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Convergence of evolution operator families
and its applications to functional limit theorems

By HERBERT HEYER (Tiibingen) and GYULA PAP (Debrecen)

Abstract. The present paper deals with the convergence of triangular systems
{Xn,e : n,€ € N} of rowwise independent random variables taking their values in an
arbitrary locally compact group G. More precisely, sufficient conditions are given in
terms of the expectations E(U o X, ¢) for all irreducible (continuous, unitary) repre-
sentations U of G such that the partial products Xp 1 - ... Xy, i, () (for Z4-valued
scaling functions ky, on Ry) converge as n — oo towards a stochastically continuous
cadlag process {X(t) : t € R4} with independent increments in G. The conditions
are established under the hypotheses that the limiting process is specified or that it
remains unspecified. The approach is measure- and Fourier-theoretic and employs ef-
ficiently convolution hemigroups of finite variation on G and their Fourier transforms.
In the case of unspecified limits the validity of Lévy’s continuity theorem for groups G
is required.

1. Introduction

A major matter of concern in central limit theory is the problem
of convergence of triangular systems of random variables towards a limit
which can be either specified or unspecified. There are good reasons for
studying the problem for random variables taking values in an arbitrary
locally compact group G. Following a natural hierarchy one deals with
the problem by first considering Lie groups and then passes to Lie projec-
tive locally compact groups G. Among the Lie projective groups we find

Mathematics Subject Classification: 60B15, 60F05.

Key words and phrases: central limit theory for locally compact groups, unitary repre-
sentations, process with independent increments, convolution hemigroup of finite varia-
tion, operator-valued functions of finite variation, (bilinear) Lebesgue—Bochner—Stieltjes
integral, integrating function of an evolution family of operators.



158 Herbert Heyer and Gyula Pap

the Moore groups which by definition admit only finite dimensional irre-
ducible representations. To reach the most general framework of arbitrary
locally compact groups the full harmonic analysis of infinite dimensional
representations can be employed.

In their previous work on the subject [11]-[13] the authors followed the
hierarchic path in discussing the problem of convergence of triangular sys-
tems and successfully emphasized the measure-theoretic approach. While
in [11] and [13] the conditions securing the convergence were given in terms
of the characteristics of associated generating families, the phrasing of the
conditions in [12] appeared to be in terms of Fourier transforms involving
finite dimensional representations. In the present work the machinery de-
veloped in [12] will be extended to infinite dimensional representations of
an arbitrary locally compact group G with the aim of solving the problem
in a somewhat ultimate way.

The problem of convergence of triangular systems of G-valued random
variables will be treated in a four-step procedure: There is the problem («)
of convergence of a sequence of hemigroups {,(s,t) : 0 < s < t} of proba-
bility measures on G towards a limiting hemigroup {u(s,t) : 0 < s <t}, and
as a consequence, the problem (3) of convergence of a sequence of partial
convolution products fi, , (s)+1 * - - - * fn i, ) towards p(s,t). Next, the
problem («) leads directly to the problem () of convergence of G-valued
processes {X,,(t) : t € Ry} with independent left increments towards a
limiting process {X(¢) : ¢ € R4} (necessarily having again independent
left increments) associated with a hemigroup {u(s,t) : 0 < s < t}, and the
problem (f3) yields the problem (&) of convergence of a sequence of partial
products X, 1 - ... Xy, 1, () towards the process X(-).

All hemigroups and processes involved are assumed or deduced to be
of finite variation. The conditions found to be sufficient for the respective
convergence are in terms of related integrating families.

A special feature of our approach is the generalization of the steps («)
to (9) to the situation for which the limiting hemigroup or process remains
unspecified. In order to arrive at useful results the validity of the Lévy
continuity theorem is assumed. For Moore groups G this Lévy continuity
property is readily available (see [10]). For more general classes of locally
compact groups it still requires an appropriate investigation (see [6]).

The layout of our presentation can be described as follows. Section 2
is devoted to basics on cadlag functions and functions of finite variation
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taking their values in the space £(B) of bounded linear operators on a Ba-
nach space B. In Section 3 we introduce the (bilinear) Lebesgue-Bochner—
Stieltjes integral for operator-valued functions, following the exposition
in [9]. Section 4 contains our important tool of integrating functions of
evolution families in £(B), and in Section 5 we describe the convergence
of evolution families in terms of their integrating functions. The last Sec-
tion 6 contains the solution to problems («) to (J), at first for specified
limits, and subsequently for unspecified ones. The final result in Section 6
is a martingale difference version of the theorem contributing to problem
(6) in the unspecified limit case. Its proof relies on results established in
Section 5.

Although some of the arguments needed in proving the results are bor-
rowed from the authors’ previous publications on the subject, the idea of
an integrating family related to a hemigroup on an arbitrary locally com-
pact group could only be fruitfully employed by applying the Lebesgue—
Bochner—Stieltjes integral. The attentive reader will recognize the spirit
of two valuable sources that we profited from: HUCKE’s approach to the
convergence problem via associated stochastic differential equations [14]
and SCHMIDT’s notion of evolution families of finite variation [16].

2. Cadlag functions and functions of finite variation

Let R, :=={teR:t>0}and S := {(s,t) € R? : 0 < s < t}. Let
B be a real or complex Banach space. Let £(B) denote the Banach space
of bounded linear operators on B. A function f : Ry — L£(B) is called
cadlag if it is right continuous with left limits. (The limit is always meant
in the norm topology on £(B).) Let D(R,, L£(B)) denote the space of all
cadlag functions from R, into £(B). The spaces D([0,T],L(B)), T > 0,
are defined similarly. Let D(S, £(B)) denote the space of all functions from
S into £(B) which are cadlag separately in each variable. Any function
f € DRy, L(B)) is locally bounded, i.e.,

|fllr :== sup || f(t)]] <oo forall T >0.
te[0,T]

The space D([0,7],L£(B)) is a (non-separable) Banach space with the
above norm. The local uniform topology on D(Ry,L(B)) is associated
with the metric

on(f,9) =Y 2 " min{L,|f —g|} for f,g € D(Ry,L(B)).

n=1
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The space D(Ry,L(B)) is a complete (but not separable) metric space
under gy,. There is a metrizable topology on D(R, £L(B)), called the Sko-
rokhod topology, for which this space is complete (but again not necessarily
separable; separability holds only if B is finite dimensional; see ETHIER
and KURtz [8, Proposition 3.5.6].). The Skorokhod topology is weaker
than the local uniform topology. (See ETHIER and KURTZ [8, Proposi-
tion 3.5.3].)

Let C(R4, L(B)) and C(S, L(B)) denote the spaces of all continuous
functions from Ry and from S into £(B), respectively. If f € C(Ry, L(B))
and (fn)n>1 is a sequence in D(R4, £(B)) such that f,, — f for the Sko-
rokhod topology, then f,, — f locally uniformly. (See ETHIER and KURTZ
[8, Lemma 3.10.1].)

A function f : S — L(B) is said to be of finite variation (continuous
finite variation) if for all ¢t € Ry

i=1

Vi(t) == sup{ZHf(Til,Ti)H:mGN, 0<H < << Ty gt}<oo

(and Vy € C(R4,R)). A function f : S — L(B) is of (continuous) finite
variation if and only if for all T' > 0, there exists a (continuous) function
vr @ [0,7] — R such that || f(s,t)| < vr(t) —vr(s) for all (s,t) € Sp. (If
f S — L(B) is of (continuous) finite variation then the function V is
a suitable choice for vy for each 7' > 0.) Any function f : S — L(B) of
continuous finite variation is necessarily continuous.

