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On R-quadratic Finsler spaces

By ZHONGMIN SHEN (Indianapolis)

Abstract. In this paper, we introduce the notion of R-quadratic Finsler metric.
It is known that every Berwald metric is R-quadratic and Landsbergian. We show that
every compact R-quadratic Finsler space must be Landsbergian.

1. Introduction

In Finsler geometry, there are several notions of curvatures. Among
them, the Riemann curvature is an important quantity. For a Finsler
space (M, F'), the Riemann curvature is a family of linear transformations
R, : T,M — T, M, where y € T, M, with homogeneity R), = )\2Ry,
YA > 0 (the definition will be given in S2). If F' is Riemannian, i.e.,
F(y) = v/g(y,y) for some Riemannian metric g, then R, := R(-,y)y,
where R(u,v)z denotes the Riemannian curvature tensor of g. In this
case, R, is quadratic in y € T, M. A Finsler metric is said to be R-
quadratic if its Riemann curvature R, is quadratic in y € T, M. There
are many non-Riemannian R-quadratic Finsler metrics. For example, all
Berwald metrics are R-quadratic. Thus R-quadratic Finsler spaces form
a rich class of Finsler spaces. The main purpose of this paper is to prove
the following

Theorem 1.1. Let (M, F) be a positively complete Finsler space with
bounded Cartan torsion. Suppose that F' is R-quadratic, then F' must be a
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Landsberg metric. In particular, every compact R-quadratic Finsler space
must be Landsbergian.

The second part of Theorem 1.1 is true because that Finsler metrics
on a compact manifold must be positively complete with bounded Car-
tan torsion. Theorem 1.1 tells us that for Finsler metrics on a compact
manifold, the following holds

{Berwald metrics} C {R—quadratic metrics} C {Landsberg metrics}.

It is an open problem in Finsler geometry whether or not there is a
Landsberg metric which is not Berwaldian. Theorem 1.1 throws a light
into this problem.

We will see that a Finsler metric is R-quadratic if and only if the
h-curvature of the Berwald connection depends on position only in the
sense of Bacs6-Matsumoto (see Remark 3.1 below). In [BM], BAcs6 and
MATSUMOTO classify Finsler metrics in the form F(y) = \/g(y,y) + B(y)
(Randers metrics) whose h-curvature depend on position only. Their re-
sults indicates that there are possibly local R-quadratic Finsler metrics
which are not Landsbergian.

For a submanifold M in a Minkowski space (V, F'), the Cartan torsion
must be bounded [Sh1]. We obtain the following

Corollary 1.2. For any positively complete submanifold M in a Min-
kowski space (V, F), if the induced Finsler metric F' is R-quadratic, then
F must be a Landsberg metric.

A Finsler space is said to be R-flat, if the Riemann curvature R, = 0.
R-flat Finsler metrics are of course R-quadratic. According to AKBAR-
ZEDAH [AZ], for positively complete R-flat Finsler space (M, F), if the
Cartan torsion and its vertical covariant derivative are bounded, then F
is locally Minkowski. The conditions on the Cartan torsion are satisfied
by submanifolds in a Minkowski space. We conclude that for a positively
complete submanifold in a Minkowski space, if the induced Finsler metric
is R-flat, then it must be locally Minkowski.
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2. Preliminaries

A Finsler metric on a manifold M is a nonnegative function F on T'M
having the following properties

(a) Fis C* on TM \ {0};
(b) F(A\y) = AF(y), YA >0,y € TM;

¢) for each y € T,, M, the following quadratic form g, on T, M is positive
(c) Y : gq gy p
definite,

1
(1) gy (u,v) := 3 [F?(y + su+tv)] |s=0, u,v € T, M.

At each point x € M, F,, := F |, is an Euclidean norm if and only
if g, is independent of y € T, M \ {0}. To measure the non-Euclidean
feature of Fy, define C, : T, M x T, M x T, M — R by

1d

(2) Cy(u,v,w) = % [8y-+tw(u, )] |i=o0, u,v,w € Ty, M.
The family C := {C, } eran fo} is called the Cartan torsion. E. Cartan got
this quantity when he introduced his metric-compatible connection. Since
then, it is called the Cartan tensor or the Cartan torsion in literatures.

