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Graded Lie algebra associated to a SODE

By ZOLTAN MUZSNAY (Debrecen)

Abstract. In this paper we introduce a graded Lie algebra associated to a second
order differential equation which gives a powerful tool to the study of the inverse problem
of the calculus of variations. We give effective generalizations of Douglas’ criteria for
the existence of a regular Lagrangian associated to a SODE.

1. Introduction

The inverse problem of the calculus of variations is an old problem
of Differential Geometry consisting of the characterization of second or-
der ordinary differential equations (SODE) derivable from a variational
principle. In this problem one wants to determine whether a given SODE
expresses that the unknown is the critical point of a functional.

One of the most important contribution to this problem is a paper
of J. DouGLAS [4], where he classifies systems of variational differential
equations of second order in the two-dimensional case. He showed that

the Euler-Lagrange partial differential system
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(where the unknown function is E) associated to a SODE i = fi(z, ),
i=1,...,n, is equivalent to the first order partial differential system

d 19f* 10f*

Al gik — Al gk =0,

(1.2) 9gi; _ 9 _
oyk oyl ’
9ij — 951 = 0,
det(g:5) # 0,
where the unknown functions are g;;, 4,7 = 1,...,n, and A; are the compo-

nents of the Douglas tensor (called also Jacobi endomorphism). A solution
E of (1.1) gives a solution of (1.2) by taking

_ O°E
© Oytoy’

(1-3) 9ij

and conversely, for every solution of (1.2) there exists a regular a solution
E of (1.1) so that (1.3) holds. A solution of (1.2) is called wvariational
multiplier.

Obstructions to the existence of a variational principle, i.e. integra-
bility conditions of the Euler-Lagrange PDE, are in general very complex.
However, in his article [4] DOUGLAS gives a simple criteria on the existence
of the variational multiplier and therefore on the existence of a variational
principle for SODEs on 2-dimensional manifolds. This criteria can be eas-
ily carried over to the n-dimensional case (see [2], [8], [11]). In [12] the
authors found a double hierarchy of algebraic conditions for the variational
multiplier which is determined by the Douglas tensor, the curvature tensor
and their derivatives.

In this paper we introduce a graded Lie-algebra associated in a nat-
ural way with the SODE using a differential algebraic characterization of
connections and derivations. It contains algebraic conditions on the vari-
ational multiplier and in generic cases it gives a significant part of the
obstruction to the existence of a variational principle (Theorem 2). This
concept is of particular interest when the dimension of the base manifold is
large, because we are able to obtain new information about the structure
of the obstructions (Theorems 4 and 5).
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2. Frolicher—Nijenhuis theory

In this paper we use extensively the Frolicher—Nijenhuis’ theory of
the derivation associated to vector valued forms. A complete description
can be found in [5] or [10]. We recall here only the basic elements of this
theory.

We denote by A(M) (resp. ¥(M)) the C°°(M) modulus of the scalar
(resp. vector valued) forms. The Frolicher—Nijenhuis theory gives a com-
plete description of the derivation of A(M) with the help of W(M).

Definition 1. A morphism D : A(M) — A(M) is a derivation of
A(M) of degree r if it satisfies the following conditions:
a) D(AP(M)) C AP*T(M),
b) D(aw + bw') = aDw + bDw', a,beR
¢) DwAT)=DwAm+(=1)"9ewy A Dr.
The bracket of two derivations Dy and Ds is defined by

(D1, D3] = Dy Dy — (—1)(dee D1)(dee D2) ) b,

Definition 2. A derivation is called of i, type or algebraic, if its action
is trivial on A°(M), and of d, type, if it commutes with the operator d.

Every derivation is determined by his action on A°(M) and A'(M).
So the i, type derivations are those which are completely determined by
their action on A(M), and the d, type derivations are determined by their
action on C*°(M).

