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On a certain application of Patterson’s curvature identity

By RYSZARD DESZCZ (Wroctaw), MARIAN HOTLOS (Wroctaw)
and ZERRIN SENTURK (Istanbul)

Abstract. We present curvature properties of four-dimensional semi-Riemannian
manifolds satisfying some condition of pseudosymmetry type. We prove that every such
manifold with non-zero associated function L is pseudosymmetric, its scalar curvature
does not vanish and L must be equal to % We also describe non-trivial example of a
manifold realizing all these coditions.

1. Introduction

Let (M, g) be a connected n-dimensional, n > 3, semi-Riemannian
manifold of class C°. We denote by V, R, C, S and x the Levi—Civita
connection, the Riemann—Christoffel curvature tensor, the Weyl confor-
mal curvature tensor, the Ricci tensor and the scalar curvature of (M, g),
respectively.

E. M. PATTERSON [13] has given (among others algebraic identities
satisfied by the curvature tensor) the following result

Proposition 1.1. The Weyl conformal curvature tensor C' of every

4-dimensional Riemannian manifold satisfies the identity

IrmClijk + GimCinjk + GimChijk + 9hiClikm + 91;Cinkm
+ 9iiChikm + 9nkCrimj + 91Cinmj + 9itChims = 0.

The above identity plays an important role in investigations of the
curvature properties of 4-dimensional semi-Riemannian manifolds. Among
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others, the authors of the present paper have used the Patterson’s identity
during the study of 4-dimensional manifolds of pseudosymmetry type ([3],
8)).

A semi-Riemannian manifold (M, g) is said to be semisymmetric [14]
if R- R =0 holds on M. As a proper generalization of locally symmetric
spaces (VR = 0) semisymmetric manifolds were studied by many auth-
ors. In the Riemannian case, Z. I. SZABO obtained in the early eighties
a full intrinsic classification of semisymmetric Riemannian manifolds [14].
Very recently a theory of Riemannian semisymmetric manifolds has been
presented in the monograph [1].

The profound investigation of several properties of semisymmetric
manifolds, gave rise to their next generalization: the pseudosymmetric
manifolds.

A semi-Riemannian manifold (M, g) is said to be pseudosymmetric
([6], Section 3.1) if at every point of M the following condition is satisfied:

(%)1 the tensors R - R and Q(g, R) are linearly dependent.

This condition is equivalent to the relation R - R = LrQ(g, R) on the
set Up = {z € M | R— s G # Oatx}, where Ly is some function
on Ur. The definitions of the tensors used will be given in Section 2.
There exist various examples of pseudosymmetric manifolds which are non-
semisymmetric and a review of results on pseudosymmetric manifolds is
given in [6] (see also [15]).

It is easy to see that if (x); holds on a semi-Riemannian manifold
(M, g), then at every point of M the following condition is satisfied:

(%)2 the tensors R - S and Q(g,S) are linearly dependent.

The converse statement is not true ([6], Section 8.1). A semi-Riemann-
ian manifold (M, g) is called Ricci-pseudosymmetric ([6], Section 4.1) if at
every point of M the condition ()9 is fulfilled. If a manifold (M,g) is
Ricci-pseudosymmetric then the relation R-S = Lg Q(g,S) holds on the
set Us = {x € M | S # Zgatax}, where Lg is a certain function on Us.

It is easy to verify that if (x); holds on a semi-Riemannian manifold
(M, g), n > 4, then at every point of M the following condition is satisfied:

(%)3 the tensors R - C' and Q(g,C) are linearly dependent.
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The converse statement is not true (cf. Example 4.1; see also [6],
Section 9.3).

A semi-Riemannian manifold (M, g), n > 4, is called Weyl-pseudo-
symmetric if at every point of M the condition (x)s is fulfilled. If a manifold
(M, g) is Weyl-pseudosymmetric then the relation R-C = L¢ Q(g, C') holds
on the set Uc = {x € M | C # 0atx}, where L¢ is some function on Ue.