A function g : Ry — L(B) is said to be of (continuous) finite variation
if the function (s,t) — g(t) —g(s) from S into £(B) enjoys the correspond-
ing property. It is easy to see that a function g : Ry — L£(B) of finite
variation is continuous if and only if it is of continuous finite variation.

Let FV (R4, £(B)) and FV (S, £L(B)) denote the spaces of all functions
of finite variation in D(Ry, £(B)) and in D(S, £(B)), respectively.

Lemma 2.1. If f € FV(Ry, L(B)) then Vy is cadlag.
If in addition, f € C(R4,L(B)), then V} is continuous.

PROOF. Let t € Ry. For each € > 0, let us choose ¢ € (0,1) such
that ||f(t 4+ h) — f(t)]]| < e/2 for all 0 < h < §, and choose t =: ty < t1 <
coo <ty :=t+1such that t; —t < 4 and

n

Vplt+1) = V() = DI (t) = F (1) < 5
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Then

Vit +1) - <€+Z||f -l e+ Vit +1) = Vi(h),

hence for all 0 < h < t; — t,
Vi(t+h) = Vi(t) < Vi(tr) = Vp(t) <e

implies right continuity of V;. Monotonicity of V; implies existence of left
limits. The second statement can be proved similarly. O

3. Lebesgue—Bochner—Stieltjes integral

In what follows we shall apply a generalization of the (bilinear) Lebes-
gue—Bochner—Stieltjes integral for operator-valued functions introduced by
BoGbANOWICZ (see [2]-[5]).

Let us consider the semiring

A:={]a,b] :a,b e R, a <b}.

Let g € FV(R4,L(B)). The right continuity of V, implies that the set
function g, : A — L(B), defined by

By(la,b]) := g(b) — g(a),  Ja,b] € A

is a o-additive set function of finite variation. (See GUNZLER [9, A 1.62].)
A function h : Ry — L(B) is said to be simple (with respect to A) if
it has the form
h - ZAk]l]ak,bk]’
k=1
where Jag,b;] € A, k =1,...,n are pairwise disjoint intervals and A, ...
., A, € L(B). For a simple function h : Ry — L£(B) of the above form,
let

[ [hdg_ZAk g(br) — g(ar)) € L(B).
0,00
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Let L*(Ry, A, g, £(B)) denote the set of functions f : Ry — L£(B) such
that there exists a sequence (h,)m>1 of simple functions with

sup 4m/ | P, — hm—1]| dVy < 00
m22 10,00]

and with h,, — f Ay,-a.s., where Ay, denotes the Lebesgue-Stieltjes mea-
sure on (R, B(R,)) generated by V,. For f € L'(R, A, g, L(B)), let

/ fdg:= lim hm dg,
10,00]

170 J]0,00]

where (hpy,)m>1 is a sequence of simple functions with the above pro-
perties. For a set A C R4 and for a function f : Ry — L(B) with
f-1a€ LRy, A g, L(B)), we write

/fdg:—/ f-1adg.
A 10,00]

Lemma 3.1. Let g € FV (R, L(B)).
(i) The mapping f +— f]o oo/ dg from LY (R4, A, g,L(B)) into L(B) is
well-defined, linear, independent of a Ay, -a.s. modification of f, and

H /]Om[fm dg(7)

(ii) If f € D(R4,L(B)) then for all 0 < s < t,
(f=) L € L' (Ry, A, g, L(B)), where f_ : Ry — L(B) is defined by
f=(0) :=0 and f_(u) := f(u—) := limyq, f(v) for u > 0. Moreover,

< /]Om[nf(mdvgm.

H [ syt

< /H 1F(r=)] dV, (7).

Particularly, for all 0 < s <t < T,

(iii) If f € FV(R4, L£(B)) then for all 0 < s <t < T,

S Al (Ve (#) = Vi(s))-

#ﬁﬁ@@

]s,t

f(r=)dg(7)

1s,t]

< lglle @l fllr + Vi) = Vi (s)-
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(iv) If h : Ry — Ry is an increasing cadlag function with h(0) = 0 then

/ h(7_7>m—1 dh(t) < M for allt > 0, m € N.
10,1] m

PROOF. (i). See GUNZLER [9, A 2.57] or BOGDANOWICZ [2].

(ii) If f : Ry — L(B) is left continuous then for all 7' > 0 and for
all ¢ > 0 there exists a simple function hy. : Ry — L(B) such that
supsepo, 7 [1f(t) — hre(t)|| < e. (See BILLINGSLEY [1, Lemma 14.1].) Ob-
viously for all £1,e9 > 0 and for all 0 < s <t < T,

/] e, eV, < 21+ 22)Va(D),
s,t

hence we have

sup 4m/ ||hT74—m - hT747m+1 || dVg < o0
m2=2 ]s,t]
and hp 4-m(t) — f(t) for all t € [0,T]. Consequently,
[l € LY Ry, A, g,L(B)) forall 0 < s <t <T.

(iii) This follows from (ii) using the subsequent partial integration
formula:

flr—=)dg(7) +/ g(r+) df (r) = f(t=)g(t+) — f(s—)g(s+).

]s,t] [s,t]

(Here the second integral is defined starting with the semiring A := {[a, b[:
a,b € Ry, a < b} and the left continuous function f_ € FV(Ry, L(B)),
hence -1,y € L'(Ry, A, f—, L(B)), as in (ii).) Denoting S, ; := {(u,v) €
R?: s <u<wv<t}, we have

1 u,v)df(u)dg(v) = v—) — f(s—)) da(v
/[s,t] /[s,t} Ss,t( ) &) dg(v) /]s,t](f( ) = f(s=)) dg(v)

= [ flo=)dg(v) = f(s=)(g(t+) — g(s+)),

1s,1]
and

/[s,t] /H L, (o) dglu) df(e) = [ (glt+) = F(uwb) df(a)

[s,t]
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=g~ fo) = [ gt )
s,t
Hence Fubini’s theorem (see GUNZLER [9, A 4.64] or BoGDANOWICZ [5])
implies the above partial integration formula.
(iv) It can be proved by Itd’s formula in JACOD and SHIRYAYEV [15,
1 4.57]. (See HEYER and PAP [12], Lemma 2.1 (iii).) O

4. Generation of evolution families

Definition 4.1. A function f : S — L(B) is called multiplicative if
f(s,t)f(t,u) = f(s,u) for all (s,t), (t,u) €S, and f(t,t) = I forallt € R,.

A family {f(s,t) : 0 < s < t} in L£(B) is called an evolution family
if the function (s,t) — f(s,t) from S into £(B) is multiplicative and
feD(S,L(B)).

An evolution family {f(s,?) : 0 < s <t} in £(B) is said to be of (con-
tinuous) finite variation or continuous if the function (s,t)— f(s,t)—1
from S into £(B) enjoys the corresponding property.

Remark 4.2. If a function f : S — £(B) is multiplicative and f — I
is of finite variation then the function f is of finite variation separately in
each variable (see SCHMIDT [16, Proposition 8 (a)]).

