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An existence theorem for the commutative neutrix
product of distributions

By BRIAN FISHER (Leicester), ADEM KILICMAN (Sivas)
and JOEL D. NICHOLAS (Leicester)

Abstract. In this paper we prove that the commutative neutrix product of the
distributions x " and z® exists for r,s = 1,2,....

In the following, we let D be the space of infinitely differentiable
functions with compact support and let D’ be the space of distributions
defined on D. The distribution " is defined by the equation

)T )
o (r—1)!

—-Tr

for r = 1,2,... and not as in GEL'FAND and SHILOV [6]. If we denote
GEL'FAND and SHILOV’s definition of 2" by F(x4,—r), it was proved
in [4] that

(=1)"o(r — 1)5(T—1)

x;r :F(.CL'+,—T)+ (7“—1)' (:E)

forr=1,2,..., where

.
SN 1/i, r>1,
i=1

0, r=0.
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Our definition of x;r is more convenient to use because it satisfies the

equation
—r 1

(") = —ral""
forr=1,2,....
Further, the distribution :cjrl Inx, is defined by

1
i nwy = i(ln2 zy)

and in general, the distribution 7" Inz is defined inductively by the
equation
.73‘__’_T . (I;T+1 In er)/

r—1

—-Tr
. Inzy =

forr=2,3,....

Now let p(z) be a function in D having the following properties:
(i) p(x) =0 for |z| > 1,
(i) plz) >0,
(i) ple) = p(—2),
(iv) f_ll p(z)dr = 1.
Putting §,,(x) = np(nz) forn = 1,2, ..., it follows that {J,,(z)} is a regular
sequence of infinitely differentiable functions converging to the Dirac delta-

function o(x).
If now f is an arbitrary distribution in D’, we define

fo(@) = (f * 6n)(x) = (f(), 0n(x — 1))

for n =1,2,.... It follows that {f,(x)} is a regular sequence of infinitely
differentiable functions converging to the distribution f(x).

The following definition for the commutative neutrix product of two
distributions was given in [3].

Definition 1. Let f and g be distributions in D’ and let f,(x) =
(f % 0n)(x), gn(x) = (g % 6)(x). We say that the neutrix product fg of
f and g exists and is equal to the distribution A on the interval (a,b) if

Nt (£ (2)ga (@), #(2) = (h(@), ()
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for all functions ¢ in D with support contained in the interval (a,b),
where N is the neutrix, see van der CORPUT [1], having domain N’ =
{1,2,...,n,...} and range the real numbers, with negligible functions fi-
nite linear sums of the functions

)\1 r—1

n*In"""n, In"n: A>0, r=1,2,...

and all functions which converge to zero in the normal sense as n tends to
infinity. Further, if

Jim (fn(2)gn(2), p(2)) = (W(2), p(2))

we simply say that the product f.g exists and equals h, see [2].

Before proving our main result, we note the following lemmas which
are easily proved by induction.

Lemma 1. If ¢ is an arbitrary function in D with support contained
in the interval [—1,1], then

W G- [ o [ote) -

forr=0,1,2,....
The following theorem was proved in [5].

S

Theorem 1. The neutrix product =" O x~% exists and

"0z =a7""°

forr,s =1,2,....

The limits involved in the proof of Theorem 1 were easily evaluated.
However, in the following, we are going to consider the neutrix product
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;" Oz °. For this neutrix product, the limits are more complicated and
so we only prove the existence of the limits and thus the existence of the
neutrix product z " Oz °.

We now prove the following theorem.

Theorem 2. The neutrix product x}" Uz ® exists for r,s = 1,2,....

PROOF. We first of all consider the case s = 1 and put

N ) .
(@3 = 25+ 8ula) = 2y | e =00 d

forr=1,2,.... Then

3)  (~)ir— 1) / (27 )n(27 e de

-1

1/n 1/n 1/n
:/ 6 (t) / 8 (s) / ¥ In(z — t)In(x — s) dz ds dt
t s

—1/n

1/n t 1/n
+ / o (t) / 8r,(s) / ¥ In(z — t)In(z — s) dz ds dt
—1/n t

—1/n

1/n 1/n 1
+ / o8 (t) / 8y, (s) / 28 n(z — t) In(x — s) de dsdt
1

—1/n —1/n /n

X /171 w” In[(w — v)/n] In[(w — u)/n] dwdudv = I, + I + I3,

where the substitutions ns = u, nt = v and nx = w have been made.
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It follows immediately that

(4) N-lim I; = N-lim I, = 0,

for k=0,1,2,...,r—1.