Evidently, every semi-Riemannian semisymmetric manifold realizes
trivially at every point the following condition ([9])

(%) the tensors R - C' and Q(S,C) are linearly dependent.
This condition is equivalent to the relation
(1) R-C=LQ(S0)

ontheset Y = {x € M | Q(S,C) # Oatx}, for a certain function L on U.
There exist non-semisymmetric manifolds realizing (*) ([9], [10]).

Semi-Riemannian manifolds realizing (x)1, ()2, (¥)3 and (%) or other
conditions of this kind, are called manifolds of pseudosymmetry type.

Recently 4-dimensional warped product manifolds M X p N, dim M =1,
satisfying the condition (x) have been considered in [10]. In the present pa-
per we investigate arbitrary 4-dimensional semi-Riemannian manifolds ful-
filling (*). In Section 2 we fix the notations and present auxiliary lemmas.
In Section 3 we consider 4-dimensional manifolds satisfying the equality
Q(S,C) = 0 and we prove that such manifolds are semisymmetric and their
scalar curvature is equal to zero. In Section 4 we investigate 4-dimensional
manifolds satisfying (1) with L # 0. We prove, among others, that every
such manifold is pseudosymmetric with Lr = {5, its scalar curvature does
not vanish and the associated function L must be equal to % Finally, we
describe an example of a manifold having all these properties.

2. Preliminaries

Let (M,g) be an n-dimensional, n > 3, semi-Riemannian manifold.
The Ricci operator S is defined by ¢g(SX,Y) = S(X,Y), where X|Y €
Z(M), Z(M) being the Lie algebra of vector fields on M. Next, we define
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the endomorphisms R(X,Y), C(X,Y) and X AY of Z(M) by
R(X,Y)Z =[Vx,Vy|Z - Vixy|Z,
C(X,Y)Z =R(X,Y)Z — f;(X/\SY—FSX/\Y - %X/\Y)Z,
(X AY)Z = g(Y, 2)X - g(X, 2)Y,

respectively, where XY, Z € Z(M). Now the Riemann—Christoffel curva-

ture tensor R, the Weyl conformal curvature tensor C' and the (0,4)-tensor
G of (M, g) are defined by

R(Xy, X2, X3, X4) = g(R(X1, X2) X3, Xy),
C(XlaX27X3aX4) = g(C(X17X2)X37X4)7
G(X1, X2, X3, X4) = g((X1 A X2) X3, Xy),

respectively. A tensor B of type (1,3) on M is said to be a generalized
curvature tensor if

S B(Xl,Xg)Xg =0, B(Xl,XQ)-i-B(XQ,Xl) =0,
X1,X2,X3

B(X1, X, X3,X4) = B(X3, X4, X1, X2),

where B(Xl, XQ, X3, X4) = g(B(Xl, XQ)X3, X4)

For an (0,2)-tensor field A on (M,g) we define the endomorphism
XAaY of Z(M) by (XAaY)Z =AY, 2)X —A(X,Z2)Y, where X,Y, Z €
=(M). In particular we have X A\ Y = X A Y.

For an (0, k)-tensor field 7', k > 1, an (0,2)-tensor field A and a
generalized curvature tensor B on (M, g) we define the tensors B - T and

Q(A,T) by
(B-T)(X1,..., X X,Y) = -T(BX,Y)X1, Xs,..., Xz)
e = T(Xy, ..., Xpe1, B(X,Y) Xp),
QA TYX1,..., X X,Y) = -T(X A Y)X1, Xa,..., Xs)
e = T(Xy, . X1, (X AAY) X,

where XY, Z, X1, Xo,... € E(M). Putting in the above formulas B =R
orB=C,T=RorT=CorT=5,A=gor A=S, weobtain the tensors
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R-R,R-C,R-5,C-5,Q(g,R), Q(g,C), Q(g,S) and Q(S, C), respectively.
Let (M, g) be a semi-Riemannian manifold covered by a system of charts
{W; 2%},

We denote by gi;, Rhijk, Sij, Ghijk = 9nk9ij — 9hjgik and

1
(2) Chijk = Rnijr — m(ghksij — 9njSik + 9i;Shk — 9ikShj)
K
T 1) (n =) Chik

the local components of the metric tensor g, the Riemann—Christoffel cur-
vature tensor R, the Ricci tensor S, the tensor G and the Weyl tensor C,
respectively. Further, we denote by Sizj = S;S;" and Sl-j = ¢’7S;, the
local components of the tensor S? defined by S?(X,Y) = S(SX,Y), and
of the Ricci operator S, respectively.