If a function f : S — L£(B) is multiplicative and f — I is of continuous
finite variation then the function f is continuous; especially, {f(s,t) : 0 <
s < t} is a continuous evolution family in £(B). (This can be proved as
Lemma 3.1 in HEYER and PaP [11].)

Theorem 4.3. Let g € FV (R, L(B)).
(i) There exists a unique f € D(Ry, L(B)) such that

f)y =1+ (t—)dg(t) forallteR,.
10,¢]

In fact,

f)y=1+ dg(7g)...dg(m) forallt € Ry,
; / / I\Tk 9 +

0< T <...<T1 <t
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and the series is locally uniformly convergent on R,. Moreover,
f € FV(Ry,L(B)),

| fllr < exp{Vy(T)} forallT >0, and
Vi(t) — Vi(s) < (Vy(t) — Vy(s)) exp{Vy(T)} forall0<s<t<T.
)

If in addition, g € C(R4, L(B)), then f € C(R4, L(B)).
(ii) There exists a unique f € D(S, L(B)) such that

f(s,t) =1+ f(s,7—)dg(r) forall0<s<t

s.t]

In fact,

st—I+Z / / dg(ti)...dg(m) forall0<s<t,

s<‘rk< <71t

and the series is locally uniformly convergent on S. Moreover, { f(s,t) :
0 < s <t} is an evolution family of finite variation in L(B).

If in addition, g € C(Ry, L(B)), then the evolution family {f(s,t) :
0 < s < t} is of continuous finite variation.

ProoOF. For h € D(Ry, L(B)), let

Ah() = T +/ h(r—)dg(r) foralltcR,.
0,%]
The inequalities in Lemma 3.1 (ii) imply that Ah € D(Ry, L(B)).
Applying Lemma 3.1 (ii) and (iv) we obtain

V,(T))™
[A™hy — A" ha||z < |lhy — thTM

for all hy,hy € D(Ry,L(B)) and for all m € N, and we can follow the
line of argument used in the proof of Theorem 3.4 in HEYER and PAp [12]
(based on usual fixed point method). g

Definition 4.4. Let {f(s,t) : 0 < s < t} be an evolution family in
L(B). A function g € FV(Ry, L(B)) is called an integrating function of
{f(s,t): 0 < s<t}if g(0) =0 and

f(s,t) =1+ f(s,7—)dg(r) forall0<s<t

1s,]
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Remark 4.5. If an evolution family {f(s,?) : 0 < s <t} in £(B) has an
integrating function then in view of Theorem 4.3 (ii), {f(s,t) : 0 < s < t}
is necessarily of finite variation.

Theorem 4.6. Let {f(s,t) : 0 < s < t} be an evolution family of
finite variation in £L(B). Then it has an integrating function. Moreover,
f is locally bounded, more precisely,

Nf(s, | K1+ Vi (T) forall0<s<t<T.

If g € FV (R4, L(B)) is an integrating function of f then

1F(s,t) =T = (g(t) = () < (14 Vi1 (T))(Vy(t) = Vy(s))?
forall0 <s<t<T.

If in addition, f is continuous, then it has a continuous integrating
function.

If in addition, f is of continuous finite variation, then its integrating
function is uniquely determined (and continuous).

PRrROOF. The existence of an integrating function can be proved ex-
actly as in Theorem 3.10 in HEYER and PAP [12] (using Proposition 8 (a)
(ii) in ScHMIDT [16] for explicit construction). Local boundedness follows
from

1 (s Ol < 1f (s 8) = I+ I < 1+ Vi r (T).

Using Lemma 3.1 (ii) we obtain for all 0 < s <t < T,

fs,7=)dg(7)

s,t]

1f(s:8) = 1| :‘

< s, 7—=) || dV, (T
S A+ Vir(T)(Vy(t) — Vg(s)).

Consequently,

1£(s,8) = T = (9(t) — g(s))]| = ‘

/] NUCESERETE

s /}  I06:72) = T aVa(r) < (L Vit DN V0) = Vi)™
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If f is continuous, then the existence of a continuous integrating function

can be proved exactly as in Theorem 3.10 in HEYER and PAP [12].

If f is of continuous finite variation in £(B) and ¢1, g2€FV (R4, L(B))
are integrating functions of f then for all 0 < s <t < T,

1(91(t) = 91(5)) — (92(t) — g2(5))
< (L4 Vi-n(T)) ((Vau (1) = Vou ()% + (Voo (8) = Vi (5))7) -

Hence for all n € N,

191() = g2(8)]]

S ()= (52) o () (52 )
(5 (3) - (52))
)

< (1+Vf_I(T))<Vg1(T) max <V91 kt> v, <(k;1)t>>

e s (v () - (%57)) )

Since n € N is arbitrary and, in view of Lemma 2.1, V; and V,, are

continuous we obtain g;(t) = g2(t) for all ¢ > 0. O

5. Convergence of evolution families

Definition 5.1. A sequence (f,)n>1 in D(Ry, £(B)) is called C-rela-
tively compact if it is relatively compact in D(Ry, £(B)) and if all limit
points of the sequence (f,)n>1 (with respect to the Skorokhod topology)
are in C(Ry, L(B)).
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For f € D(Ry,L(B)), T >0 and § > 0, let

wr(f;8) == sup{||f(t) — f(s) 0 < s <t<T,t—s<8),

IS ¢y <s<t<t;

wy(f30) = inf{m,ax sup [[f(t) = f(s)]l :

O=th<...<t, =T, min(ti—til)Eé}.

1<i<r

The following lemma is well known (see ETHIER and KURTZ [8, Theo-
rem 3.6.3]).

Lemma 5.2. Let (f,)n>1 be a sequence in D(Ry, L(B)). Then the
following statements are equivalent:

(1) (fn)n>1 Is relatively compact.

(i) (a) There is a dense subset D of R and there are compact sets
K, C L(B), t € D, such that {f,(t) :n € N} C K, for allt € D,

(b) lim supw/(fn;0) =0 for all T > 0.
0—0 n>1

Theorem 5.3. Let (f,)n>1 be a sequence in D(Ry, L(B)). Then the
following statements are equivalent:

(1) (fn)n>1 is C-relatively compact.
(ii) (a) There is a dense subset D of Ry and there are compact sets
K; C L(B), t € D, such that {f,(t) :n € N} C K; for allt € D,
(b) éin%) lim sup w/.(fp;9) =0 for all T > 0,

n—oo

(¢) lim sup | fn(t) — fu(t—)|| =0 for all T > 0.
n—oo tE[O,T]

(iii) (a) There is a dense subset D of Ry and there are compact sets
K, C L(B), t € D, such that {f,(t) : n € N} C K, for allt € D,
(b) %ing) limsup wr(fn;0) =0 for all T > 0.
ProOOF. (i) == (ii) In view of Lemma 5.2, relative compactness
of the sequence (f,),>1 implies (ii) (a) and (b). Moreover, (ii)(c) follows
from Lemma 3.10.1 in ETHIER and KURTZ [§].
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(i) == (iii) follows from the inequality

wr(f;0) < 2wp(f;0) + sup [|f(t) — f(t-)]
te[0,T]

valid for all T'> 0, f € D(R4, £(B)) and ¢ > 0.
(ili) = (i) We have the inequality

Wh(f;6) < 2wr(f;9)

forall T > 0, f € D(Ry,£(B)) and § > 0. (See BILLINGSLEY [1, (14.9)].)
Hence, in view of Lemma 5.2, (iii) (a) and (b) imply relative compactness
of the sequence (fy)n>1. We also have the inequality