An i, and a d, type derivation can be associated to a vector valued
I-form L € W'(M), denoted by iz, and dy, in the following way:

1. if deg L =0, (i.e. L € X(M) is a vector field on M):
irw = w(L), and
drw = Lrw;
2. ifdegL=1>1:
irw(X1,..., X)) = w(L(X1,...,X;)), wherew € AY(M);
drf( X1, , Xy) :==df (L(X1,--+, X)), where f € A°(M),
where w € AL(TM), and L, denotes the Lie derivation with respect to L.
Conversely, it is easy to show that every i, or d, type derivation can
be written in the above form with the help of some vector valued form.
Therefore we arrive at the following:
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Proposition 3. Let L and M be vector valued differential [- and m-
forms. Then there exists a unique vector valued (I + m)-form (denoted by
[L, M]) which satisfies the equation

[d, dar] = dip ar-

By this bracket, W(M) is a graded Lie algebra.

3. Inverse problem of the calculus of variations

We turn our attention to the inverse problem of the variational cal-
culus. A coordinate free formulation of this problem can be given by the
notion of sprays introduced by KLEIN in [9].

Let J be the canonical vertical endomorphism and C' the canonical
vertical vector field. In the local coordinate system (z%) on M and (x,y")
on T'M, 5 5

_ o S «
J=dx ®8y°" C=y By
A vector field S on T'M is a spray if JS = C. Acurve y: I — M is
associated to the spray S if 4/ is an integral curve of S i.e. S, = Sv”. In
a coordinate system the expression of a spray is

o 0 o 9
(3.1) S=y %‘i'f (“”y)aya’

and the path (z(t)) is associated to the spray (3.1) if and only if the
second order differential equation

A2z dx
2 _ s, d
(3.2) ARy ( dt)

holds. Therefore a spray is a coordinate free presentation of a SODE on
the manifold M.

Definition 4. The Lagrangian function F : TM — R is called regular,
if the 2-form Qg := dd;FE is symplectic.

Using a coordinate system, a Lagrangian E is regular if and only if the
matrix (%) is not singular. It is well known that to any Lagrangian

which defines a regular variational problem, a spray (i.e. a SODE) can be
associated, in the following way:
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Theorem 1 [6]. Let E € C*°(T'M) be a regular Lagrangian. The
vector field S defined by the equation

(3.3) isQp = d(E — LoE)

is a spray, and the paths associated to the spray S are solutions of the
corresponding variational problem.

So the spray S is variational if there exists a regular function E €
C>(TM), so that the equation (3.3) holds.

Remark. Let E be an arbitrary Lagrangian on M and S be a spray.
The associated semi-basic 1-form

(3.4) wg :=1isQlg +dLcE — dE

is called Fuler—Lagrange form. The solution of the inverse problem for a
given SODE is a regular Lagrangian such that the equation wg = 0 holds.

4. Identities satisfied by variational sprays

From now on we shall work on T'M, the tangent manifold of M.
Where there is no possibility of confusion, TT M, T*TM and T'TM will
be noted as T', T* and T" respectively.

The space of semi-basic scalar (resp. vectorial) I-forms is denoted by
ALT? (vesp. W!TF). We recall that a p-form w € APT* is semi-basic if
w(X1,...,Xp) = 0 when one of the vectors X; is vertical, and a vector
valued [-form L is semi-basic if L(X7,...,X,) = 0 when one of the vectors
X is vertical and its value is vertical.

A connection I' can be associated to every spray S defined by the
formula T' := [J,S] (see [7]): it is easy to check that T2 = I and the
eigenspace corresponding to the eigenvalue —1 is the vertical space TV. If
we denote the eigenspace corresponding to the eigenvalue +1 by 7", then
TTM can be decomposed as

TTM =T"'® T°.
Let h and v be the corresponding projectors: h:= $(I+T), v:= (I —T).
The curvature of the connection I' is the vector valued 2-form

R:=—=[h,h).

1
2
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The almost complex structure F' associated to I' which exchanges the hor-
izontal and the vertical space is defined by

F = h[S,h] — J.