At the end of this section we present some results which will be used
in the next sections.

Lemma 2.1 ([5], Lemma 1). Let a tensor Ajmps,...sy of type (0, N+3)
be symmetric in (I, m) and skew-symmetric in (m, h). Then Apnps,...sx=0.

Lemma 2.2 ([11], Lemma 2). Let A and D be two symmetric (0,2)-
tensors at a point x of a semi-Riemannian manifold (M, g). If the condition
Q(A, D) = 0 is fulfilled at x, then the tensors A and D are linearly depen-
dent at x.

Lemma 2.3 ([7], Theorem 1). Let B be a generalized curvature tensor
at © € M such that the condition
X)B(Y,Z) =
&, w(XNBY,2) =0
is satisfied for B and a covector w at x, where X,Y,Z € T,(M) and &

denotes the cyclic sum. If w # 0 then the following relation holds at
xz: B-B = Q(Ric(B), B).

Lemma 2.4 ([2], Proposition 4.1). Let (M, g), dim M > 3, be a semi-
Riemannian manifold. Let A be a non-zero symmetric (0, 2)-tensor and B
a generalized curvature tensor at a point x of M satisfying the condition
Q(A,B) =0.

Moreover, let V' be a vector at x such that the scalar p = a(V') is non-
zero, where a is the covector defined by a(X) = A(X,V), X € T,.(M).
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(i) If the tensor A — %a ® a vanishes then the relation

&, alX)BY.2) =0

holds at x, where X, Y, Z € T,(M).

ii) If the tensor A — La ® a is non-zero then the relation
p
pB(X,Y, 2, W) = NA(X, W)A(Y, Z) — A(X, Z)A(Y, W)

holds at x, where A € R and X,Y,Z,W € T,,(M).
Moreover, in both cases the following condition B-B = Q(Ric(B), B) holds
at x.

Lemma 2.5 ([12], Theorems 1 and 2). Let (M,g) be a Weyl-pseudo-

symmetric semi-Riemannian manifold satisfying the following condition

8 alx0c(y,z) =0,

where a is a 1-form on M.
If a # 0 and C # 0 at a point x € M, then the following relations are
satisfied at x:

R

Lo =———
¢ n(n—1)

SIW.C(X.Y)Z) = = C(X,Y. ZW),

Q (S— %g,C) —0, R-R=LcQgR).

3. Manifolds with vanishing tensor field Q(S,C)

Theorem 3.1. Let (M, g), dim M = 4, be a semi-Riemannian mani-
fold satisfying at a point x of M the equality Q(S,C) = 0. If S # 0 and
C # 0 at x, then the following relations

k=0, R-R=0
hold at x. Moreover, there exists a non-zero covector a at x such that

8, al0C(Y,2) = 0.
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PROOF. It is easy to verify that the following identity is satisfied
on M

(3) (C - Chijkim = (R - C)nijrim

+ ! < . Q(gyc)hijklm_Q(Svc)hijklm>

n—2\n—1

1
- m (ghlsmrcrijk; - gtherTijk - gilSerThjk;

+ GimSirChjk + 951SmrClini — 9imSirCni
*gklsmrcrjhi + gkmSchTjhi) .

According to Lemma 2.4, we may consider two cases (we will use the
notations of the mentioned lemma):
(i) S = %a ® a. In this case we have

(4) a1Chijr + anCijx + a;Crpjr = 0,

which implies a,C";;, = 0 and consequently 5;C", ;. = 0. Thus the
equation C' - C' = 0, which follows from Lemma 2.3, and our assumption
turn (3) into R-C = —W’MQ(Q,C'). Applying now Lemma 2.5 we
obtain k =0 and R- R = 0.

Now we consider the case:

(i) S — %a ® a # 0. In this case we have

(5) PChiji = AN ShiSij — ShjSik)-

Contracting (5) with g% we get S?, = kShk. On the other hand transvect-
ing (5) with Sph and using the last equality we obtain

(6) S, Crijk = KCpijk.

