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On the mean value formula for the non-symmetric
form of the approximate functional equation
of ¢2(s) in the critical strip

By ISAO KIUCHI (Yamaguchi)

Abstract. The object of this paper is to derive the mean value formula of the

l

error term R* (s; E) of the non-symmetric form in the approximate functional equation

for ¢2(s) in the critical strip 0 < o < 1.

1. Introduction

Let s =0 +it (0 <o <1, t > 1) be a complex variable, ((s) the
Riemann zeta-function, d(n) the number of positive divisors of n, v the

Fuler constant, & and ! co-prime integers with 1 <[ < k. The error term

R*(s;1/k) in the approximate functional equation for ¢?(s) is defined by

Z/ dérj) —|—X2(5) Z/

it kt
TLS 27k ng 2l

d(n)

nl—s

where

(1.1)

(o)

1
x(s) = 257°~ ! sin(iws)F(l —3s),

and Z/n<y indicates that the last term is to be halved if y is an integer.

For k # [, this is called the “non-symmetric form” of the approximate
functional equation for ¢(?(s). By using the method of MEURMAN [6] and
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the Motohashi formula (2.2) given below, the mean value formula of the
function |R*(1/2 4+ it;1/k)| was first studied by K1ucHI [4], who obtained,
for kI < T'(logT)~2%, the asymptotic formula

r * 1 A 1/2

(1.2) / ‘R (5 + it; %)‘ dt = V2rCy T + Ky 1 (T)
1

with

(1.3) K (T) =0 ((k:l)3/4T1/4 log? T)

where

— d*(n H;fz (n)

Ckl—z

and

(1.4)  Hyi(n) = (kl) 1/4\/>/ 71/2
(ki) 1/

l
xcos(y+(l+k>n7r+ )dT<< n

Here the residue classes k& (mod [) and [ (mod k) are defined by kk = 1
(mod 1) and Il =1 (mod k), respectively. The purpose of this paper is to
derive the mean value formula of the function |R*(s;l/k)| in the critical
strip 0 < o < 1, and the basic tool is the non-symmetric form of the
Motohashi formula (2.2) given below. The principle of the proof is the
same as in K1ucHI [5], and the main result is

Theorem. For 1 <1<k, (k,1)=1, kI <T(logT)™2° and T > 1, we

have
R* (s; é) ‘th

T
(1.5-6-7) /
1
Api(0)T3/2=20 4 O((é) T ()34 /420 10g3 T) if 0 <o <5/8,

IN1—-20
Ak,l(U)T3/2_2"+Bk’l(U)+O((E) (kl)3/AT5/4=20 163 T) if5/8 <o <1,
o #3/4,
[OkllogT+Bkl( >+O(k5/4l1/4T 1/410g3 T) if o = 3/4,

TThe author corrects a misprint of the function Hy, ;(n) in [4].
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where

277)20—1/2 I\1-20
st = C () o

and By, ;(0) is a certain constant.

Corollary. For 1 <1<k, (k,l) =1, kIl < t(logt)=2" and t > 2, this

theorem includes the fact that

I\1/2—0
, Q<<%> CIAe) il 0 <o <34,
‘R* <S; E)‘ - N 1/4
Q<<7> C’,i{l2t_1/2\/logt> if o =3/4.
Comparing (1.6) and (1.7), we observe that the line 0 = 3/4 has a
kind of critical property. This is a situation similar to the case of the error
term R(s;t/(27)) in the “symmetric form” of the approximate functional

equation for ¢?(s), which is defined by

rd 1 d
SCEDS CONPEIR ) ) 4 r(s )

for a fixed number ¢ (0 < o < 1). KiucHt and MATSUMOTO [3] first
showed that

(1.8) /T‘R(; +it; %) ’2dt — VaRCTY? 4 K(T)
1

with K (T)=O(T"/*log T), and in [5], the improvement K (T') = O(log* T))
has recently proved by KiucHi, where

=\ d%(n)h3(n
-3 Ll

and

h(n) = \/E/Ooo(y+mr)_l/2 cos(y+ %)dy
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Further, a simple argument to deduce sharp results on the mean square of
|R(s;t/(2m))| was discovered by KiucHI [5], who proved, for 0 < o < 1,
the asymptotic formula

(1.9) /1T‘R(s;2t7r>‘2dt

Ay (0)T3/2720 L O(T 27 log* T') if 0 <o <1/2,
_ ) A(0)T3/?72 4 Ay(0) + O(T' 27 1og* T) if 1/2<0<1, o # 3/4,

wClogT—FAQ(Z) +O(T~?1og* T) if o =3/4,
with a certain constant As(c), where

(2#)2071/2

Alo) = =1

C.

From (1.9), KiucHI has observed, as already pointed out in [5], that the
line o = 3/4 is a kind of “critical line” in the theory of the Riemann zeta-
function, or at least for the function R(s;¢/(27)). Our theorem indicates
that the similar critical property on the line o = 3/4 appears in the mean
value formulas of more generalized quantity R*(s;[/k). Comparing (1.5)—
(1.7) and (1.9), one may formulate the following

Conjecture. For 0 < o < 1, 1 <[ < k, (k1) = 1, and kI <

1-20
T(logT)~2°, the error term O(( l) (k1)3/4T5/4=27 10g? T) in Theo-
rem can be replaced by

Bl

0((%) T )ALt T).

This work was done while the author was staying at the Graduate
School of Polymathematics, Nagoya University.
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for the careful reading and valuable comments on the earlier version of the

present paper.