F is said to be positively complete if every geodesic on (a,b) can be
extended to a geodesic on (a,00). A curve c(t) is called a geodesic if it
satisfies

d2ét il

3) o (1) + 267 (e(0)) =0,

where G*(y) are local functions on TM given by

W =g { g - S dwb. yena

F is called a Berwald metric if G*(y) are quadratic in y € T, M for all
r e M.

The Riemann curvature can be defined using geodesic fields and the
induced Riemannian metrics. A local vector field Y is called a geodesic field
if the integral curves of Y are geodesics. Fix a vector y € T, M \ {0} and
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extend it to a local geodesic field Y on a neighborhood U, of z. Y defines
a Riemannian metric on U, by

2 (u,v) := gy (Vz)u'v?, u,v € T,U.

Let f{(u,v)z denote the Riemannian curvature tensor of §. Define R, :
T.M — T, M by

~

(5) R, (u) := R(u,y)y, ue T, M.

R, is a well-defined linear transformation independent of the geodesic
extension Y of y. The family R := {Ry },cr {0} is called the Riemann
curvature. The notion of Riemann curvature was first extended to Finsler
metrics by L. BERWALD from a different approach [Bw]. F is said to be
R-quadratic if R, is quadratic in y € T, M at each point x € M. Berwald
metrics are always R-quadratic (see Remark 3.1).

Let U(t) be a vector field along a curve ¢(¢). The canonical covariant
derivative DU (t) is defined by

© o= {G0re

oG* . 0
S G0 | o e

U(t) is said to be parallel along c if Dy)U(t) = 0.
To measure the changes of the Cartan torsion C along geodesics, we
define L, : T,M x T, M x T, M — R by

(7) Ly(u,v,w) = d

= & [Co @O,V W] li=o

where ¢(t) is a geodesic and U(t), V(t), W(t) are parallel vector fields
along c(t) with ¢(0) = y, U(0) = u, V(0) = v, W(0) = w. The family
L := {Ly}yerm\{o} is called the Landsberg curvature. A Finsler metric
is called a Landsberg metric if L = 0. An important fact is that if F is
Berwaldian, then it is Landsbergian. See Remark 3.3.

3. Structure equations

To find the relationship among various quantities, usually we go to
the slit tangent bundle 7 : 7M := TM \ {0} — M and choose a linear
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connection (such as the Berwald connection, the Cartan connection and the
Chern connection) on an appropriate vector bundle (such as the vertical
tangent bundle VT'M and the pull-back tangent bundle 7*T'M). In this
paper, we will study them using differential forms on 7 M instead.

Let F' be a Finsler metric on an n-dimensional manifold M. Let
(z%,9") be a standard coordinate system in 7M and G'(y) denote the
geodesic coefficients of F' in (4). Put

i aQGl k
(8) wj' = W(y)dw :

In literatures, % are denoted by G;k {w;*} are called the Berwald

connection forms. Put

9) 9i5(y) = gylei, €5),
(10) Cijk(y) == Cylei,ej er),  Lijk(y) = Ly(ei, €5, ex).
where {e; = % =(y)} 18 a natural local frame on M. They are local

functions on 7M. With the Berwald connection forms, we define Cjj
and Cijk~l by

(11) dCij, — ijkwip — Cipkwjp — C,‘jpwkp = C,‘jk;lwl + Cijk.lwn-&-l.
The definition of L in (7) is equivalent to the following

(12) Lije(y) == Cijra(y)y".

In literatures, C;jx.1(y)y' are also denoted by Cijkjo(y). Thus Ly = Cyjpo-
Let w' := dz® and w"*" 1= dy’ + ylw;’. {w',w" T} is a natural
coframe for T*(7 M). They satisfy the following structure equations

(13) dw' = W Awj",
(14) dgij — grjwi® — giw;® = —2L; ;50" + 2C; 0",

See [Sh2] for a proof.
The Riemann curvature R, defined in (5) gives rise to a set of local
function R} on TM

0

(15) Ry(ex) = Ri(y) 5 |

u € Ty M.
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In local coordinates, R} (y) can be expressed in terms of G*(y)

oG PG o PG 9GIG

1 I -9 _ _— — - — - .
(16) Ri.(y) arF ~ dwioyk? oyioyk oyl oy*

See [Sh2]. Thus the Riemann curvature defined in (5) coincides with the
usual one defined in a different way [Bw].

