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Conformally Berwald and
conformally flat Finsler spaces

By MAKOTO MATSUMOTO (Kyoto)

Abstract. A condition for a Finsler space to be conformal to a Berwald space or
a locally Minkowski space is given in terms of a conformally invariant Finsler connection
independently of the dimension number.

1. Introduction

We have had many publications on the theory of conformal changes of
Finsler spaces, following M. HASHIGUCHI's theory [2] based on the modern
treatment of Finsler spaces. H. IzumMi [7], [8] considered some special
conformal changes, M. HASHIGUCHI and Y. ICHIIYO [3] dealt with the
conformal flatness from the standpoint of the theory of Wagner spaces,
and the present author [10] showed that the existence of special Finsler
connections is closely related to conformal flatness. Next the problem
of conformal flatness was solved for Finsler spaces with some remarkable
metrics: Y. ICHIDYO and M. HASHIGUCHI [4] considered a Randers space,
the present author [11] a Kropina space. Further the present author [12]
treated of a Finsler space with 1-form metric. It is worthy of note that they
considered the conformal flatness based on conformally invariant Finsler
connections.

Recently we had S. KIKUCHI's epoch-making paper [9] on the confor-
mal flatness. He found a conformally invariant Finsler connection for all
Finsler spaces satisfying a certain condition by excellent idea and an con-
formal flatness was stated in terms of this connection. Though F. IKEDA’s
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papers [5], [6] seem to be written as explanatory notes to Kikuchi’s paper,
it rather brought a week point of Kikuchi’s into the open.

The present paper deals with conformal flatness based on an idea
similar to Kikuchi’s. We introduce a conformally invariant Finsler connec-
tion for Finsler spaces having a tensor which satisfies conditions weaker
than Kikuchi’s, and the condition for a Finsler space to be conformal to
a Berwald space or a locally Minkowski space is stated in terms of this
connection. These statments are quite similar to those for a Finsler space
to be a Bewald space or a locally Minkowski space stated in terms of the
Berwald connection. It cannot be too much emphasized that our theory
and theorems are independent of the dimension number.

2. B-contracting tensor

We consider a Finsler space F" = (M, L) of dimension n on an un-
derlying manifold M and a conformal change of metric L — *L = e“(*) L.
Then we have the conformally changed space *F™ = (M, *L) on the same
manifold M. We have

“gij = €°gij, i = el = emCL
Hence we get conformally invariant tensors [2]:

Bij = (2/L)(gij — 20it;),  BY = (L*/2)(¢"7 — 20'¢%).

The matrix (B%) is the inverse of (B;;). Then we get a series of conformally
invariant tensors as follows:

B, = §,BY, B, = 0;BYy, ... .
Now we treat of the well-known quantities
2G° = y;'k (2, y)y'y* = g7 {y"0,0;(L%/2) — 0;(L*/2)},

where ;% (z,y) are Christoffel symbols constructed from g;;(x,y) with
respect to z°. By the conformal change above we obtain

*'Vjik = ’ink: + 5jick + 6kicj - gjkCi,
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where c;, = Orc(z) and ¢ = g*¢;,. Hence we have *G? of *F™ as
*Gh _ Gh _ BhTC
= "~

We shall be concerned with the Berwald connection BI' = (G;";, G;).
Then the above gives rise to

(2.1) *Gh, =Gh, — Bhricr, *Gihj = Gihj — BhTiery
and the relation of the hv-curvature tensor G = (G;" ;1) as
(2.2) “Gi" ik = Gi" i — B" e
We have the well-known relations

*Cijk = €*Cijr, Ol = Gy,

s Qidk — g—deqyiik ‘O, = O, *Oi — p=2¢(i.
As a consequence we get conformally invariant tensors as follows:
(2.3) LACUR LAghick,  Lighrk.

It is noted that the third tensor of (2.3) satisfies B"";;1.(L*g% ¢*) = 0 from
B y® = 0, because B (z,y) are positively homogeneous in (y) of
degree two.

Definition 2.1. A tensor field S of (3,0)-type of a Finsler space is
called a B-contracting tensor, if

(a) S is conformally invariant,
(b) B";;1.8%k = 8" is non-singular, that is, det(3"") # 0. Let (®4,) be
the inverse of (3").