Jp(T) == sup |[f(t) = f(t=)] <wz(f;0)

t€[0,T]
valid for all T'> 0, f € D(R4, £(B)) and ¢ > 0, thus (iii) (b) implies

nh—>n;o Js, (T) = 0.
If f,, — f in the Skorokhod topology then J¢ , — J; in the Skorokhod
topology (see Proposition 3.5.3 and the beginning of Section 3.10 in ETHIER
and KURTZ [8]), hence J;(T') = 0 for all continuity point of J;. Since Jy is
nondecreasing, we conclude J¢(T") = 0 for all T € Ry, hence f(t) = f(t—)
for all £ > 0. Consequently, the sequence (fy,),>1 is C-relatively compact.
O

Theorem 5.4. Let (gn)n>1 be a sequence in FV (R, L(B)). Suppose
that

(a) there is a dense subset D of Ry such that for all t € D, the sequence
(gn(t))n>1 in L(B) is convergent,
(b) %ir% limsup wp(Vy,;6) =0 for all T > 0.

n—0o0

Then the following assertions are valid:

(i) There is a function g € FV (R4, L(B))(C(R4, L(B)) such that
gn — g locally uniformly.
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(ii) Let f € FV(Ry,L(B)) and f,, € FV (R4, L(B)), n € N, such that

ft)=I+ f(r=)dg(T) for allt € Ry,
10,¢]

falt) =1+ fn(T—=) dgn (1) for all t € Ry.
10,4]

Then f € C(Ry, L(B)) and f, — f locally uniformly. More precisely,
there exist ¢ > 0 and ¢ > 0 such that

Wfn— fllr < cllgn —9gllT exp{c/%(T)} forall T >0, n € N.

(i) Let h € D(S,L(B)) and hy, € D(S,L(B)), n € N, such that

h(s,t) =1+ o h(s,7—)dg(T) for all 0 < s < t,
s,t

hn(s,t) =1 +/ hn(s,7—) dgy (T) for all 0 < s < t.

]s,t]

Then h € C(S, L(B)) and

lim  sup ||hn(s,t) —h(s,t)[| =0 for all T > 0.

n—00 0L s<tKT

More precisely,

1hn(s,t) — h(s,t)|| < cllgn — gllT exp{c'V,(T)}
forall 0 <s<t<T, neN.

PROOF. It is performed in the same way as the proof of Theorem 4.4
in HEYER and PAP [12] (using again fixed point method). We remark that
in [12] g,(0) = 0 was supposed for all n € N, but it is not needed. O

Theorem 5.5. Let I' be a topological space, and let {g, : v € T'} C
FV (R4, L(B)). Suppose that

(a) the mapping v — g, from I' into D(Ry,L(B)) is continuous with
respect to the local uniform topology (i.e., for all T > 0, v € T and
d >0, there exists a neighborhood W CT' of v such that || gy —g- |7 <
for v € W),
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(b) the mapping v+ V. from I into D(R,, R ) is locally bounded (i.e.,
for all T > 0 and v € T, there exists a neighborhood W C T" of v such

that sup V, ,(T) < o0).
v ew "

Then the following assertions are valid:
(i) Let f, € FV(Ry,L(B)), v € I, such that

fy(t) =T+ fy(T=) dgy(7) forallt e Ry, ve€T.
10,1]

Then for all t > 0, the mapping v — f(t) from I' into L(B) is
continuous. More precisely, for all T > 0, v,v" €T,

12 = Fyllr < 4dllgy = g llrexp {2V, (D)}

(ii) Let hy € D(S,L(B)), v € I, such that
h(s,t) :I+/ h (s, 7—) dg~(T) forall 0 < s<t, vel.
Js,t]

Then for all 0 < s < t, the mapping v +— hy(s,t) from I' into L(B) is
continuous. More precisely, for all T > 0, v, €T,

SUp_ s (5,8) = o (5. 1)| < Allgy — g llrexp {2V, (T) }.
0<s<t<T

Proor. Fory eI, f € D(R;,L(B)) and t € Ry let

A f(t) =1+ (1—)dg (7).
10,]

Then A, f, = f, forall y € T.
Let T > 0 and v € T'. The inequalities in Lemma 3.1 (ii) imply
(as in the proof of Theorem 3.4 in HEYER and PAp [12]) that for all

f,f € D(R,,L(B)) and m € N,
(Voo ()™

m)!

AT f = AT flle < |If = fllr
We can choose k£ € N such that

Vg, (T))*
( ]i!» <

DN =
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We have for all v/ € T,

”fv - f’y’HT < Hf'y - Asf’v/HT + HAsfv/ - f'y’HT-

Clearly
1
Ify = Ay llr = 145 £y = AN Lyl < SN fy = F i
hence
wa - fw’HT < 2||Alfyf‘r’ - f'y’HT'
Moreover,

k— k—

||A§f‘r’ - f'y’HT < Z HA'ijf'y’ - Azyfw’HT < HA'va’ - f'y’” Z

=0 1

Ja
—_

(Vy, (1))
jl

.
<

<

[ Ay fyr = Fyllexp{Vy, (T)}.
Using Lemma 3.1 (iii) we obtain for all ¢ € [0, 7],

HA’\/f'y’ - f’y’” = HA'yf'y’ - A’y’f’y’” = '

/ fy (T)d(g(T) — gy (7'))H
10,t]

<|lgy = gyl @l NIz + Vi, (T)).
By Theorem 4.3 (i),

[fllr < exp{Vy , (T)} and Vi (T) <V, (T)exp{Vy,, (T)},

hence

1Ay fyr = Fylle < llgy = gy llr (2 4 Vg, (T)) exp{Vy , (T)}

<
<2llgy — gyl eXp{Qng, (T)}.

Collecting the estimates we conclude that
1y = Fylle < 4llgy = gy llr exp{2Vy , (T)}.

Applying (i) for the functions ggs) (t) == gy(s+1t), vy eI, t e Ry,
s € Ry, we obtain

sup Hh’y(sv t) - h’y’(sa t)”
te(s, T

< 4t:[upT ] l9+(8) = g5 D)l exp{2(V, (T) = V., (5))}
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for all s € Ry and T € [s, 00[, which implies

sup |7y (s, 1) — hy (s, 8)|| < 4llgy — g HTeXp{QVgW/ (1)},
0<s<t<T

hence the assertion in (ii) has been proved. O

6. Convergence of convolution hemigroups

Let G be a locally compact group. A representation of G is in our con-
text always a continuous homomorphism U from G into the group U(Hy)
of unitary operators on a (complex) Hilbert space Hy. More precisely
one speaks of a continuous, unitary representation of G with representing
Hilbert space Hy. The totality of representations of G will be abbreviated
by Rep(G).

U € Rep(G) is said to be irreducible if there exists no nontrivial
closed U-invariant subspace of Hy. By the Gelfand—Raikov theorem the
set Irr(QG) of irreducible representations of G separates the points of G.

For a locally compact space E, let 9M?(E) denote the Banach space
of (real bounded Radon) measures on E considered as continuous linear
functionals on the space of continuous real-valued functions with com-
pact supports on E. Subsets of 9M°(E) of particular interest are the cone
9% (E) of nonnegative measures and the convex set M*(E) of probability
measures on E. The set f)ﬁi(E) will be equipped with the weak topology
Tw (of measures). For every x € E, ¢, denotes the Dirac measure in z.