Property 5. Let E be a Lagrangian, I' a connection on M, h its asso-
ciated horizontal projection, and F' the associated almost-complex struc-
ture. The following properties are equivalent:

a) ’iPQE =0

b) irpQlp =0

c) Qe(hX,hY) = 0 VX,Y € TTM (i.e. the horizontal distribution is
Lagrangian).

A connection is called Lagrangian with respect to E, if it satisfies the
above conditions.

Indeed, we have:
irQp(hX,hY) =2Qg(hX,hY)
irQe(hX,JY)=Qp(hX,JY)—-Qg(hX,JY) =0
irQe(JX,JY)=-20r(JX,JY) =0,
so a) <= c¢). On the other hand:
irQe(hX,hY) = -Qp(JX,hY) — Qr(hX,JY) = —i;Qr(hX,hY) =0
irQr(hX,JY)=-Qr(JX,JY)+ Qp(hX,hY) = Qr(hX,hY)
irQe(JX,JY)=Qp(hX,JY)+ Qr(JX,RY) =0,
so b) < c¢).
Property 6. Let F be a Lagrangian on the manifold M. Then
(4.1) djwg = irQg.

Consequently, if the spray S is variational and FE is a Lagrangian associated
to S, then the horizontal distribution associated to the spray S must be
Lagrangian with respect to the symplectic 2-form Qp.
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PROOF. The Euler-Lagrange form can be written in the following

form:
wg =igddjE +dLsFE —dE = LgdjE — dE
=djLsFE —iy5dE =d;LsE — 2dpE.
Since the vertical distribution is integrable, we get [J, JJ] = 0, we have

d?]:d(]od(]:d[{]“]} =0. So

djwgp = —2dydpE = 2dpdjE = 2(ipdd s E — dipd; E)
= 2ihQE — 2QE = iFQE.

If the spray is variational and F is a Lagrangian associated with S, we
have wg = 0, then irQg = 0, so the connection associated to the spray is
Lagrangian. O

Definition 7. Let S be a spray on M, L € ¥, (T'M). The semi-basic
derivation of L with respect to the spray S is

(4.2) L' == h*v][S, L]
where h*L(Xy,...,X;) := L(hXy,...,hX)).
We have the following

Proposition 8. Let S be a spray on M and L € V,(TM). We have
the formula

(4.3) L' =[S, L]+ FL — LAF.

In particular, suppose that S is variational, E being a Lagrangian associ-
ated to S. If the equation i1, {)g = 0 holds, then the equations

(44) iL/QE == 0, iL/IQE = 0, ’iL///QE = 0, etc.

hold too.
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PROOF. To show the first expression, we note that

L'(X1,..., X)) = 0[S, L|(hX1,...,hX))

l
=[S, L(Xy,..., X))] = Y L(Xy,...,[S,hX),..., X))
=1

=[S, L)(Xy,..., X)) + FL(X4,..., X))
l
— Y L(Xy,...,h[S B]X;, ... X)),
i=1
Using the identity h[S, h] = F +J and the hypothesis that L is semi-basic,
we obtain (4.3). Secondly, by the formula (4.3) we have

irQp =5 +irLQe —irAQE = U5 )QE +iriLQp —iLirQe

= ,CSiLQE — dLWE +iFiLQE - iLiFQE.

When S is variational and the function F is a Lagrangian associated to .S,
then wg =0 and the connection I' is Lagrangian, so we have ipQg =0
(Properties 5 and 6). If the equation i, = 0 holds, we have also i1/ Qg =0
and recursively we obtain (4.4). O

Definition 9. Let h be the horizontal projection associated to the con-
nection I' = [J, 5], and L € W' (TM) a vector valued semi-basic [-form.
The operator

(4.5) d"L := [h, L]

is the semi-basic derivation of L with respect to h.

Proposition 10. Let L be a semi-basic vector valued [-form. Then
d"L is semi-basic. Moreover assume that S is variational, and E is a
Lagrangian associated to S. If the equation 1;Qp = 0 holds, then the
equation i4n 7 Qg = 0 holds too.