S. KIKUCHI's idea [9] is to write ¢;(x) as the difference between a
tensor of F” and the tensor of *F"™ which corresponds to it by conformal
change. Here we shall solve ¢;(z) from (2.2) to realize his idea. Multiplying
a B-contracting tensor S, (2.2) yields

(2.4) ci=¢i — i, i = PGy S
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As M. HASHIGUCHI gave in the paper [2], we have
Birj — ngzr _ 5jzy7‘ o 5J7‘yz o chirj,
Birjk — g"g]k o 6(jk){6]l5kT + 20”]3/16} + L2Cirj.k 7

where &) denotes the interchange of j, £ and summation, and (.k) =
O = 8/0y*. Further we have

B ik = 29" Cln, — 26 amy {9jxC" n + y;C" b} — L2C7 j o

where &) denotes the cyclic interchange of j, k, h and summation.
Let us consider the two-dimensional case in detail. Then we can refer
to the Berwald orthonormal frame field (1,m) [1]. First we have

Lfl] == 5mimj, L&] =&em;my,
Lm' ; = — (0" + eIm")ym;, Lm; ; = —(l; — eIm;)m;,

where I is the main scalar defined by LCjj;, = Im;m;my. By long but
direct calculations we obtain

(2.5) (a) LBiTjkh = D"mjmkmh,
(b) D" =2J({'m" +'m") — (J.o — 2eIJ)m'm",

where Ko = eLK ;m' for a scalar K and J = I,. It is easy to show
det(D'") = —4J2. Consequently, if we take a conformally invariant tensor
S of (3,0)-type having the m/mFm"-component s, then B ;. S7"* =

B = esD' /L. Therefore we have

Proposition 2.1. In a two-dimensional Finsler space with non-zero
I.5, a conformally invariant tensor S of (3,0)-type is B-contracting if and

only if S has a surviving m?m*m"-component.

We have I, = 0 if and only if I is a function of position alone and
the fundamental function L of such a space is well-known ([1], Theo-
rem 3.5.3.2). Both L*C%* and L*g"C* of (2.3) are B-contracting, pro-
vided that the space is not a Riemannian space.

Substituting from (2.4) into (2.1) we obtain the conformally invariant
connection ¢BT = (°G;";,°G";), where

(26) cGhi — Ghi _ Bhri(bra CGihj — Gih]' _ Bhrijﬁbr-
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Definition 2.2. The conformally invariant connection ¢BI" defined by
(2.6) is called the HMO-connection with respect to the B-contracting ten-
sor S.

Remark. The name HMO results from the initals of Prof. S. Hojo,
Prof. K. Okubo and the present author who are members of the study
group on Finsler geometry at Doshisha University.

From (2.2) we obtain a conformally invariant tensor
(2.7) °Gi" ik = Gi"jr — B" i1,

Since the hv-curvature tensor of the HMO-connection °BI is given by
ékCGihj, (2.6) shows that if ¢; depends on position alone, then CGihjk is
nothing but the hv-curvature tensor of BI".

We shall return to the discussion of the two-dimensional case. From
BT =esD /L and (2.5) it follows that the inverse ®;,. is given by

@, = (eL/4sJ?)(J.o — 2eI10) ik, + (L/25T)(limy + £omy).
On the other hand we have the formula ([1], (3.5.2.7))
(28) LGjrhk = {—2[7167‘ + (I,l;g + Lg)WlT}m]’mhmk,

where we put

K. =K l; + K om;,

for the h-covariant derivative K.; of a scalar K with respect to BI'. We
have the Ricci identities

K,I;Q - K;Q,l - K,27
(2.9)

K,g;g — K;272 = —€(K,1 + IK,Q + I71K;2).
Hence we have I 1.5 + 12 = J 1 + 21 5 and consequently

LGjrhk = {—21’157” + (J71 + QI,Q)mT}mjmhmk.
Therefore we obtain ¢; = @iTGjrhijhk in the form
¢ = (1/2J*){Ky +2J(I o + eIl 1)} — (eI 1/J)my,
(2.10)
Ki=JJ1—Jal;.