Once F is assumed to be a locally compact group G, the space M’ (G)
becomes a Banach algebra with respect to convolution (of measures), and
M (G) becomes a semigroup with unit element ¢, (where e denotes the
neutral element of the multiplicatively written group G).

Finally we note that 9t (G) is metrizable and separable iff G admits
a countable basis of its topology.

The Fourier transform of a measure p € IM°(G) is given by

(AU 0) = / (U (@), v) p(de)

G

whenever U € Rep(G), u,v € Hy.
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Clearly, for given U € Rep(G), 1(U) belongs to the space L(H) of
bounded linear operators on Hyr. In fact, one has

(O < ]l

Moreover, the mapping g +— 7 from 9°(G) into the set of mappings
Rep(G) — U{L(Hy) : U € Rep(G)} is injective (even on Irr(G) ), linear,
multiplicative, and sequentially bicontinuous in the sense of the following
equivalences expressed for sequences (ji,)n>0 of measures in M (G) :
(1) Hn — po-

(i) fn(U)u — fo(U)u for all U € Irr(G), u € Hy.
(iii) (in (U)u,v) — (fo(U)u,v) for all U € Irr(G), u,v € Hy.

(For the proof see, for example, SIEBERT [17].)

Definition 6.1. A mapping (s,t) — u(s,t) from S into i)ﬁl(G) is said
to be multiplicative if p(s,r) * u(r,t) = u(s,t) for all 0 < s < r < ¢, and
u(t,t) =¢e. for all t € R,.

A family {u(s,t) : 0 < s < t} in MY(G) is called a convolution
hemigroup (briefly hemigroup) in 9*(Q) if the mapping (s,t) — u(s,t)
from S into M (G) is multiplicative and cadlag.

A convolution hemigroup {u(s,t) : (s,t) € S} in M(G) is said to be
continuous if the mapping (s, t) — u(s,t) from S into MM (G) is continuous.

Let {u(s,t) : 0 < s < t} be a family in 9! (G). Then the following
statements are equivalent:

(i) {u(s,t):0< s <t}is a convolution hemigroup in 9 (G),

(ii) {pu(s,t)(U) : 0 < s < t} is an evolution family in L(Hy) for every
Ue Irr(G)

Let {u(s,t) : < t} be a Convolutlon hemigroup in 9*(G). Then

the continuity of {,u(s H(U):0 < t} for every U € Irr(G) implies the

continuity of {u(s,t) : 0 < s t} (We note that the space L(Hy) has
been endowed with the norm topology.)

Definition 6.2. Let ' C Rep(G). A mapping (s,t) — p(s,t) from
S into MY(G) is said to be of (continuous) F-finite variation with respect
to T if for all U € T, the function (s,t) — f(s,t)(U)—1I from S into L(Hy)
is of (continuous) finite variation.
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Remark 6.3. If G is a locally compact group and a mapping (s,t) —
u(s,t) from S into M (G) is multiplicative and of continuous F-finite vari-
ation in OM!(G) with respect to Irr(G) then it is continuous; especially,
{u(s,t) : 0 < s <t} is a continuous convolution hemigroup in M (G).

Definition 6.4. Let {u(s,t) : 0 < s < ¢} be a convolution hemigroup
in M (GQ). Let T' C Rep(G). A family of mappings ¢V € FV (R, L(Hy)),
U € T is called an integrating family related to {u(s,t) : 0 < s < t} if for
all U € T, we have ¢V (0) = 0 and

p(s,t)(U) =1 —i—/ (s, 7=)(U) dpY (1) for all (s,t) € S.

Ist]

If a convolution hemigroup {u(s,t) : 0 < s < t} in M (G) has an
integrating family with I' C Rep(G) then it is necessarily of F-finite vari-
ation with respect to I'. Moreover, if {u(s,t) : 0 < s < t} is a convolution
hemigroup of F-finite variation in 9M'(G) with respect to I' C Rep(G)
then by Theorem 4.6 it has an integrating family with parameter set I'. If
{u(s,t) : 0 < s < t} is a convolution hemigroup of continuous F-finite vari-
ation in M (G) with respect to I then the integrating family {¢V : U € T'}
of {pu(s,t) : 0 < s <t} is uniquely determined and consists of continuous
functions in view of Theorem 4.6.

Theorem 6.5. Let {u(s,t) : 0 < s <t} and {p,(s,t) : 0 < s < t},
n > 1, be convolution hemigroups of F-finite variation in 9M*(G) with
respect to Irr(G). Let {¢V : U € Irr(G)} and {oY : U € Irr(G)}, n > 1,
be some related integrating families. Suppose that for all U € Irr(G),

(a) there is a dense subset D of Ry such that lim Y (t) = @Y (t) for all
n—oo
teD,

(b) ;im limsupwr(Vyu;6) =0 for all T > 0.

0 n—oo

Then
tn(s,t) — p(s,t) for all 0 < s < ¢,

and {u(s,t) : 0 < s <t} is a convolution hemigroup of continuous §-finite
variation with respect to Irr(G).

PROOF. The statement follows from Theorem 5.4 (iii) applied for the
sequence (¢Y),>1 in FV(Ry, L(Hy)) for all U € Irr(G). O
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Corollary 6.6. Let {yn s : n,¢ € N} be an array in 9M'(G). For all
n € N let k, : Ry — Z4 be an increasing, right continuous function with
kn(0) =0 and k,(Ry) =Z+..

Let {u(s,t) : 0 < s < t} be a convolution hemigroup of F-finite
variation in 9M'(G) with respect to Irr(G). Let {¢Y : U € Irr(G)} be some
related integrating family. Suppose that for all U € Irr(G),

kn(t)
(a) there is a dense subset D of Ry such that lim > (jin e (U) —I) =

QU(t) for all t € D, T =

En(t)
(b) lim limsup sup > |pne(U)=1I|| =0 for all T > 0.
=0 nooo ogsgtﬁT O=kn(s)+1
t—s<

Then
kn(t)

>l< Pne — (s, t) for all 0 < s < ¢,
l=kn(s)+1

and {u(s,t) : 0 < s <t} is a convolution hemigroup of continuous §-finite
variation with respect to Irr(G).

Let (2, A,P) be a probability space. If {X(¢) : t > 0} is a G-valued
cadlag process with independent left increments then the distributions

p(s,t) :==Pxs)-1x(1) for0<s<t

of the left increments X (s) !X (¢) form a convolution hemigroup {u(s,t) :
0 < s < t} in MY(G). The process {X(t) : t > 0} is stochastically
continuous if and only if the convolution hemigroup {u(s,t) : 0 < s < t}
is continuous. The process {X(¢) : ¢ € Ry} is said to be of (continuous)
S-finite variation with respect to I' C Irr(G) if the convolution hemigroup
{u(s,t) : 0 < s < t} enjoys the corresponding property.

