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Differentiable solutions of a polynomial-like iterative
equation with variable coefficients

By JIAN-GUO €SI (Binzhou) and XIN-PING WANG (Binzhou)

Abstract. This paper is concerned with a polynomial-like iterative equation with
variable coefficients 3.7, \;(z)¢ld(z) = F(x), where [l(z) is the i*? iterate of the
function ¢(z). Using the fixed point theorems of Schauder and Banach we discuss the
existence, uniqueness and stability of Lip Cl-solutions of the equation.

1. Introduction

Let ¥l denote the k-th iterate of a function ¢, and % the identify
function. To find a function ¢ such that its k-th iterate ¢!¥ is equal
to a give function F' plays an important role in the theory of dynamical
systems [1], [2]. As a natural generalization, the polynomial-like iterative
functional equations in the following form

(%) M) + Aol (2) + - + Mo () = F(a)

forx € R, \; € R, v = 1,2,...,n, or some special cases were consid-
ered recently [3-10]. In particular, W. ZHANG [6] considered the exis-
tence, uniqueness and stability of differentiable solutions of equation (x).
However, conditions for the existence of differentiable solutions are not
known in the case of variable coefficients. In this paper, we will consider
a polynomial-like iterative equation with variable coefficients:

(1) A (@)e(x) + Ao (@)l () + -+ A ()" (2) = F(a),
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where n is a positive integer greater than or equal to 2. By means of the
fixed point theorems of Banach and Schauder, we discuss the existence,
uniqueness and stability of Lip C!-solutions of equation (1).

We write ¢ € C! if ¢, ¢’ are continuous. The set of all C' function
each of which maps a closed interval I into I will be denoted by C1(I,1).
It is well known that when endowed with the norm || - ||¢1, where

lellor = llellco +lI¢'lcos llellee = max{[o(z)[},

C1(I,1) is a Banach space (see also [6]).

We write ¢ € LipC! if ¢ € CL(I,I) and ¢’ is Lipschitzian. Let
I = [a,b] C R, for given constants M > 0, M* > 0, we will denote by
Q(M, M*;I) the subset of all ¢ € Lip C! each of which satisfies

p(a) =a, ¢(b) =0, 0<¢'(r) <M,

' (1) — @' (x2)| < M* |z — 2|, Va,21,20 € 1.

2. Preparatory lemmas
Our discussion depends on the following several preparatory lemmas
the proof of which can be found in [6].
Lemma 1. Suppose that ¢ € Q(M,M*;I). Then

21—2

@ 1) () — (@Y ()] < M*( > Mﬂ') 21 — o],

j=i—1
Lemma 2. Suppose that 1,02 € Q(M,M*;I). Then
. . i .
@ Jol! ~ o = (32207 hor — ol
j=1
Lemma 3. Suppose that 1,2 € Q(M,M*;I). Then

@ T = @Y o < (b + D)MEG) — Ghlco
k
QU + )M (Z(k it 1>M’f+l'—1> o1 — gallo,

i=1
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for k = 0,1,2,..., where Q(s) = 0 when s = 1 and Q(s) = 1 when
§=2,3,....

Lemma 4. If @1, o are homeomorphisms from I onto itself and
[pi(z1) — pi(z2)| < Llzy — 22|, Va2 €1,

where L is a positive constant and ¢ = 1,2, then

(5) ler — @2llco < Lllert — o3 | o

3. The existence and uniqueness
of Lip C'-solutions for equation (1)

In this section we give the existence and uniqueness theorems of
Lip C'-solutions for equation (1).

Theorem 1. Let I = [a,b], A1, A2,..., A\, : I — [0,1] be continuous,
M(z) >a, Y i Ni(z)=1forallz € I, and

‘)\k(xl)_)\k(xQ)’Sﬂk‘xl—lﬁ‘, v.fl,l'gej, k:1727"'7n7

where o« > (1 — a)(M + £377" 1@)23"04Mﬂ+1 B (k= 1,2,...,n)
are positive constants. Suppose that F € Q(aM,M’';I). Then (1) has a

soluton in Q(M, M*;I). Here
M’ + Z? 1 B,Ml

N T M e, ) S

r = max{|al, |b[}.