Transvecting now the Patterson’s identity with S"™, in virtue of (6), we
immediately have xCj;j, = 0. Thus we have x = 0, which turns (6)
into SpTC’”jk = 0. Transvecting the Patterson’s identity with Sph, in view
of the last equality we get Sy Clijr + SpjCrikm + SpkClim; = 0, which
immediately implies (4). Semisymmetry of M follows in the same manner
as in the case (i). This completes the proof. O
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4. Manifolds satisfying the condition (1)

First we observe that if L = 0 at = then the relation (1) reduces to
R-C = 0. This shows that (M,g) is a so called Weyl-semisymmetric
manifold. Such a manifold need not be semisymmetric, as is shown by the
example below.

Ezample 4.1. Let (M, g) be the 4-dimensional manifold defined in [4]
(Lemme 1.1). As was shown in [4] (see Lemme 1.1 and Remarqué 1.5),
(M, g) is a non-conformally flat and non-semisymmetric, Weyl-semisym-
metric manifold, i.e. the tensors C' and R- R are non-zero and the condition

R-C =0 holds on M.

Thus we restrict our considerations in this section to the open subset
U, C U on which the associated function L does not vanish.

Lemma 4.1. Let (M, g) be a 4-dimensional semi-Riemannian mani-
fold satisfying the condition (1). If L # 0 at =, then the following relations
are fulfilled at x:

(7) S Crijk +5;" Crikm + Sy Crimj = 0,
(®) ¢5=0
9) Sy Crikj = Sy Crijpi-

PROOF. Applying to the Patterson’s identity the operation R- and
using (1), in view of L # 0, we get
IrmQ (S, C)ijkpt + 9imQ(S, C)injipt + GimQ (S, C)nijkpt
(10) + 9n; Q(S, C)tikmpt + 91;Q(S, C)inkmpt + 91 Q(S, C) nikmpt
+ 9k Q(S, C)limjpt +91xRQ(S, C)inmjpt +9i Q (S, C) himjpt = 0.

Using the definition of the tensor Q(S,C), by a standard calculation, we
obtain

QS Otijiepm + QS C)tikmp; + Q(S, C)timjpk

= 2(Smelikj + Sp;i Climk + Spkclijm)
= (SmiCpijk +Sim Cipjk 551 Cpikm +5iiCipkm + SkiCpimi + SikCrpmy ),
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grsQ(Sa C)rljkps = _ﬁcpljk + SpTClek - SZTCijk - Sjrcrlpk - Skrcrljp-
Contracting (10) with g"* and using the above relations, we have

2(SpmClikj + Sp;j Crimik + SpkClijm) — (Sim — £Gim)Cpijik

— (S5 — £915) Cpikm — (Sik — 691k ) Cpimj — (Sim — KGim)Cipjk

— (Sij — K9ij) Cipkm — (Sik — K9ik) Clpmg

+ 8" (9imCrpjk + 91;Crpkm + 91kCrpm;)

+ 51" (9im Crpkj + 9ijCrpmr + 9ikCrpjm)
(11) + 9im (Sp Crijk — 85" Cripk — Sy Crijp)

+ 9i (S, Crikm — Sy Cripm — Sy, Crikp)

+ 9ik (S, Crimj — Sy Cripg — ;" Crimp)

+ 9im (S, Cripr. + Sy Crijp — S, Criji)

+ 915 (Sk" Cripm + Sy Crikp — S, Crikm)

+ 9k(S, T Crips + S, Crimp — 8,7 Crimy) = 0.
Hence, by contraction with ¢'?, we obtain (7). In local coordinates the
relation (1) takes the form

Criijrhlm + ChrijTilm + ChiTkRlem + ChijTRTklm
= L(ShiCmijt — ShmClijk + SitChmjk — SimChijk + Sj1Chimk
— SimChitk + SkiChijm — SkmChij)-

Contracting this equality with ¢"*, in virtue of (7) and the assumption
L #0, we get S;"Crjim + ;" Critm = 0, ie., (8). Applying (7) to (11) we
find
2(SmpClik; + SipCiimik + SkpClijm) — (Sim — £Gim)Cpijik

— (815 — £915) Cpikm — (Sik — 691k ) Cpimj — (Sim — £Gim)Cipjk
(12) — (S = £8i3)Cipkm — (Sire = Kgik) Cipm;

+ 8" (91mCrpjk + 91;Crpkm + 91kCrpm;)

+ 5,7 (9imCrpkj + 9i;Crpmi + GikCrpjm) = 0.