Theorem 6.7. Let G be a second countable locally compact group.
Let {u(s,t) : 0 < s < t} be a convolution hemigroup of §-finite variation in
INY(G) with respect to Irr(G). Let {pY : U € Trr(G)} be some related inte-
grating family. Let {X,,(t) :t € Ry}, n > 1, be G-valued cadlag processes
with independent left increments having §-finite variation with respect to
Irr(G). Let {oY : U € Irr(G)}, n > 1, be some related integrating families.
Suppose that for all U € Irr(G),
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(a) there is a dense subset D of Ry such that lim U (t) = @Y (t) for all
t 6 D7 n—oo

(b) %im lim sup wr(Vv;9) =0 for all T > 0.

n—oo
Then there exists a stochastically continuous cadlag process {X(t) : t €
R} with independent left increments having continuous §-finite variation
with respect to Irr(G) such that

X, 5 x

(in the sense of weak convergence of the induced measures on the space
D(Ry,G)), and Px (o)1 x) = (s, t) for all 0 < s < t.

PROOF. It can be carried out exactly as the proof of Theorem 5.10
in HEYER and Pap [12]. O

For a G-valued random variable X and for U € Rep(G), we can define
the expectation E(U o X) € L(Hy) by

(E(U o X)u,v) = E({(U 0 X)u, v))

whenever u,v € Hy, hence in fact, E(U o X) = @X(U). Eventually, we
have for all u € Hy that

E(U o X)u :/(UOX)(w)uP(dw),

Q
where the integral on the right hand side is a Pettis integral. However,
if G is a second countable locally compact group then

E(U o X) :/(UoX)(w) P(dw),

Q
where the integral on the right hand side is a Bochner integral. Indeed,
the Bochner integral [, Z(w)P(dw) of a random variable Z : Q@ — B with
values in a Banach space B exists if E||Z]|| < co and Z is almost separable-
valued, i.e., there exists 2y € A such that P(2) =1 and {Z(w) : w € Qp}
is a separable subset of B. A second countable locally compact group G is
necessarily separable (since there exists a metric which induces its topology
and then the second countability implies separability), consequently, for
all U € Rep(G), the set {U(x) : * € G} is separable in L(Hy). Since
|U(x)|| =1 for all z € G, the Bochner integral [,(U o X)(w)P(dw) exists
for all G-valued random variables X and for all U € Rep(G).
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Corollary 6.8. Let {X,,;: n,f € N} be an array of rowwise indepen-
dent G-valued random variables. For alln € N, let k,, : Ry — Zy be an
increasing, right continuous function with k,(0) = 0 and k,(Ry) = Z.

Let {u(s,t) : 0 < s < t} be a convolution hemigroup of F-finite
variation in 9M*(G) with respect to Irr(G). Let {©Y : U € Irr(G)} be some
related integrating family. Suppose that for all U € Irr(G),

K (t)
(a) there is a dense subset D of Ry such that lim > (E(UoX, ) —1I) =

oU(t) for all t € D, =

kn (t)
(b) lim limsup sup > |E(UoX,e) —I||=0foralT>0.
0—0 n—ooo ogsgtgéTe:kn(s)+1

t—s<
Then there exists a stochastically continuous cadlag process {X(t) : t €
R, } with independent left increments having continuous §-finite variation
with respect to Irr(G) such that

H Xn,@ — X()a
=1

and Px(g)-1x(1) = p(s,t) for all 0 < s < t.

If one wishes to consider the convergence of a sequence of hemigroups
in MM (G) without specifying the limiting hemigroup a more sophisticated
approach is necessary. For a cardinal «a, let H(a) be an a-dimensional
complex Hilbert space and let Rep,(G) denote the set of representations
U € Rep(G) with representing Hilbert space H ().

Definition 6.9. A locally compact group G is said to have the Lévy
continuity property with respect to a subset I' C Rep(G) if there is a
topology in I' such that if (i,)n>1 is a sequence in MM (G), the mapping

h:T — U L(Hy) is continuous on I'(Rep,, (G) for each cardinal o and
verl

wn(U) — h(U) forall U e T’

then there exists a measure pu € MY(Q) satisfying p,, — p and p(U) =
h(U) for all U € T.
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Remark 6.10. The Fell topology in I' (see, e.g., DIXMIER [7]) could
be a natural candidate. We note that the Lévy continuity property used
in HEYER [10] and BOUGEROL [6] is slightly different since it contains
convergence i, (U) — h(U) only in the strong operator topology on L(H)
(and not in the norm topology as in the Definition 6.9), but only the subset
I = Rep(@) of all finite-dimensional representations of G is considered
and continuity of the mapping h : Rep) (@) — |J L(Hy) on the whole

Uer

set Rep!) (G) is supposed. A locally compact group G is called a Moore
group once Irr(G) € Rep)(@). A Moore group has the Lévy continuity
property with respect to the set Rep) (@) (see HEYER [10]). Further
classes of locally compact groups having the Lévy continuity property have
been discussed in the work [6] of BOUGEROL.

Theorem 6.11. Let G be a locally compact group with Lévy conti-
nuity property with respect to a subset I' C Rep(G). Let {un(s,t) : 0 <
s < t}, n > 1, be convolution hemigroups of §-finite variation in M (G)
with respect to T'. Let {¢U : U € T'}, n > 1, be some related integrating
families. Suppose that for all U € T,

(a) there is a dense subset D of R, such that the sequence (oY (t)),>1 in
L(Hy) is convergent for all t € D,
(b) }in}) limsup wr(Viu;9) =0 for all T > 0.

n—oo

Then there is a family of mappings ¢V € FV (R4, L(Hy)) N C (R4, L(Hy)),
U €T, such that U — U locally uniformly for all U € T.
If in addition, for each cardinal o,

(c) the mapping U — ¢V from T'(Rep,,(G) into C(Ry, L(H(«))) is con-
tinuous (i.e., for all T > 0, U € I'(\Rep, (G) and 6 > 0, there exists
a neighborhood W < I'\Rep,,(G) of U such that ||¢V — oV ||z < &
for allU" € W),

(d) the mapping U — Vv from I'(\Rep,(G) into C(Ry,Ry) is locally
bounded (i.e., for all T > 0 and U € I'(\Rep,(G), there exists a
neighborhood W C I'(\Rep, (G) of U such that sup V_u/(T) < 00),

U'ew

then there is a convolution hemigroup {u(s,t) : 0 < s < t} of continuous
$-finite variation with respect to I' such that

pn(s,t) — p(s,t) for all 0 < s < t,
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and {pY : U € T'} is an integrating family related to {u(s,t) : 0 < s < t}.

PrOOF. Let U € I'. Assumption (b) implies that for all T > 0, we
have
lim lim sup wr (Y3 6) = 0.
—0 oo
Assumption (a) implies that for all ¢ € D, the set {pU(¢t) : n > 1}~
is compact in £L(Hy). Applying Theorem 5.3 we conclude that for each
subsequence (n’) of (n) there are a subsequence (n”) of (n’) and a function
oY € C(Ry, L(Hy)) such that ¢V, — Y locally uniformly. Assumption
(a) implies that the function ¢V is uniquely determined, hence U — Y
locally uniformly.
Applying Theorem 5.4 (iii) for the sequence (¢Y),>1 in
FV(Ry, L(Hy)) we obtain

litn (s, 6)(U) — hu(s,t)|| — 0 for all 0 < s < t,

where {hy(s,t) : 0 < s < t} is an evolution family of continuous finite
variation in £(Hy) with integrating function oY:

hu(s,t) =1+ / hy (s, 7—) do¥ (1) for all 0 < s < t.