ProoOF. We will seek of a solution (1) in Q(M, M*;I). To this end,
for each p € Q(M, M*;T), let us define

(6) Z)\ o=@y, vtel.

It is easy to see that ¢, (a) = a, p.(b) = b, and p, € C(I,I). Since
(7) ZA Pl =Y (1),

(8) 0<a< () <2:MZl
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So

) 0< o (@0 = = <

Thus ¢, : I — 1 is a self-diffeomorphism.
First, we prove the following lemma.

Lemma 5. Let ¢, g,h € Q(M,M*;I), and x1,x2,t1,t2,t € I. Then
(10) @y (t1) — @l (t2)] < Kalty — o],

where Ky = (1 — o) M* 22"04M7.
_ _ K3
(1) (e 1) (t1) = (1) (t2)] < gﬁl —ta.

(12) 16, () — g (¢ S(Z@Mz 1>|x1—x2|

=1

(13) |omn (t) — gt (Z@)\xl—xzw
(14) oz (t) = oz, ()] < (Zﬁz)!ml—xz

O R ST (R O 30 [CE
(16) () (1) = (e (t2)

s(jg(K?’”” ZﬁﬂrZﬂle 1) &1 — x2\+ 21t — 1),
a7 lez)® ~ (ez)) ()

< 2<K2“ Zﬁz +2@MZ 1>\x1 — 3.

n i—1

(18) llge — hallow < (ZZMH) lg - Allco.

i=2 j=1
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(19)  llge = Bylleo <Y (i = 1)M2|lg" — h[|oo

1=2
n 1—2
+ MY N QUi —1)(i — j — )M 3 g — bl co.
i=2 j=1
n i—1
20) lgr' —hyVeo < - <ZZMJ 1>||g o,
1=2 j=1
1) gz = (hz")llco
n 1—1 n 1—2 o
<[ 2N M ZZQ(¢—1)(¢—j—1)MZ+J*3
i=2 j=1 i=2 j=1
X |lg = hllco + Z (i — )M 2||lg" — W co.
=2

PROOF of Lemma 5. By Lemma 1 we see that

@ (t1) — @i, (t2)]

@) [ ) - (Y )|

n 2i—4 2n—4
<> i) (M* > MJ)]h — ] < in(g;) (M* > MJ)]h — o]
=2 j=i—2 =2 7=0
2n—4 2n—4
(1*)\1 M*Z M]|t17t2‘<(1 O[M*Z M]|t1*t2|—K2|t1*t2|
7=0 7=0

This proves (10).
From (8)—(10) we have

1 1

oY (60 = (Y ()] = | s = — i

| etz (1)) — eh (s (t2))
ol (0 (11)) @l (0 (t2))

< S2lert ) - o)l < et

This proves (11).
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From (7) it follows that

2,0 = 0] = | S 0u(o0) = M) () (0)
S Z |Az(l’1) - )\@(1’2)’ ’ [l 1] ‘ (ZﬁzMz >|.CC1 — T2]|.

This proves (12).
By (6) we have

s (8) — D] = | 3" Nil1) — Ai(r2)) i (t)'

i=1

<> i) = M) [ @) < 8D Bl — 3.
i=1 i=1

This proves (13).
(14) follows from

[0z (1) = @y ()] = |02, (0s (02, (1)) — 02, (02, (23, (1)) ]

© 1 B (3)
< L on (671 ) — o (032 ( Z@)\xl—x2|.

