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A generalization of Apostol’s Mobius functions of order k

By ANTAL BEGE (Cluj-Napoca)

Abstract. Apostol’s Mobius functions pg(n) of order k are generalized to depend
on a second integer parameter m > k. Asymptotic formulas are obtained for the partial

sums of these generalized functions.
1. Introduction

Mébius functions of order k, introduced by T. M. AposToL [1], are
defined by the formulas

1 if n=1,
0 if p**1 | n for some prime p,
HE) =0 (1) i = pheepk T] p, with 0 < as <k,
i>r
1 otherwise.

In [1] APOSTOL obtained the asymptotic formula

(1) > uk(n) = 4w + O(a* log z),

n<x

where

2 1
=TI 5+ ).

p
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Later, SURYANARAYANA [3] showed that, on the assumption of the Rie-
mann hypothesis, the error term in (1) can be improved to

(2) O (a7 w(w)),
where
w(z) = exp{Alog z(loglogz) ™'}

for some positive constant k.

This paper generalizes Mobius functions of order k and establishes
asymptotic formulas for their partial sums.

2. Preliminary lemmas

The generalization in question is denoted by fix (1), where 1 <k <m.
If m =k, px x(n) is defined to be pi(n), and if m > k the function is
defined as follows:

1 if n=1,

1 if p* {n for each prime p,
1>T

0 otherwise.

This generalization, like Apostol’s py(n), is a multiplicative function of n,
so it is determined by its values at the prime powers. We have

1 if 0<a<k,

pr(p®) =<¢ =1 if a=k,
0 if a>k,
whereas
1 if 0<a<k,
N 0 if k<a<m,
(4) fe,m (P*) =

-1 if a=m,

0 if a>m,
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Lemma 2.1. For k < m we have

(5) pm(n) = Y u(d) ai(9)

6d™m=n
(d,0)=1

where p(n) is the Mébius function and q(n) is the caracteristic function
of the k-free integers:

0 if p* | n for some prime p
qr(n) = e
1 if p*|n implies o < k.

PROOF. Because p(n) and gx(n) are multiplicative functions of n, the
sum in the lemma is also multiplicative, so to complete the proof we simply
note that when n = p® the sum has the values indicated in (4). O

The next two lemmas, proved in [4], involve the following functions:

f(n) = the number of square-free divisors of n,

1 1
wk(n):nn<1+p+--'+p,€_l>,

pln

where k is an integer > 2,
op(z) = exp{—Ak*% log% z(loglog x)fé},
where A > 0 is an absolute constant,
wr(x) = exp{ By log z(loglog z) ™'},

where By is a positive constant.

Lemma 2.2. For z > 3 we have

(ryn)=1

uniformly in x, n and k.
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Lemma 2.3. If the Riemann hypothesis is true, then for x > 3 we
have

(1) Qulmn)= D alr)= RO +0 (W”)fﬁmwk(@)

r<x
(T7n):1

uniformly in x, n and k.

Our derivation of an asymptotic formula for the summatory function
of pgm(n) will also make use of the following lemma.

Lemma 2.4. For k > 2 we have

w(d) g 1 . n
®) Z dir(d _Tﬁk(n).

PROOF. Both sides of (8) are multiplicative functions of n so it suffices
to verify the equation when n is a prime power. If n = p® we have

1 1
ZM 7!%1 ) _1_ R B
dipi(d p(1+%+... pkL)
I n
(ot ) )

The next lemma is proved in [5].

Lemma 2.5. For x > 3, n > 1, and every € > 0 we have

(9) = HT) _ 0 (0% 14 (n)8(a))

r<z
(ryn)=1

uniformly in z and n, where ¢ (n) is the sum of the ath powers of the
square-free divisors of n, and

0(x) = exp {—Alog% z(loglog x)_%} ,
for some absolute constant A > 0.

We note that if & < 0 we have o%(n) < of(n) = 6(n). Also, z¢0(x)
is an increasing function of x for every € > 0 and = > zo(€¢). Using the
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method described in [5], it can be shown that if the Riemann hypothesis is
true the factor d(z) in the error term in (9) can be replaced by w(z)z ™z,
where

w(z) = exp{Alogz(loglogz)~'},
for some absolute constant A > 0.

Lemma 2.6. For ¢ > 3 and every € > 0 we have

(10 > A 00t i)
(i

uniformly in x, n and k.