Remark 3.1. If F is Berwaldian, i.e., G*(y) are quadratic in y € T, M,
then R (y) are quadratic in y € T, M. Put

i 1 0 (OR. OR:
Rj'(y) == 383/1{ ! - 8yk}'

Rjikl are the coefficients of the h-curvature of the Berwald connection,
which are also denoted by H ji 1 in literatures. We have

Ri(y) = ' R )y
Thus R} (y) is quadratic in y € T, M if and only if R;%(y) are functions
of x only.
There is another set of local functions Bj"- i on T M defined by
: 3Gt
) — )

BJ"-M are also denoted by G;kl in literatures. Because this quantity was

introduced by L. Berwald first, I call it the Berwald curvature in my papers.
Note that F is Berwaldian if and only if B, = 0.

We have
(18) jS = dw;- - wjk A wi’

1. ,
(19) =5 i aw® AWt — B;klwk AWt

The following lemma is crucial in our proof of the main result.

Lemma 3.2.

1
(20) Lijkay' = §ysylgpsRipkl~j .
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ProOF. Define g;;., and g;;.1 by
dgij — grjwi® — girw;™ = gijuw® + gijw™ .
(14) means
(21) Gijik = —2Lijr,  Gijr = 204k
Define yfk and y°, by
W' =dy' +ylw;’ = yhwt +yhw" R
This means
(22) yr =0, i =0}
Differentiating (14) yields the following Ricci identities.
(23)  gp;UP + GipP = —2L;jpaw" AWl — 2L 500" A W™

— QCijl;kwk AWt — 2Cijl.kwn+k AWt — QCiijlpyl.

It follows from (23) that

1 1
(24) Cijizte + Lijt = 59pi Bita + 59ip Bjr-
Contracting (24) with 3’/ and using (22) yield

1 m %
(25) Lkt = —59" gimBj -

2

Remark 3.3. F is Berwaldian if and only if B; w = 0. Thus Berwald
metrics are always Landsbergian.

Contracting (24) with y* yields (12). Differentiating (18) yields
(26) dQ;t = —QF Awt 4w A
Define Rjikl;m and Rjikl.m by

(27)  dR;'ki — Rp'iwi™ — R muwi™ — R kmwi™ + R piwm"

_. % m i n+m
= Rj" kiymw"" + R kimw .
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Similarly, we define B; Klim

ing Bianchi identity

and B}kl_m. From (26), one obtains the follow-

(28) Ri'ktm = Bk — Blpma-

Contracting (28) with y°g;s and using (25) yield

1
(29) Ljkmi — Ljmik = iysgpstpkl-m'

Contracting (29) with 3’ yields (20). O

4. Proof of Theorem 1.1

Let (M, F) be a Finsler space and ¢ : [a,b] — M a geodesic. For a
parallel vector field V' (¢) along c,

(30) g:t)(V(t),V(t)) = constant.

Lemma 4.1. Let (M, F) be a Finsler space. Suppose that F' is R-
quadratic. Then for any geodesic ¢(t) and any parallel vector field V (t)
along ¢, the following functions

(31) C(t) := Ce(V(1), V(1), V(1))
must be in the following forms

(32) C(t) = L(0)t + C(0).

PROOF. By assumption, R;%(y) are functions of z only. Thus

; OR;'k
Ri‘bim = —2— =0.
J kl 8ym
It follows from (20) that
(33) Lijiay' = 0.
Let
(34) L(t) :=L(V(¢t), V(t), V(1)).

From our definition of L,, we have
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By (33), we obtain
(35) L'(t) = Lijra(¢()& (VI VI()VE(E) = 0.

Then (32) follows. O

To prove Theorem 1.1, take an arbitrary unit vector y € T, M and an
arbitrary vector v € T, M. Let ¢(t) be the geodesic with ¢(0) = y and V (¢)
the parallel vector field along ¢ with V(0) = v. Define C(¢) and L(t) as in
(31) and (34), respectively. Then

C(t) = L(0)t + C(0).

Suppose that C, is bounded, i.e., there is a constant K < oo such that

C,(v,v,v
IClle=  sup  sup [Suln)]

A< K.
yET. M\{0} veT. M [gy(v,v)]2

By (30), we know that
Q= giry(V(1), V(1))
is a positive constant. Thus
C(t)] < KQ? < co.
and C(¢) is a bounded function on [0, 00). This implies
L,(v,v,v) =L(0) =0.