Now
[ wtnl(w = o)/ taftw — )]
= /;L w*[In(w — v) — Inn)[In(w — u) — Inn) dw
= ln2n/1nwkdw — 2lnn/1nwkln(w —v)dw

+ / w In(w — v) In(w — u) dw
1

and it follows immediately that

19

(6) N-limn"~* In? n/ w” dw = 0
n—oo 1
for k=0,1,2,....
Further, by expanding In(w — v) in powers of v/w, it also follows that
(7) N-limn" " lnn/ w” In(w —v) dw =0
n—oo 1

for k=0,1,2,....
Finally, we have

/”w In(w — v) In(w — ) dw
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and it follows that

N-lim nT_k/ w® In(w — v) In(w — u) dw
1

n—oo

r . .
i ]+1u]

:‘Zj<r—k><r—j+1>‘

j=1

Hence

1 1 n
N-limn"~* / P\ (v) / o' (u) / w® In(w — v) In(w — u) dw du dv
~1 1

n— o0 _1

for k =0,1,2,...,7 — 1 on using equation (2). It follows from equations
(5), (6), (7) and (9) that

(10) Nofim fy = (=D = DY

n—00 r—=k

It now follows from equations (3), (4) and (10) that

1

(11) e B e
-1

for k=0,1,2,...,r—1.
We now deal with the case & = r. Equation (3) still holds but this
time it follows that

(12) Ntmh- [ ) / ) / "0 In(w — )

n—oo 1

X In|(w — u)| dw du dv,

08 Ntmn=[ 096 [ fw [ miw- )

—1 -1
X In [(w — u)| dw du dv.
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Further, equation (8) is replaced by the equation

/w”n(w—v)ln(w—u)dw:/ w” In* w dw
1 1

_zi Q;Z /ln w  Inw dw + ii Ui,l,tj /1n w" T dw.

i=1 =1 "
It follows that
n

N-lim w" In(w — v) In(w — u) dw = g, (u,v),

n—od 1
say and so

1 1

(14) N-lim I3 = / p") (v)/ o' (w)gr(u, v) du dv.

We therefore see from equations (3), (12), (13) and (14) that

1
N-lim (27 n(z3 )z d

n—oo [ 4
exists and we put
1
(15) N-lim (27 (27 ) na"dz = Ly 1.
n— 00 1

When k = r+1, it follows as for equation (3) that for any continuous
function v

1/n
/ ) (@7 )@ ) na™ () da

-1

= n‘l/l p(’”)(v)/v1 P (u) /ulw”“w(w/n) In |(w —v)/n|

X In |(w — u)/n| dw du dv

et [ ) / o [ W (/) n | (w — )

-1

X In |(w — u)/n| dw du dv
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and it follows that

1/n
(16) lim (27 n (23 ) pa" Ty (z) dz = 0.

Next, when x > 1/n, we have

1/n

(= Dl = [ - a0 de

—1/n

- =1
o0 1 i

S Y () d
Z/n D () dv

It follows that

where

1
K= [ 0wl
-1
forr=1,2....

If now n=! <7 <1, then

(r — 1) / / (@7 (@7 ™ da

n’— i— J+1 r—i—j—1

< KK, ZZ/ dz

i=r j=1

w'™ i—j+1

SRy [

i=r j=1
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KK, | Inw lnw +§: i wroizitz ]
= n r -4+ 1 p— = 7” — 7 — j =+ 2
'L+];£7’+2
and it follows that
K KK,
lim (23 ) (23 )™ | da < L]
n— 00 1/n r!
forr=1,2,....
Thus, if v is a continuous function
(17) lim ‘/ (27 n(z3 ) nz T (2) dz| = O(n)
n—oo /TL

forr=1,2,....
Now let ¢ be an arbitrary function in D with support contained in
the interval [—1,1]. By Taylor’s Theorem we have

r .’L’kgﬁ(k)(()) $T+1(p(r+1)(fl‘)
e@ = =t o

where 0 < € < 1. Thus

1

(@3 (23" )n, (@) =/ (@3 )n (@3 nep(x) do

-1

(k:)
_ Z o / (@ (@ ) na® da
+/1/n (xlr)n(xll)nxr—i-l(p(r—i-l)(53;)
—1/n (T + 1)'

" (xlr)n(xjrl)nxﬂ_l@(ﬂ—l)(555)

. /1 (x;r)n<x;1)nxr+190(r+l) (ffL’)
n

dzx

dx

dx.