From (9) and (14) we have
| 0r (1) = @, (t2)| < [z (1) = @3, (t2)| + |0z, (t2) — @i, (ta)]
1 K
< E\tl —ta] + (a Z;@) |1 — 2.
1=

This proves (15).
In view of (9), (10), (12) and (14), (16) follows from

1 - 1
ol (02! (1)) @l (0 (t2))

(02,1 (t1) — (3,)) (t2)| =

1 - _
< gl%(%f (t1)) = @, (00, (£2))]
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< ai [l (02 (t1)) = @2, (0o (B + 16, (9, (01)) = 6, (9, (2)))
+let, (072 (2)) = (o2 2D] <

X [K2 |00y (1) =z, (01)|+Kal oy, (1) —¢y, (t2) |+ (Z ﬁz’Mi1>!$1—fU2\]

i=1

1 | Kok
Saz[ : Zﬁz!xl—mguytl—t2\+(Z@Ml 1);;,;1_;,;2;]

=1

1 (Ksk
=a2< : ZﬂﬂrZﬂzM’ 1>|x1—x2|+ 2 [ty — ta.

(17) follows from

1 ’
o (02 (1) @, (0, (1))

< 16, (021(0) = 2L (022 (1)

< % [l (o2, (1)) = @, (92, (D] + |, (22, (8)) — %, (02, (D))
UL G e oo+ (a0 )in el

(14) 1

Kok
< oﬂ[ : 2511331—%2!4-2@]\4’7 fﬂfl—ﬁfgl]

= ;2 (K2K251+Zﬂle 1)"731 _1'2’

(18) follows from

192 = hallco = max |gz(t) — ha(t)]

_ [z 1] [i— 1 i—1] [i—l] 0
tmax ZA ~h an o



64 Jian-guo Si and Xin-ping Wang

(3) n 1—1
(Zzpwﬁm oo

=2 j=1

(19) follows from

lgz = helloo = max

ZMmmﬁww%w%Wwﬂ

<ZA (@) (1) — (A1) € Z[%lwgm—ﬁw

1—2
#QU =11 (065 = 1M ) g = huloo
j=1

<D (=M 3| g, — hylleo

1=2
n 1—2

MY QUi —1)(i — j — )M 73||g — h|co.
i=2 j=1

(20) follows from

_ _ () 1 18) /1 -t
u%l—mﬂmosamh—hAm:z<a§Z§ZM71)w—Mbm

i=2 j=1

Finally, by (9), (10), (19) and (20), we have

Igz")" = (hz")llco = max

< = max gl (1 (1) — W, (h (1))

a? tel
1 _ _
< ol (077 (1) — L (0] + 1L (0 (6) — (1 (1)
1 _ _
< Ll — oo + 1, — Plco]
n 1—1 n '
< (B0 M il hlleo + o D= DM~ W
=2 j=1 =2
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n 1—2
S S QG 1li = — DM g — Ao
=2 j=1

*

n -1 N )
[a3 Z M7 a? ZZQ(Z'_D(Z'—J'_DMH]*S llg — hllco
=2 j=1 i=2 j=1
1 S . 1—2 / /
+ D= )M = W [co.
i=2

This proves (21).
Now we continue to prove Theorem 1. Define an operator T from
Q(M, M*;I) into C1(I, 1) by

(22) (To)(x) = ¢z (F(x)), ¢ €QM,M"T).

Clearly (T'¢)(a) = a, T(p)(b) =b, T € C*(I,I), and (9) yields that

0< F}ﬁf) < (T9) (@) = (5" (F(2) F'() <

~aM = M.
Furthermore, by (11), (17), we have

(Tp) (1) = (Tp) (w2)| = (0, ) (F (1)) F' (1) = (05, )/ (F(2)) F'(2)]
<z ) (F(20)=(pz,)) (F(@2))[F' (1) +(03,) (F(2)) | F' (1)~ F' (x2)|
+ () (F(@2) = (0z,) (F(2)) |F' (22)