2. Application of the Motohashi formula

Let a and b be integers with a > 1 and (a, b) = 1. For z > 1, we put

b ! b x x b
where e(a) = exp(2micr), and E(0;b/a) is the value at s = 0 of the analytic

Bl g) = 2 e )

n=1

continuation of

which is first defined for Re s > 1. Our starting point is the following
“non-symmetric form” of the Riemann-Siegel formula for ¢(2(s), which
was proved by MOTOHASHI [8; Theorem 7] (see also [7]):

For t > 2 and 0 < o < 1, we have, uniformly for kI < t(logt)~2"

o o)) T
(£ () ),
where
59 31 )=o) sl
ee(5) ) ()T )

n=1

X sin(2\/ 27;% + Z)/Ooo(f + nar)73/2 exp(%)df.
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JUTILA [2] (see also (2.6.7) of [8]) proved the following formula, which

is an analogue of the Voronol formula for (2.1):

e L U P

n=1

+0(a®22~ /"),

where z > a?(log 2a)?, and the residue class b (mod a) is defined by bb = 1
(mod a). Applying this formula to (2.3) and using integration by parts,

we have
()G e oy )
(2.4) X/oo(ﬁ 7ZT>_1/26Xp(i<§—1))d§_|_O(kl/4-&-zf15/4—015—3/4)7
0
and

e M=o ) () G e

conloy T D) [ I ol D)

+ O(k1/4+ul5/4—at—3/4)

for t > 2mki(log 2k)3. Substituting (2.4) and (2.5) into (2.2), we obtain,
for kI < t(logt)=2% and t > 2,
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where

Hy(n) = (kl)1/4\/2/000 (y + TZ>_1/2 cos(y + (I; + ]i>7m + %)dy.

Put ¢ = 1/2 in this formula, and compare it with the above. Then, using
the relation x(1 — s)x(s) = 1, we have

w(e) = (0" a3 ) + o)

with

(2.6) Eyalt) = o((lj)”2 log? t).

Therefore, we obtain the following

Lemma. For0 <o <1,1 <1<k, (k1) =1 and kl < t(logt)=2°, we
have

o1 () = () e (g )+ ao)
where

(2.8) Frat) < |R* (% +it; é)(\EkJ(t)l + B2,

3. Proof of the Theorem

It follows from the asymptotic formula (see (1.25) of Ivi¢ [1]) of (1.1)
that

(3.1) ()] = (%)HU +G,(t)  (t>tg>0)
with
(3.2) Go(t) = O(t2).

From (2.7), we have

(3.3) /1T‘R* (s é) ‘th - (]i)l_zg{h(l,:r) + In(1, T)},
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where
T:
2 1 l 2
_ 2 *[ = gL
1) = [ S efre ()|
and
Ty
L(Ty,T) = / X(5) P Fra(t)dt.
T

Hereafter we assume that 77 < T» < 277. Applying (1.2), (3.1) and
integrating by parts, we have, for o # 3/4,

(2m)20—1/2 3/2-2 t 172 e
34) (T, T) = 0 oy 4322 (—) Kiolt
(3.4) 1(Th, T3) 3_ 4o Kl + o k,z()T1
T
+(27r)2”—1(20—1)/ t727 Ky, 1 (t)dt
VA
T
2 2 Y AT

From (1.3), we have

T
/ 20 K (H)dt = O((k1)P/ AT 10g® T).
T

From (1.2), (1.3), (1.4), (3.2) and kI < t(logt)~2°, we obtain

T: T:
2 gl TS B ANE
Go| R (5 +its )| de < TlrggxngJGg(t)]/Tl Re (it )|Ca

T

< (kb)'/2Tt/22%,

Hence we obtain, for 0 < o < 5/8,

(27[.)20'—1/2

(35) L(LT)= T

Ck7lT3/2720 + O((kl)3/4T5/472a 10g3 T),
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and for 5/8 < o <1 (0 # 3/4),

(27.‘_)20'71/2
3—4o

+ (27)%° 1 (20 — 1)/ t727 Ky, (t)dt
1

+ /loo Ga(t)‘R*(% + it é))zdt

+ e (o3 k, 1) 4+ O((k1)P/AT/4=27 1083 T),

(3.6) I,(1,T) = CraT??720 1 (2m)20 1120 [ (T)

where the constant ¢i(o;k,l) depends on o, k and [. Similarly in case
o = 3/4, we obtain, from (1.2), (3.1) and integration by parts,

(3.7) L(1,T) = 7Cy logT + V21T~ 2K}, (T)

\/7/ 3/2Kkl dt+/ Gt ’R — +it; )‘d

+cl< k l)+0((k:l)3/4T V41663 ),

From (1.2), (1.3), (1.4), (2.6), (2.8), (3.1), (3.2) and Schwarz’s inequality

we have

- o \Y2/ 1 1/2
12<T1,T2><<</T rx<s>|21R*(;+it;,i)\dt> (/T |x<s>|21Ek,l<t>\2dt>

+ / ()P B ()Pt

T
< (kl)3/4Tf/4_20 log® T.
Hence we have
(3.8) I,(1,T)

O((k1)3/*T5/4=27 1og® T) if 0 <o <5/8,
| (1, 00) + O((RD)PATS/ 427 10g3 T) if 5/8 < o < 1.
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Substituting (3.5) and (3.8) into (3.3), we obtain, for 0 <o < 5/8,

[ 1 )= G () v

+ O((é) T o) ATE =20 (g3 T).

Similarly in case 5/8 < o < 1, we obtain

[ (s 5y

2)20-1/2 ;1\ 1-20
L( ) Ck’lT?’/Q_ZU—i-BkJ(U)

340 \k

= vo((1) o0 T) it £ 3/,

w\/%k,l log T + By (g) FO(RS/AMAT4 106 T)  if o =3/4.

with a certain constant By ;(0). Therefore now we have the assertion of
Theorem.
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