1s1]

Using conditions (i) and (ii), and applying Theorem 5.5 to the family
{pY : U € TN Rep, (G)} with a cardinal o we obtain that for all 0 < s < ¢,
the function U — hy (s, t) from I'(Rep, (G) into L(H(«)) is continuous.
Since the group G has the Lévy continuity property, we arrive at the
assertion. g

Corollary 6.12. Let G be a locally compact group with Lévy continu-
ity property with respect to a subset I' C Rep(G). Let {pn : (n,£) € N?}
be an array in M'(G). For alln € N let k,, : R, — Z, be an increasing,
right continuous function with k, (0) = 0 and k,(Ry) = Z.

Suppose that for all U € T,

(a) there is a dense subset D of R such that the sequence

kn ()
( > (fne(U) — I)) in L(Hy) is convergent for all t € D,
=1 n>1
kqy (t)
(b) lim limsup sup > |ne(U)=1I|| =0 for all T > 0.
020 n—oo 0<s<IST =k, (5)+1
s

—s<



Convergence of evolution operator families ... 181

Then there is a family of mappings oV € FV (R, L(Hy)) N C(Ry, L(Hy)),
U €T, such that

kn (1)

sup || Y (Aine(U) = 1) =Y (t)| =0 forall T >0, UeT.
te(0,1] || =

If in addition, for each cardinal c,

(¢) the mapping U — Y from I'(Rep,, (G) into C(R, L(H(a))) is con-
tinuous,

(d) the mapping U +— Vv from I'(\Rep,(G) into C(Ry,R,) is locally
bounded,

then
K (t)

fn,e — (s, t) for all 0 < s < t,
b=k (s)+1

where {u(s,t) : 0 < s < t} is a convolution hemigroup of continuous §-
finite variation with respect to I', and {¢V : U € T'} is an integrating
family related to {u(s,t): 0 < s < t}.

Theorem 6.13. Let G be a second countable locally compact group
with Lévy continuity property with respect to a subset I' C Rep(G). Let
{X,(t) : t € Ry}, n > 1, be G-valued cadlag processes with independent
left increments having F-finite variation with respect to I'. Let {¢@U : U €
I'}, n > 1, be some related integrating families. Suppose that for allU € T,

(a) there is a dense subset D of Ry such that the sequence (oY (t)),>1 in
L(Hy) is convergent for all t € D,

(b) %im limsupwr(Vyu;6) =0 for all T > 0.

n—0o0o

Then there is a family of mappings oV € FV (R, L(Hy)) N C R4, L(Hy)),
U €T, such that o7 — ¢V locally uniformly for allU € T.

If in addition, for each cardinal «,
(c) the mapping U +— oV from I'(Rep,,(G) into C(Ry, L(H(c))) is con-
tinuous,

(d) the mapping U — Vv from I'(\Rep,(G) into C(Ry,R ) is locally
bounded,
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then there exists a stochastically continuous cadlag process {X(t) : t €
R, } with independent left increments having continuous §-finite variation
with respect to I' such that

X, & x,

and {¢Y : U € T'} is an integrating family related to {Pxs-1x() : 0 <
s < t}.

Corollary 6.14. Let G be a second countable locally compact group
with Lévy continuity property with respect to a subset I' C Rep(G). Let
{Xyn: (n,f) € N?} be an array of rowwise independent G-valued ran-
dom variables. For all n € N let k, : Ry — Z, be an increasing, right
continuous function with k,(0) = 0 and k,(R;) = Z..

Suppose that for all U € T,

(a) there is a dense subset D of R, such that the sequence

kn ()
( S (E(UoX,0) — I)> in L(Hy) is convergent for all t € D,
=1 n>1

kn (t)
(b) lim limsup sup > |E(UoX,e) —I||=0foralT>0.
0=0 n—oo 0<s<IKT 1=k, (s)+1
t—s<

Then there is a family of mappings oV € FV (R, L(Hy)) N C(Ry, L(Hy)),

U €T, such that oY — U locally uniformly for all U € T.
If in addition, for each cardinal «,

(c) the mapping U +— oV from I'(Rep,,(G) into C(Ry, L(H(c))) is con-
tinuous,

(d) the mapping U + Vv from I'(\Rep,(G) into C(Ry,Ry) is locally
bounded,

then there exists a stochastically continuous cadlag process {X(t) : t €
R} with independent left increments having continuous §-finite variation
with respect to I' such that

H Xn,f - X()a
=1

and {pY : U € T'} is an integrating family related to {Pxs-1x() : 0 <
s < t}.

Next we present a convergence theorem for randomly scaled sums
of an array of not rowwise independent G-valued random variables but
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having a property similar to martingale differences. We will use conditional
expectation E(Z | F) of a random variable Z : ) — B with values in a
Banach space B, where F C A is a o-algebra. It is defined for almost
separable-valued random variables Z with E||Z| < oo (see [18]). Hence
if G is a second countable locally compact group then the conditional
expectation E(U o X | F) is defined for all G-valued random variables X
and for all U € Rep(G).

Theorem 6.15. Let G be a second countable locally compact group
with Lévy continuity property with respect to a subset I' C Rep(G). For
alln € N, let F,1 C Fp2 C ... be a filtration of a probability space
(Q, A, P) endowed with an adapted sequence (X, ¢)¢>1 of G-valued random
variables, and let F, o := {0,Q}. For alln € N, let {o,,(t) : t € Ry} be a
family of stopping times with respect to the filtration F, 1 C Fp2 C ...
such that 0,(0) = 0 and t — o, (t) is increasing and right continuous.

Suppose that for all U € T,

(a) there is a dense subset D of R, such that the sequence

On (t)

Z (E(U o X | Fr—1) — 1)

=1 n>1
of L(Hy )-valued random variables converges in probability to a non-
random limit for all t € D,

on(t)

(b) lim limsup sup Yo NEUoX,|Fne-1)—1I| =0P-as. for
0—=0 n—oo 0<s<tKT =0, (s)+1
s

t—s<
all T > 0.

Then there is a family of mappings gV € FV (R, L(Hy)) N C(Ry, L(Hy)),
U €T, such that for all T > 0, U € I" we have

on(t)

sup Z (B(U o Xp | Frw1)—1) =g ()| — 0 in probability.
tel0.1) || 1=
If in addition, for each cardinal «,

(c) the mapping U +— gY from I'(Rep, (G) into C(Ry, L(H(c))) is con-

tinuous,
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(d) the mapping U ~ Vyu from I'(Rep,(G) into C(Ry, Ry ) is locally
bounded,

then there exists a stochastically continuous cadlag process {X(t) : t €
R} with independent left increments having continuous §-finite variation
with respect to I' such that

on ()
I Xne = Xx0),

=1

and {gV : U € '} is an integrating family related to {Px(s)-1x@) : 0 <
s < t}.

We need some preparations for the proof of Theorem 6.15.

Lemma 6.16. For alln € N, let F,,1 C Fp2 C ... be a filtration of a
probability space (2, A,P) endowed with an adapted sequence (Z,, ¢)¢>1 of
almost separable-valued random variables in L£(B), and let F,, o := {0, Q}.
For all n € N, let 7, be a stopping time with respect to the filtration
.7'—7%1 C}—n,z cC....