K 1
< a—g\F(ml) — F(x2)| - aM + aM’\xl — 9|

1 [ Kk
(2 zmzw s — ol ane
KoM? M M Kk o . i1
S[ o +a+a<azlﬂi+z;ﬁiM |21 — T2
1= =

S M*‘xl _332‘,

so (T'p)(x) € Q(M, M*; 1), that is, T is a operator from Q(M, M*;I) into
itself.
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Now we will show that 7" is continuous. Let g,h € Q(M,M*;I),
(T9)(x) = g5 ' (F(2)), (Th)(x) = hy ' (F(x)), then

xT

(23) |[Tg = Thllcr = |[Tg = Thllco + [(Tg)" = (Th)'||co
= max {|g; " (F(x)) — by " (F(2))]}
+ glgf{!(g;l)’(F(x))F/(:r) — (hy V) (F(x)F'(x)[}
<lgz' = hitlco + aM](g7") = () || co

n 1—1

1 .
= <QZZM] 1)”9 —hllco +aM
i=2 j=1
K n i—1 M* n i—2
2 j— . .. 4 j—
DML W TR
i=2 j=1 i=2 j=1

1 - i
<l = Hles + 33 3= M2 ~ e |
=2

n 1—1 n 1—1
SIEPDMUEEEED BT

i=2 j=1 i=2 j=1
n 1—2
MM* . o i
A S QU= (i = = DM g~ e
i=2 j=1
MG 102 — Koo < Ollg — h
+ > (1) lg" = W'llco < Ollg = hller,
=2
where
n 1—1
1 KoM :
(24) @:max{<+ 2 )ZZMJ_l
@ @ i=2 j=1
n 1—2 n
MM* e M .
= 1)(i—j— )M =N (- 1)M'T? .
e HICCEEEENIE SA(S }

This shows that T is continuous.

It is easy to see that Q(M,M*;I) is closed and convex. We now
show that Q(M, M*;T) is a relatively compact subset of C1(I,I). For any
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@ = @(x) in Q(M, M*; I),
lellor = llelleo + 1€ llco < k& + M.

Hence Q(M,M*;I) is bounded in C'(I,I). Next, for any ¢ = ¢(z) in
Q(M, M*;I) and any x1,x2 € I, we have

lp(x1) — @(r2)| < M1 — 22|

This shows that Q(M, M*;I) is equicontinuous on I. By means of the
Arzela—Ascoli theorem, we see that Q(M, M*; ) is relatively compact in
CY(I,I). By Schauder’s fixed point theorem we assert that there is a
function ¢ € Q(M, M*;I) such that

p(z) = (Te)(x) = g7 (F(z))

pa(p(z)) = F(x),

that is, ¢ is a solution of equation (1) in Q(M, M*;I). This completes the
proof. O

Theorem 2. Under the hypothses of Theorem 1, (1) has a unique
solution in Q(M, M*;I) if © < 1 in (24).

PROOF. Since © < 1, we see that T' defined by (22) is contraction
mapping on the closed subset Q(M, M*;I) of C*(I,I). Thus the fixed
point ¢ in the proof of Theorem 1 must be unique. This completes the
proof. O

Remark 1. A referee of this paper proposes the following interesting
question: Whether it is possible that (under the weaker assumptions) of
Theorem 1 there exist indeed more than one differential solution of (1) in
the sense that T has at least two fixed points. We do not know how to
solve this question.

4. The stability of Lip C''-solutions for equation (1)

In this section we consider the problem of the continuous dependence
of Lip C''-solutions of equation (1) on the given functions. We have the
following
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Theorem 3. The unique solution obtained in Theorem 2 depends
continuously on the given functions F and \; (i =1,2,...,n).

ProOF. Under the assumptions of Theorem 2, if G = G(z) and H =
H(z) are any two functions in Q(aM,M'’;I);a,(x) and p,(x)
(j = 1,2,...,n) are any functions which satisfy the same conditions as
Aj(z) (j =1,2,...,n) in Theorem 1. Then there correspond two unique
functions g = g(z) and h = h(x) in Q(M, M*;T) such that

and

where

Z:U’l h[z 1

First of all, it is easy to see that

|92 (t) — \<Zlaz (@) ]¢" )]

+Z!uz )| g 1(8) — hl ()]
i=1

n n 1—1
<> low — pillen + (ZZMJ”)HQ ~ hlleo,

i=1 i=2 j=1

|92(t) = he(1)] =

n

>~ (a6 ) - () 0)|

i=1

<Z[\az @60 + )| (1) ) = () (0]