(r+1)!

On using the equations (11), (15), (16) and (17) and noting that the

—r—1

sequence {(z}"),(z1")n} converges uniformly to x on the interval
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[n,1], it follows that

=l L " (0 L p(r+D)
R O ) N ‘()+/s0 (§x)d$+0(n)’
n

(r+1)!

=W (r) L p(r1)
B o ) (0)+/ p ()
0

e (r— k)KL Ty (r+1)!

1 (k) r-1 (k) ()
:/ :1:—7“ 1|:80(:L‘) iL‘ 90 :| Z @ 190 '()

0 k=0 k:O

= (@27 e(@) + = (Lt + ()] (87 (), ()

on using equation (1).
The neutrix product z, " O :L“jrl therefore exists and

L CY
r

vy 0oyt =2’ [Lra + ¢(r)]6 ()
on the interval [—1,1]. However, the product z7".z;" obviously exists
on any interval not containing the origin, and so the neutrix product
L Dx;l exists on the real line for r =1,2,....

Suppose now that " Oz ® exists and is of the form

27" 0ol =27 % + a, 60D (x)

for r = 1,2,... and for some positive integer s. Then the derivative of
"z exists, and
(x—T-T Dx;s)' _ —(7“ + S).f_T_T_S_l + a/T‘756(T+S) (l‘)

_ —r —s—1 —r—1 —s
=—sxy Uz " —ro " Ux

— _gx:'" O x;sfl — rx:us*l — rar+1735(’"+s)(x).
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The product 2" ijrs_l therefore exists and

—r —s—1 __ _—r—s—1 TQr41,s + Qr s (r+s)
. Ox°7 =z - f‘s (2)

=g 7 4 r 511079 ().

It follows by induction that the product z " Oz * exists forr,s = 1,2,....

Defining the distribution x~" by

forr=1,2,..., we have O

Corollary 2.1. The neutrix product x_" O x_° exists for
r,s=1,2,....

Proor. With the above notation we have
(18) ey 02l =277 + a, 007D (2).
Replacing = in this equation by —x, we get
(19) e Oz~ = 27" — (=1)"%a, 00D (2),
proving the existence of neutrix product x_" Ox_°. O

Corollary 2.2.
(20) e 027 %+ (-1) 22" 0 =2 "°
forr,s =1,2,....

PrOOF. Equation (20) follows immediately from equations (18) and
(19). O

Theorem 3. The neutrix product " Inx exists forr =1,2,....
In particular, the product a;jrl. Inx, exists and

(21) i Inzy =27 Inay.
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PROOF. We put

1/n
() = Inas + 0 (x) = / In(z — £),.6, (1) dt
—1/n
and
1/n
—1/n

Since Inz; and In? 2 are locally summable functions, it follows that

lim (Inzy)2 =In®z .

n—oo

Thus, for arbitrary ¢ in D, we have

i ([(n)3) () = 2 T (n )@y ), ()

= ((Ina})’, p(@)) = 2(2}" Inay, o(2))

and equation (21) follows.
Now suppose that the neutrix product 2" [J In . exists and is of the
form
"0z =2 "Inzy +a.p 5=V ()

for some positive integer 7. Then the derivative of 27" [0 Inx exists and

(z7"0Oln ry) = _Tm-T-T_l Inzy + JIIT_I +ar 5 (z)
= —rxjr’"_l Onzy +x" ijrl

=—rz; " 'Oley +27" '+ ar 10 ().
The product a:jr’"_l U Inx therefore exists and
e ' Olay =27 'lnoy + wé(r) (x)
=" Inay + a,41,107(2).

It follows by induction that the product 1" O Inz exists forr =1,2,....
O



An existence theorem for the commutative neutrix product ... 27

Corollary 3.1. The neutrix product z_" [0 Inx_ exists for
r=1,2,.... In particular, the product x~".Inz_ exists and

(22) e~ ' nz_ =27 'Inx_.

Proor. With the above notation we have
(23) 27" Olney =27 Inay +a.000 Y ().
Replacing z in this equation by —z, we get
(24) e Oz =z "Inz_ — (=1)"a,00" Y (z),

proving the existence of neutrix product £~" O Inz_. The particular case
r = 1 of course reduces to the product

r ' Inz_ =2 'lnx_. O

Corollary 3.2.
(25) " Oz 4+ (-1)"2""0Ona_ =2 "In|z

forr=1,2,....

PrOOF. Equation (25) follows immediately from equations (23) and
(24). O
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