We have to pay attention to (2.8). The scalar s does not appear in it.
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Therefore we have

Proposition 2.2. In a two-dimensional Finsler space with non-zero
Io(=J), ¢i defined by (2.4) is uniquely determined by (2.7), independent
of the choice of a B-contracting tensor S.

3. Conformal flatness

We have had a conformally invariant Finsler connection ¢BT', called
the HMO-connection. Now we are concerned with the conformal flatness
based on this connection.

Definition 3.1. A Finsler space F™ = (M, L) is called conformally
Berwald, if for any point p of M there exist a local coordinate neighbour-
hood (U, z) containing p and a function ¢(x) on U such that *L = €L is
a metric of a Berwald space.

Assume that the conformally changed space *F™ = (M, *L) of the last
section is a Berwald space, namely, *G;"jx = 0. Then (2.4) gives *¢; = 0
and ¢; = ¢;. Thus ¢; = ¢;(z) must be a gradient vector. Since (2.7) leads
to CGihjk =0 in *F", we have CGihjk = 0 in F™. In this case CGihjk is
the hv-curvature tensor of BT".

Conversely, we consider F" such that ¢; = ¢;(z) is a gradient vec-
tor and the hv-curvature tensor cGihjk of BT vanishes. Since we have a
function c¢(z) satisfying 0;c = ¢;, we apply to F™ the conformal change
L — *L = e°L and get the conformally changed space *F" = (M,*L).
Then we have (2.4) which gives *¢; = 0 and (2.7) leads to *G;" ;1 = 0,
that is, *F" is a Berwald space.

Consequently we have

Theorem 3.1. Suppose that a Finsler space F™ = (M, L) has a B-
contracting tensor S and let “BI" be the HMO-connection with respect to
S. Then F™ is conformally Berwald, if and only if

(1) ¢y, defined by (2.4), is a gradient vector ¢;(x),
(2) the hv-curvature tensor °G of * BI' vanishes, that is, the hv-curvature

tensor G of the Berwald connection BT is of the form
Gi"jk = B" ko,

Next we are concerned with the conformal flatness. Similarly to the
“conformally Berwald” case, we can state as follows:
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Definition 3.2. A Finsler space F™ = (M, L) is called conformally
flat, if for any point p of M there exist a local coordinate neighbourhood
(U, z) containing p and a function ¢(x) on U such that *L = e°L is a locally
Minkowski metric.

Let the conformally changed space *F™ = (M, *L) be locally Minkow-
ski. Since *F™ is a Berwald space with the vanishing hA-curvature tensor
H of BT [1], all the facts mentioned in Theorem 3.1 and its proof hold.
Further we can refer to an adapted coordinate system (%) of * F™ in which
*G;"; = 0 [1]. Hence (2.6) and *¢; = 0 give °G;"; = 0. Therefore the
h-curvature tensor “H of BI" vanishes.

Conversely, we consider F" such that there exists a gradient vector
¢i(z) = d;c(z) and °G = °H = 0. Then °G;"; are functions of position
alone and hence “H is of the form

CH"jp = Ay {ou(CGi")) + (°Gi" ;) (°G.M)} = 0,

where Av[jk] denotes the interchange of j, k and subtraction. Therefore we
have a coordinate system (z%) in which °G;"; = 0 identically. Then (2.6)
with *¢; = 0 yields *Gihj = 0 and hence *"H = 0. Thus *F"™ becomes a
locally Minkowski space.

Consequently we can state

Theorem 3.2. Let a Finsler space " = (M, L) have a B-contracting
tensor S and let *BI' be the HMO-connection with respect to S. Then F™
is conformally flat, if and only if

(1) ¢; defined by (2.4) is a gradient vector ¢;(z),
(2) the h and hv-curvature tensors °H, °G of BT vanish.

4. The two-dimensional case

In the two-dimensional case we have had a detailed discussion of con-
formal flatness by the present author [13]. At that time he expected
some special situations of conformal flatness of Finsler spaces in the two-
dimensional case, because any Riemannian space of dimension two is lo-
cally conformal to a flat space.