Contracting (12) with g™, we obtain 28, Crirj = S;" Crrip+ S, Crjpi and
next, in view of (8), we get (9). This completes the proof. O
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Proposition 4.1. Let (M, g), dim M = 4, be a semi-Riemannian man-
ifold satisfying the condition (1). If L # 0 at =, then the following relations
are fulfilled at x:

(13) S(W,C(X,Y)Z) = ZC(X, Y, Z, W),

(14) TWU,X)CW,V.Y,Z)+T(UY)C(W,V,Z,X)
+ T(U7 Z)C(W7 ‘/7X7 Y) - T(V7X)C(Wv U> Y: Z)

where T'= S — Sg and X,Y,Z,W,U,V € T, (M),

K K,2

2—7 —_—
(15) S —25 169'

Moreover, (M, g) is Ricci-pseudosymmetric at © and

(16) R-S=Q(.5).

PRrROOF. Transvecting the Patterson’s identity with S"™ and using
the equality S™°C,;;s = 0, which is an obvious consequence of (8), we get
KCiji = S, Criji — S;" Crijk — S;" Criit — Sy Crja-

This relation, in virtue of (9) takes the form kKCj;j, = 25," Criji—25;" Criji
whence, in view of (8), we obtain (13). Using (13) we have

Si " (glmcrpjk +glj Crpkm +glkcrpmj)+sl " (gimcrpkj +gij C’rpmk +3ik Crpjm)
K

4 (glmcipjk + gljcipkm + glkcipmj + gimClpkj + gijClpmk + gikClpjm)~

Substituting this equality into (12) we obtain

(17)  2(SmpClikj + SipCrimk + SkpClijm) = (Slm - %/ﬁglm) Cpijik
+ (Slj — anlj)cpikm + (Slk — Zﬁglk)cpim]’
+ (Sim — %ﬁgim>clpjk + (Sij - ZWﬁj)C'zpkm

3
+ (Si - Z/{gik)clpmj-
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On the other hand, transvecting the Patterson’s identity with Sph and
using (13) we get

K
4
- glmcpijk - gljcpikm - glkcpimj) =0.

SpmClijk + SpiClikm + SpkCrimj + = (9imCpijk + 9i;Cpikm + 9ik Cpim;

Substituting this equality into (17) we have (14).

Transvecting now (14) with 7,™ and using (13) we obtain T Cp;jx =
T3 Cojn-

Applying now Lemma 2.1 for Ajpis,s,s, = TflleiSZSg, in virtue of
C # 0, we get T? = 0. Thus we have (15). Finally, taking into account
the equality (2), we have

1
" Crijk = 5" Rrijk — 5 (SwSij — S135u)
K

G (Sikgij — SiGik)-

1
-3 (9i5 S0 — 9iSiy) +

This equality, in virtue of (15) takes the form

1
5" Crijk = 5" Rrijk = 5(SwSij — S15i)
/€2

(9iS1k — 9ixSi5) + E(gijglk — Gik91j)-

S
12

Symmetrizing this relation in 7,7 and using (8) we have

K
S, " Ryiji +S;" Ryiji = E(gljsik — 9ikSij + 915 — 9ikSi;),
i.e., equality (16). This completes the proof. O

Theorem 4.1. Let (M,g), dim M = 4, be a semi-Riemannian man-
ifold satisfying the condition (1). If L # 0 and S # %g at x, then the
following relations hold at x:

(i) & #0,

(ii) 6x,y,za(X)C(Y,Z) =0 for a certain non-zero covector a at x,
(iii)
)

(iv

L=3,
Q(T,C) =0.
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K

Consequently, (M, g) is pseudosymmetric at x and Lp = 5.