< ZMi_lﬂai — pillco + Z H (g[i—l])’ _ (h[i—l])/
=1 i=2

Co
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n n
<D M = pilloo + ) (i = DM |lg = B oo

=1 =2
n 1—2 o
+ MY N QU —1)(i = j = )M g — bl co.
i=2 j=1
1 1

-1\ _
gz ") = (hy") llco = max

g9z (t))  hy(ha'(t))

1 / —1
< —max|g; (g5 (1)) — b (hy ' ()]
1 _
S g max (195 (g5 1 () — g (b ")) + gl (M (8)) — Rl (hy ' ()]
< ?[Kzﬂg;l —hy o + gk — R lleo)
1 | K
< oz | 2 los = halon + I~ Heloo]
KQKZ " 1 n -
S o5 > Nl = pilleo + Pl > M lay — il o
=1 =1
K. n i—1 M* n 1—2
2 1
—i—[agZZM] Ly ZZQZ D (i—j—1) M7 73]|g—hl|co
i=2 j=1 i=2 j=1
1 . . 1—2 / /
+— ) (=M 7[g" = h'l|co.
i—2
Thus

lg = hller = llg = Bllco +1lg’ = Wllow = max {|g;*(G(@)) — h;* (H(@))]}
+ max {|(91)(G@)G(x) = (b7 ) (H ) H'(@)]}
< max { |97 (G(@)) = b7 (G@))] + b7 (G(@) — b (H (@)}
+ max {|(g;)(G(x)) = (b7 (G())|C ()
(071 (G(@) = (0" (H@)|G @)+(h3 Y (H(@))| 6 (@)= H' ()]}
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1
< oot = bl o + ZNIG = Hlloo + @M [(g57)" = (he)'[| o

K 1
+aM - =2|G — Hlco + ~||G' — H'||co
0] (0%

1 Kok 1 i
< 2o~ hallootadt {75 Y s = vt o D00 o il
=1 =1

n i—1 M* n 1—2
D 9 SR RS D) - NGl [P
=2

i=2 j=1 Jj=1
£ p D= DMl Ko+ G — e
< (5 FE) Yt -+ M o= il
+0llg— e + “ECZ G — Hlea.
Thus we have
o= Hler < “ot 2SS o = il + gy - Mo =l
+ ey IG — Hle

We now may conclude that the solution of (1) depends continuously on
the function F and A;(j =1,2,...,n). This completes the proof. O

Remark 2. During the proof of Theorem 1-Theorem 3, the differen-
tiability of A\;(x)(i = 1,2,...,n) are not required.

5. Example

In this section we show the conditions in Theorem 1 do not self-

contradict by means of an example. Consider the following equation

(25) A(@)p(x) + Ao ()p(p(z) = F(x), 2el=][0,1],
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where
_2-(2-a)z
- 2—z

(1—-a)x

M) 2—z

Ao(z) =
2
0<a<l, F(z) :ln(l—i—m)—xlng.

Obviously, A1 (z) + Aa(x) = 1. Since
(1—-a)x
2—zx
a<A(z)=1-A(x) <1.

0<X(z) = <l-a<l,

Moreover, we also have

F(0)=0,F(1) =1,

and
0< F'(z) = x-lu _mZ
§2—ln2_aM<M_ ;(2—1n2)>,
Fan) = Flan)l = | g = g | <l =l
(u@) =100 = Dala))| = Drafe))| = 5 <

Choose M’ =1, 1 =2(1 — «), f2 = 2(1 — «).
On the other hand, since

g [0 (153 )] = i 1= (a4 2022

there is a positive constant A < 1 such that

O‘>(1_0‘)(M+Ziﬂi)M

i=1

<2(1 - a).

71
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for any o € (A,1). Namely, the conditions of Theorem 1 are satisfied for
any o € (A, 1).
We have thus shown that there will be a solution of (25) in Q(M,M*; I)

x> _ 1+2(1-)M(1+M) .
(M = a—(1—a)M[M+g(1—a)])
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