PROOF. It is not difficult to check that if L is a semi-basic vector
valued [-form, then d"L is also semi-basic. Let us show the second part



Graded Lie algebra associated to a SODE 257

of the proposition. Let us assume that S is variational, F is a Lagrangian
associated to S, and L is a vector-valued semi-basic I-form. By the relation

(—=1)Ypp,z) = indp — drin — dpzp,
and taking into account that LAh = [ L, because L is semi-basic, we have
(—=1)!ign Qg = (=1)'ip, rydds E = ipdpdd, E — dpipdd, E — lddd E.
If the equation i1, = 0 holds, then

(—1)'ign1Qp = indirdd;E — dpisrirydd E - ldigdd; E

1
=—ldirdd;E — §dLipdeE =0. g

5. Graded Lie algebra associated to a SODE

Definition 11. The graded Lie algebra Ag associated to the spray S
is the graded Lie sub-algebra of the vector-valued forms spanned by the
vertical endomorphism J, the Douglas tensor A := v[h, S|, and generated
by the action of the semi-basic derivation defined in (4.2), the derivation

d", and the Frolicher-Nijenhuis bracket [, ]. The graduation of Ag is
given by
(5.1) As = Dp_  AS

where A% := Ag N UH(TM).

Remark. Note that J and A are semi-basic and that, as we showed
in the preceding paragraph, the space of semi-basic forms is stable by
semi-basic derivation defined in (4.2), by the derivation d", and by the
Frolicher-Nijenhuis bracket [, |. It follows that Ag is a graded Lie sub-
algebra of the vector-valued semi-basic forms.

The importance of the graded Lie algebra associated to a spray is
given by the following:
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Theorem 2. Let S be a variational spray and F a Lagrangian asso-
ciated to S. Then for every element L of Ag the equation

(5.2) iLQlg =0
holds. Therefore elements of Ag give algebraic conditions on the varia-
tional multiplier.

PROOF. To prove Theorem 2 we will first show that J and A satisfy
the equation (5.2). Then we will prove that all the vector-valued forms
obtained from J and A by a finite number of successive operations which
define Ag, also satisfy the equation (5.2).

1. From [J, J] = 0 we can easily obtain :
(5.3) ijQp =iydd;E = d5E = djj 1 E =0,

so the equation (5.2) holds for J.
2. For the Douglas tensor we find

iAQp = i +irQp = inLsQp — LsinQp + i
= ipdwgp — Lg (QE‘ + ;dJWE> +1ipQE
= ipdwp — dwg — %ESdeE +1rQE
= dpwg — %ﬁsdeE +irQg

If S is variational and E is a Lagrangian associated to S, then wg =0
and the connection I' is Lagrangian. Therefore every term vanishes,
and the equation (5.2) also holds for A = L.

3. From Propositions 8 and 10, respectively we know that if i;Qp = 0
holds for L € Ag then i, Qg =0, iz Qp =0, hold too.

4. Let K € A%, L € Ak be semi-basic vector-valued forms, such that
ik = 0 and Qg = 0. Since K and L are semi-basic, we have
LAK =0 and hence

(=Yg, = (ixdr — (—1)! "V pig — dirk)QE
=ig(ipd—dig)dd;E — (=)' Vdpixdd; E — dyrpedds E
= igdipQp — (1) VdLigQp = 0.
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On the other side, it is easy to see that (5.2) gives algebraic condition on
the variational multiplier. Indeed, if the spray is variational and F is a
regular Lagrangian associated with S, then locally one has

1/ O*E O’F 0’FE
54) Qp=- — dz® A daP — ———dx® N dy°.
(54) E=9 <8wa6y5 8ya6xﬁ> * * Ay>oys v Y
If L € UY(TM) is semi-basic, then
1 O*E
) = — g [ ——— /15 S 1
iLQp = I Z e(a)Ly, o e dz®t Ao N dz®r

’ a€S 4

where &,,4;_1 denotes the (p+1— 1)l-order symmetric group and () the
sign of . Then the equation i;Qp = 0 is an algebraic equation

(5.5) Z €(Q)Lg1.--mgﬁaz+1 =0
acGiq
in the variational multiplier g,z = (%Efigw- =

Remark. From the construction of Ag it is clear that Ag contains the
Douglas tensor and its semi-basic derivatives with respect to S. On the
other hand, the curvature tensor R is related to A by the equation R =
%[J, Al, so Ag also contains R and its semi-basic derivatives. Therefore
Ag contains the double hierarchy of algebraic conditions for the variational
multiplier founded in [12].