PROOF. Since T # 0 at z, we may choose a vector V' at x (with local
components V"), such that the scalar p = a(V') is non-zero, where a is
the covector defined by a(X) = T(V, X). We also put F;; = V'V*C,;js,
Eiji, = V" Criji.. Transvecting (14) with VIV™ we get

(18) pPCrijk + ajEyip + anEjpi + a; Epji + Tij Fpr — TinFp; =0,

which by transvection with VP, leads to
1
(19) Eijr = ;(akFij —a;Fy).

Symmetrizing (18) with respect to p, i we obtain
aZEpjk + apEijk + Tz‘jFpk — Tikaj + ijFz‘k — Tkaij =0,

which, in view of (19), leads to Q(F,T — %a ® a) = 0. Applying now
Lemma 2.2, in view of F' # 0, we have T — %a@ a=wF, welk

We consider two cases: (I) w =0 and (II) w # 0.

(I) w = 0. Then we have T;; = %aiaj and substituting this into (18)
and using (19) we have

(20) pchijk = CLpCLkFij — apajFik + aiajFpk — aiakaj.
This implies
(21) aleijk + apCﬂjk + aiClpjk =0

and, in view of Lemma 2.3 also C'-C = 0. Taking into account the relation
(3) and using (13) and (1) we have (n = 4)

(22) (1-2L)Q(5.0) = 5Q(9.0).

This implies k = 0 if and only if L = % We assert that x # 0 at . Suppose
that k =0 at 2. Then T = S = %a ® a and using (20) we easily obtain
Q(S,C) =0, a contradiction. Now (22) implies Q(S,C) = ﬁ@(g, )
whence, in virtue of (1), we have R-C = WEM)Q(Q, C). But (M,g) is

Ricci-pseudosymmetric with Lg = {5. So we get W_LQL) = {5 and we
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have (iii). It is easy to see that for L = 3 the equality (22) takes the
form (iv).

Now we consider the second case:

(IT) w # 0. Then

1 1
Fij = *(Tij - *Giaj);
w p
(23) .
Eijk: = piw(akTij — ajTik).

Substituting these relations into (18) we get

(24) p*wCiji = p(TixTi; — TijTi)

+ 2(aarTi; — ara; T, + aza; Ty — azarTy;).

Contracting (23) with g% we have a,a” = 0. Using this equality and (15),
after contraction of (24) with ¢", we get a;a"T,; + aja"T,; = 0 which
immediately implies a"T,; = 0. Transvecting now (24) with a! and using
the above equality we obtain a”C,;j; = 0. This implies, by transvection of
the Patterson’s identity with a”, amCrijr + a;Clikm + axClimj = 0. Sub-
stituting (24) to this equality we have

(25) am (T Ti; — T Ti) + ai (Tim Tt — T1 Tim) + ar (11 T, — Timn Ti5) = 0.

We assert that x # 0 at . Suppose that k =0 at . Then T'= S and
2
pwCiiji = (SikSi; — SijSw) + ;(alaksij —aja;Sik + a;a;Si — a;aRSy;).

Using this relation and (25), after standard but somewhat lenghty calcu-
lations we obtain Q(S,C) = 0, a contradiction. The proof of (iii) and (iv)
is the same as in the case (I). This completes the proof. O

The existence of manifolds satisfying all relations of the above theorem
can be established (see [10], Example 5.1) as follows

Ezample 4.2. Let (N, g), dim N = 3, be a semi-Riemannian manifold
such that its Ricci tensor S is of rank one and its scalar curvature &
vanishes identically on N. An example of such manifold is presented in [10]

(Example 5.1 (ii)). Furthermore, let F, defined by F(z!') = aexp(bz!),
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a = const. # 0, b = const. # 0, be a function on a 1-dimensional manifold
(M, g1). Tt is shown in [10] that warped product M xp N satisfies (1)
with L = % and is a pseudosymmetric manifold with Lr = {5, where
K is the scalar curvature of M xp N. Moreover, it is easy to verify that
k = —3b? # 0 and one can see that the condition (ii) of the last theorem
is satisfied at every point = of M x N by arbitrary covector a at = such
that the only non-zero component of a is as.
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