But we had two theorems independent of the dimension number. Now
we apply these theorems to the two-dimensional case and compare them
with the results given in the paper [13].
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First we deal with the condition (1) of these theorems: ¢; is a gradient
vector ¢;(x). Putting
bi = ¢1li + Pam,

in the Berwald frame (¢, m), with respect to the Cartan connection CT" we
have

Gij; = Li(Pp1,145 + d1,2m;) + mi(d2,1l5 + P2 0my).
Here we use the symbols
¢1); = 001 — (6r¢1)GTj = ¢1,14; + ¢1,2m;.

Thus ¢1,1,...,¢22 depend on the nonlinear connection G* ;j only.
Next we have

Loij = ¢p1.omjil; + gremym; + dpa.omim; — ¢o(b; — elm;)m;
= (¢1,2 — @2)limj + {d2.2 + €(P1 + I¢2) ;.
Consequently the condition (1) can be written as
(a) ¢1,2 - <l52,1 =0,
(b) @12 = o, (¢) 22 =—c(d1+ I¢2).

We have (2.10):

(4.1)

1= (1/2J){Ky +2J(Io+€ll})}, ¢2=—clq/J.
First we deal with (c) of (4.1):
p2.0=—c(L12/J —I1Ja)J?), ¢1+ 1o =K1/2J* + 12/

We use [ 1.0 = J 1 + I from the first part of (2.9). Then (c) is equivalent
to Kl =0.

Secondly we consider (b). We use I o9 = Jo —e(l1+ 1o+ 11J)
from the second part of (2.9). Then (b) is written as

JJg+elJJy —(Iy+ellq)Js=0.

Substituting J; = I1J.2/J from K; = 0, this is reduced to Ky = JJ o —
Jol o = 0.
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Finally we consider (a): This written as
J*el11+Top+ellio+el Is)=cJJ1lq+ JJo(Io+elly).

Substituting JJ o = J2l 4, a = 1,2, from K, = 0, this is rewritten in the
form

(42) Jo{(I1)> +e(2)? + I 15} = J*(Ing+eloo+ 1110+ 111 5).

Next we deal with CGihjk = Gihjk — Bh’"ijk@ = 0. Now we have ¢;
of the form

(4.3) D1 = (172 + EII,l)/J, P2 = —EI,l/J.
Since we have (2.8) and (2.5), the above can be written as
2000 4 (T 1 4 2L 2)m" = 26T ol + {2J 1 — epa (T — 261.J) }m™.

It is easy to show that this is equivalent to K; = 0.
Consequently we have

Theorem 4.1. A two-dimensional Finsler space F? with non-zero .J
(= I.2) is conformally Berwald, if and only if

Ko=JJo—Jola=0, a=1,2,

and (4.2). Then the conformally changed space *F? with *L = ¢“®) L is a
Berwald space, where c(z) is given as 0;c(x) = ¢; from ¢; of (4.3).

Further we consider conformal flatness. It is well-known that all
Berwald spaces of dimension two are classified as

B; = {I = const., and R # 0}, By = {I = const., and R = 0},
Bs = {I # const., and R = 0}.

A space F? € By + By has I .2 =0 and [ is a conformal invariant. There-
fore we are not concerned with B; + By in the present paper. Thus the
*F? occurring in Theorem 4.1 belongs to Bs, which is locally Minkowski.
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Therefore we obtain

Theorem 4.2. A Finsler space of dimension two with non-zero J
(= I2) is conformally flat, if and only if the conditions stated in The-
orem 4.1 are satisfied.

Thus it can be concluded that Theorem 3 of the paper [13] is again
established, because it just coincides with Theorem 4.2.

It is remarked that the conformal flatness of two-dimensional Finsler
spaces is uniquely treated independent of the choice of a B-contracting ten-
sor. But we may have some complicated situations in higher dimensions.
It may be possible that a Finsler space F'™, n > 3, has plural B-contracting
tensors and, as a consequence, we have plural Berwald spaces or locally
Minkowski spaces which are conformal to F". Therefore we have

Problem I. Are there two Berwald spaces which are conformal to each
other?

and

Problem II. Are there two locally Minkowski spaces which are con-
formal to each other?
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