Suppose that

(a) there exists C; € Ry such that for allm € Nand 1 < i <ip <...<

im < To(w):

H Zni;(w)|| < C1 P-a.s.,

(b) max ||E(Z,,

Fn—1) — I|| — 0 in probability,

1<<m,

() there exists Cy € R, such that sup S [E(Zus | Foe 1)(w) ] <Co
P-a.s., et

(d) there exists zy € L(B) such that ﬁ E(Zn,e | Frne—1) — 20 in proba-
bility. =

Then

E (ﬁ Zn7[> — 20-
{=1
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ProoF. For a sequence (V},),>0 of L£(B)-valued random variables,
V., — Vp in probability if and only if any subsequence (n’) C (n) contains
a subsequence (n”) C (n’) such that V,,» — Vi P-a.s., hence the lemma
will be proved if we show the statement assuming P-a.s. convergence in (b)

and in (d).
Let
Yn,f = Zn,f ' ]]-An,e +1- ]]‘cAan
where
1
A= {w €0 B e | Fr) =T < 3 | € Frser

Clearly Y, ¢ is Fy, o-measurable,

E(Yoe | Fro—1) =E(Zne | Fre—1) - La,, +1-1gy

nZ’

and the inverse E(Y,, / | fn7g_1)_1 exists. For all n, the sequence

m 1
<H Yoo [J EVe | fn,“)—l)
/=1 l=m

m2=1

is a martingale with respect to the filtration F,, 1 C Fp 2 C ..., since

m 1
E (H Yoo H E(Yne | fn,i—ﬂ_l ] Fn’m_1>

{=1 l=m
1

H nZE nm|~7:nm I)HE(Yn,E‘fn,E—l)il

l=m
m—1
HYnZ H E né‘fnf 1)

t=m—1

We have also

EWVny | Fap1) ' =14 (E(Znyg | Frp—1)"' = 1) 1a,,,
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hence

1
II Eoe | Frer) ™ =1
b=

Tn 1

=Y X IE@w | Fau) ™ =D 1a, |

m=11<1i1,..., im<Th £=m

and using condition (a) we obtain

1
[T EQne | Frer) ™t =1

L=Tp,

m

oo 1 Tn -
<> - Y NB(Zny | Frjr) ™t =1 - 1a,,
m=1 =1

=expQ > E(Znj | Fojr) ' = 1II| - 1a,,
j=1
Moreover,
[B(Znj | Frjr) ™t =1l - 1a, , <2/E(Zn; | Fujr) =1,

since for w € A,, ; we have

E(Znj | Fuj1) w) =T =E(Zn; | Fnj-1)"'(w)
X [I —E(Zn,j | Fnj—1)w)],

and
E(Zuj | Fajo1) W) = [I — (I = E(Zn | Fajor) Hw)]
=Y (I =E(Zp; | Frjo1) ()"
k=0
implies

3 o0 3 o0 1
NE(Zn,j | Foj—1) " @)1 < DI —E(Zn | Fag—r) " @)IF < oF = 2
k=0 k=0
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Consequently by condition (c),

1
[T EQne | Frer) ™ =1

b=Tp,

j=1

2C
< e“™2 P-a.s.,

hence

1
[ EGnel Fo)H|| <142 Pas.

=T

Condition (a) implies also

Tn
[I ¥
{=1

<Oy P-a.s.,

hence using the above martingale, we conclude

Tn 1
E<H Yoo [] EOne | fn,e—l)_1> =1
=1 =1,

Thus

187

<exp{ 2 |B(Zn | Fojor) = 1|

Tn Tn Tn 1
E (H Ymg) —2=E (H Yn’g> -E (H Youo [] B0 | fn,e_l)‘lzo>
(=1 =1 (=1 t=p

Tn 1 Tn
=E (H Yoo [] BV | Fre—1)™! (H E(Yne | Fp-1) — z0>> :
(=1 (=1

=Ty =

Tn

TE®ne | Foe1) = 20
/=1

— 0

1(1 + 6202)]E

P-a.s.,
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since conditions (b) and (d) imply

[[ECui| Frier) = 20 Paas,
{=1

and the above arguments leads also to

Tn

TE®ne | Foe1) = 20
=1

<1422 4+ 20| P-a.s.

Finally, condition (b) implies

Tn Tn
MY ][ %Zne—0 Pas,
{=1 (=1

and we have

H Yoo — H Zn|| < H Yool + H Znu|| <2Cy P-a.s.,
=1 =1 =1 =1
thus
E (HYnZ_ HZnE> _’0;
£=1 =1
which implies the statement. O

PROOF of Theorem 6.15. Clearly P-a.s.,

O'n(t)
gl () =Y (B(UoXps|Fny1)—1) forteRy, UeT
(=1

defines a (random) integrating family related to the (random) evolution
family hU (s, t) : 0 < s < t} of finite variation in £(H), defined by

on(t)
W (s,t)= ] EUoXne| Fusp)
l=0,(s)+1

Moreover,
on(t)
V,

()= D IEU 0 Xpe | Fae—1) — 1.
{=1



Convergence of evolution operator families ... 189

Condition (a) implies that for each subsequence (n’) of (n) there is a
subsequence (n”’) of (n’) such that {g¥,(t) : n” > 1}~ is compact in
L(Hy) for all t € D P-a.s. Applying Theorem 5.3 we conclude that for
each subsequence (n”’) of (n”) there are a subsequence (n"”") of (n"’) and
a function gV € C(R, £L(Hy)) such that g¥,, — gY locally uniformly P-
a.s. Assumption (a) implies that the function gV is uniquely determined,
hence g%, — gY locally uniformly P-a.s.
Applying Theorem 5.4 (iii) for the sequence (g%, )n>1 in

FV (R4, L(Hy)) we obtain

AT (s,t) — WY (s,t)] — 0  for all 0 < s < t P-a.s,

where {hY(s,t) : 0 < s < t} is an evolution family of continuous finite
variation in £(Hy) with integrating function g¥:

RY (s,t) = I+/ hY (s, 7—) dg¥ () forall 0 < s <t
Js,t]

Thus

Un(t)
Wl(s,ty= J] E(UoXne| Fau-1)—hY(s,t)  in probability.
l=0,(s)+1

We have for arbitrary 1 < i1 < ... < iy,

m m
HUOXTLJ'], H UOXTLZ] <1,
=1 (=1
and
max |[E(U o Xy | Fre-1) — I
1<<on (T)
on(t)
< swp > E(UoXpy | Fopr) 1

0<s<t<T
?7§<5 l=0,(s)+1

for all n € N and for all § > 0, hence (b) implies

max |[|E(Uo X, | Fne—1)—I|| =0 P-a.s.
1<¢<0n(T)
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Moreover, for all T' > 0, for P-a.e. w €  and for sufficiently large r(w),
n(w), we have

on(v)

S B o Xy | Frs) — Il < 1
{=0,(u)+1

for all 0 < u < v < T with v — u < 1/r, which implies

on(T)
Z |IE(UoXny| Fre—1) =1 <7 P-a.s.
(=1

Consequently, we can apply Lemma 6.16 for Z,, := U o X, , and for
Tn = 0,(T), n > 1, and we obtain

o'n(t) Un(t)
E|Uo [I Xwe]|=E [I WoXun| —nYs,t)
l=0,(s)+1 {=0,(s)+1

for all U € T'. Using conditions (i) and (ii), and applying Theorem 5.5 to
the family {g¥ : U € T'(Rep, (G)} with a cardinal o we obtain that for
all 0 < s < t, the function U — hY(s,t) from I'(Rep,, (G) into L(H(«))
is continuous. Since the group G has the Lévy continuity property, we
arrive at the assertion. O
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