Theorem 3. If at x € T'M one has

n(n+1)

mnk{J,A,A’,...,A(k),...}ke]R > —

then S is not variational in the neighborhood of x.

PROOF. Let us suppose that S is variational, F is an associated reg-
2
ular Lagrangian, and g;; = % is a variational multiplier. For every
L € A} the condition i,Qp = 0 gives

gLt = gji LY.

i.e. L is symmetric with respect to g. Since the tensors J, A, A", A", ...

n(n+1) . .
oAl 552 -1) are elements of Ag, we have i 4 Qg = 0. Therefore, if
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. . . n(n+1)
the spray is variational, then the tensors J, A, A, A7, ... Al 521 are
self-adjoint with respect to g. But the space of the (1 — 1) tensors which

are self-adjoint with respect to a regular matrix is W—dimensional.

. . . n(nt1)
Consequently if the spray is variational, then J, A, A’, A”,... A"z ~—1

are linearly dependent. (|

If dim M = 2, then Ag only contains J, A and the hierarchy given
by its semi-basic derivatives A’, A", etc. However, if dim M > 2, then we
find other hierarchies in Ag which give, in the generic case, new neces-
sary conditions for the variational multipliers. We arrive at the following
generalization of the Theorem 3:

Theorem 4. Let S be a spray and « € T'M. If there exists an integer
k < n for which

. n+1
(5.6) dim A% (z) > k:<k N 1),

then the spray is not variational in a neighborhood of x.

PROOF. Let S be a spray and E a regular Lagrangian. We consider
for every k =1,...,n the morphism

AFT* @ TV L5 AR

L — ’LLQE

By the regularity of F the 2-form Qg is symplectic, and the morphism )y,
is onto. Indeed, it is easy to see that if {X1,..., X, } is a basis of T, then
a1, ...,an € T" defined by o; = ix,2E, gives a basis of T;. Consequently

(5.7) {Oéil N Nogy, N aik+1}1§i1<---<ik+1§n

is a basis of A**1T* and

(5-8) {OC,LI VANERIVAN Oélk ® Xik+1 }1S11<<7'k§n7 1§Zk+1§n

gives a basis of A¥T* @ T". Moreover, if the components of A € AFH1T*
with respect to the basis (5.7) are A"--+1 then A = 1;(L) where L =
A; oy N Nay, @ X5 This proves that 1 is onto. Therefore

11 A1 kd1®

|
ke, = dim AR = (7 ) = -
rank = dim v <k:+1 G+ D)ln+1—k)0



Graded Lie algebra associated to a SODE 261

and
(5.9) dim Ker ¢, = n - (Z) B <k —T: 1>
“wrio ()

On the other hand using Theorem 2 we have
AL C Ker .

But if the inequality (5.6) holds, then dim A% > dim Ker )y, and conse-
quently the spray is not variational. O

Definition 12. Let S be a spray x € TM, and let us consider the
system of linear equations

(5.10) {3 e, i, =0 | L € As(a)}

i€61+1

in the symmetric variables z;; (z;; = ;) where Lgl...iz are the components
of L € Ag(x). The rank of the linear equations (5.10) is called the rank of
the spray at x.

Remark. As equation (5.5) shows, the rank of a spray gives the num-
ber of independent equations satisfied by the variational multipliers. Con-
sequently, if the system (5.10) does not have a solution with det(z;;) # 0,
then there is no variational multiplier for S, and therefore the spray is
non-variational. Thus we arrive at

Theorem 5. If at x € T M we have

rank S(x) > n(n;—l)

then S is non-variational in a neighborhood of x.
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