Therefore L = 0 and F' is a Landsberg metric. This completes the proof
of Theorem 1.1.

Corollary 4.2. For any positively complete Randers metric F = a+f3
on a manifold M, if F' is R-quadratic, then it must be a Berwald space.

PROOF. First we know that the Cartan torsion of F' must be bounded.
In fact, |C|, < 3/v?2 for any x € M (see Appendix below). By Theo-
rem 1.1, F' is a Landsberg metric. In a 1974 paper [M], MATSUMOTO
showed that F' = o+ 3 is a Landsberg metric if and only if § is parallel.
In a 1977 paper [HI], M. HAsHIGUCHI and Y. ICHIJYO showed that for a
Randers metric F' = « + 3, if 8 is parallel, then F' is a Berwald metric.
This completes the proof. O
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5. Appendix

In this section, we will prove the following

Proposition 5.1. For any Randers norm F=a+f in an n-dimensional
vector space V with ||B]| := sup, =1 B(y) < 1, the Cartan torsion satisfies

(36) Icll < 55\/1 V1A

Proposition 5.1 in dimension two is proved in Exercise 11.2.6 in [BCS].
We will first give a different argument in dimension two, then extend it to
higher dimensions.

Assume that dim V' = 2. The unit circle S = F~1(1) is a simple closed
curve around the origin. For a unit vector y € S, there is a vector y* € V
satisfying

(37) 9y(y,yT) =0, gy(y",y")=1.

The set {y,y} is called the Berwald basis at y. Define

I(y) == Cyu(y* .,y ,y"), yeS.

We call I the main scalar. Note that I = 0 if and only if C = 0. Moreover,

|C|| = sup [1(y).
YyES

Fix a basis {e1,e2} for V. Parameterize S by a counter-clockwise map
c(t) = u(t)ey + v(t)ea. Then

o (" (t) — ! (£ (t)
u(t)v'(t) — u'(t)v(t)

For a unit vector y = ¢(t) € S, we can take

> 0.

(88)  olt) = guw (1), 1)) =

The main scalar I(t) := I(c(t)) is given by

! — |In o(t)
o(t)dt | u()'(t) —u(t)v(?)

=9

(39) I(t) =
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The above formulas also hold for singular Minkowski norms in dimension
two.

We now consider a Randers norm F = a4+ § in V. Take an or-
thonormal basis {e1, e} for (V,a) such that ((ue; + ves) = bu, where
b= |8 :=supy(y)=1 Bly) < 1. Then

(40) F(uey + ves) = vV u? + v? + bu.

The indicatrix S = F~1(1) is an ellipse determined by the following equa-

1—b2< 1_b2> + (1 = b*)? =

Parameterize S by c(t) = u(t)e; + v(t)es

tion

u(t) = — _bb2 - —152 cos(t), v(t) = \/ll_istin(t).

Plugging u(t) and v(t) into (39), we obtain

bsin(t)

(41) 1(t) = —;Hm(t).

It is easy to see that

3
42 = I(y)| = < —\/1=v1-02.
(42) i€l = max M)l = max [ < 5 V1i=b

We obtain the same bound for C, as in Exercise 11.2.6 in [BCS].

Now we consider a Randers norm F' = a + 3 in an n-dimensional
vector space V. We claim that the Cartan torsion still satisfies (36). To
prove (36), we just need to simplify the problem to the two-dimensional
case. Let yo, vo with F'(yp) =1 and gy, (vo,v0) = 1 such that

”CH = Cyo(vo’v()vvo)'

Let V = span {yo, vo} and F := F|y. The Cartan torsion C of F' satisfies

3

1 0 _
Cy, (0, v, v0) = 4 @[FQ(?JO + sv0)] |s=0 = Cy, (vo, vo, Vo).
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Let & := aly and 8 = Bi7- We have

18 = sup Bly) < sup B(y) = [l

a(y)=1 a(y)=1

Let I(yo) denote the main scalar of F at yo. By the above argument, we
have

_ _ 3 =
(43) HCH=;$gﬁﬂw\S;5V1—V1—HMP-
Thus
V1-y1-BI2 <
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