as follows

§k> ( &k )
14 s s _ _
(14) o <77k —A221A21§k—A22lB2uk
ey (38
—A2_21A21E1_11 A2_21 —Bguk

-1
Ey 0 Eq11é )
<A21 A22> <_BQUk 11k QU

where

Fi1 0 -t < Eu_l 0 >
15 F QG) = = _ _ .
(15) ( ) (Am A22> — Ayt An By AL

11
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Now we try to find the feedback law
(16) u, = L&

which steers the initial state £ to the origin in uniform time, where
L:Y—-U.

A necessary and sufficient condition for the existence of such a feed-
back law is that the system (12) is exactly reachable, i.e. there exists an
integer n such that:

17 range[C,CD,...,C"'D] =Y,
(17) [

see [5]. We assume that (12) is exactly reachable, i.e. there exists a feed-
back operator L : Y — U.
If L is known, then (12) and (13) become

(18) Eps1 = C& + Duy, = (C 4 DL)E, = S&,
and
(19) ry = FE\ &y — GByuy = (FEy — GBy L)y, = Té,
where

S=C+ DL,
(20)

T=FFE{; —GByL.

It should be noted that for some choice of the feedback operator L, the
operator S is nilpotent, i.e. there exists an integer v such that S¥ = 0,
Sv=1 0.

The solution of (18) is

(21) & = S*&

where &y is any initial vector, and if the feedback operator L has been
chosen such that the operator S is nilpotent, then it follows that

(22) & =0.
Returning to the original feedback law

(23) Uk = Ml‘k,
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we get that M takes the form
(24) M =L 0].

Thus we get the feedback law u; = Mx) which steers the vector xj from
an initial vector x( to the origin in uniform time steps.

References

[1] S. L. CAMPBELL, Singular systems of differential equations I, Pitman Advanced
Publishing Program 12 (1982).

[2] L. Dal, Empulsive modes and causality in singular systems, Int. J. Control 50
no. 4 (1989), 1267-1281.

[3] A. FEINTUCH, Spectral minimality for infinite dimensional linear systems, STAM
J. Control and Optim. 14 no. 5 (1976), 945-950.

[4] P. A. FunrMAM, Exact controllability and observability and realization theory
in Hilbert space, Progress in Scientific Computing 5 (1985), 271-283.

[5] P. A. FuHRMAM, On weak and strong reachability and controllability of infinite
dimensional linear systems, J. of Optim. Theory and Appl. 9 no. 2 (1972), 77-89.

[6] I. GoHBERG and S. GOLDBERG, Basic operator theory, Birkhauser 37 (1981).

[7] E. IBRAHIM, Regulation of time invariant discrete time descriptor systems, Int.
J. Control 50 no. 1 (1989), 75-79.

[8] A. R. SOUROUR, On strong controllability of infinite dimensional linear systems,
J. Math. Anal. Appl. 87 (1982), 460—462.

MOHAMED RABIE ABDALLAH MOUBARAK
MATHEMATICS DEPARTMENT

FACULTY OF SCIENCE

EL-MINTA UNIVERSITY

EL-MINIA

EGYPT

(Received November 5, 1997; revised September 7, 1999)