PROOF. We write

then use (8) to obtain

pr) ZM (0)r—1(d)

r<z wk(r dé<z dz(sd}k )
(r,n)=1 (d,6)=1
(dé,n)=1
Z 12 (d) Yy 1 pe (d)Yr—1(d) Z ()
R A
(At (6.nd)=1
N 1/1k 1 ) x
Z 2 (d T Bgp(d) L <d> '
(d n) 1

Using (9) and the inequality ¥y _1(d) < 1% (d) we find that the last sum is

0 <Ui1+€(n) s D (3) o2 14e(d) >

d2
d<z
(d,n)=1
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’

Because ¢ §(x) increases for every ¢ > 0, we have (%)6 §(
sod (%)< d€ §(z) and the foregoing O-term is

2 0_*1 .
O(Ji1+€(n)5(x) 3 W).

d<z
(d,n)=1

L) < ¢ 6(w)

But ¢, (d) < 7(d) = O(d<') for every ¢ > 0. If we choose € < % the
last sum is O(1) and we obtein (10). O

Applying (10) together with the remark following Lemma 2.5 we ob-
tain

Lemma 2.7. If the Riemann hypothesis is true, then forx > 3, n > 1
and every € > 0 we have

(11) ; 12‘:(72) ~0 <U*_1+€(n)w(a;)x_%)
(r,n_)mzl

uniformly in x, n and k.
Applying partial summation in (10) we obtain

Lemma 2.8. For xz > 3, k > 2, and every € > 0 we have

(12) > W =0 (07 14 (n)d(x)a ")

r<z
(r,n)=1

uniformly in x, n and k.
Note: If the Riemann hypothesis is true, the error term in Lemma 2.8

holds with §(z)z*~* replaced by w(z)zz "

3. Main results

Theorem 3.1. For x > 3 and m > k > 2 we have

mnzahm

C(k)¢r(n)ag,m(n)

(13) > tkm(r) =

r<z
(rn)=1

+0 <9(n)x%5(az)>
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uniformly in x, n and k, where

1
Ap.om = H <1 - pm_k+1 +pm—k+2 4+ .. _|_pm>
p

and

1
Oék,m(n) = nH (1 o pmkarl _i_pmfk+2 + .- +pnz> :

pln

PrROOF. By (5) and (6) we have

Yoowmm) = Y wda(d)= Y uld) Y a(d)

r<wz 6d™ <z L 0 Jm
(r,n)=1 (((1%(2)::11 (Z,Snx)zl (6,dn)=1
x
= > (@i (7 dn)
d<xm
(dyn)=1
- ¥ u@) () dn 9(dn)‘”’1€5($)
| C(k)k(dn) d% = \dm
d<zxm
(dyn)=1
B xn - pld) — an p(d)
S e 2 dn@ @ 2 T
(ddn_)lzl d>xm
’ (dyn)=1
. 0 () () 1*(d)0(d)
+O<9(n)xk > (d)(ddrg)_e,k >
dgw%
(dyn)=1

Using the Euler product representation for absolutely convergent series of
multiplicative terms [2] we have

00 /L(d) B B 1 _ Opm
Z W_H<1 pm—k+1—|—---—|—pm>_ak,m(n)‘

d=1 n
(dm)=1 Pl

Now use (12) and the fact that &(z)z is increasing for all € > 0, then
choose € > 0 so that 7 — €'k > 1 + € and we obtain (13).
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When n = 1, Theorem 3.1 gives the following corollary for > 3 and
m >k > 2:

(14) > k() = %ak,m +0 (:ﬁé(m))

r<z
uniformly in z and k. O

Applying the method used to prove Theorem 1, and making use of
(7) and Lemma 2.9 we get

Theorem 3.2. If the Riemann hypothesis is true, then for x > 3 and
m > k > 2 we have

= anakm n x%ﬂw x
(15) 3 ) = et 0 (0T ()

r<z
(rn)=1

uniformly in x, n and k.

In particular, if n = 1 we have

(16) Zﬂk,m(r> = @ak,m +0 (xTQ-Hw(x»

r<z

uniformly in z and k.

4. Conjectures

Suryanarayana raised the question of improving the error term in
Apostol’s asymptotic formula (1), and notes that no improvement seems
possible by this method. Our method gives no improvement in the error
term but it does suggest the following conjectures:

For x > 3,n>1 and k£ > 2 we have

= xn2ak7;€ na:% x
an > )= igmonsen 0 (Umro)
(r,n)=1

uniformly in z, n and k.
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In particular, when n = 1 the conjecture is

(18) > palr) = o +0 (#Ho(@))

r<z

uniformly in x and k.
If the Riemann hypothesis is true, the conjectured formulas are

(19) > k() = IRy 0 (6(n)e

(k)k (n) o i (n) QkHW(x))

r<z
(r,n)=1

uniformly in x, n and k, for x > 3, n > 1 and k& > 2.
In particular, when n = 1 the conjecture is

(20) Z,uk(r) = @ak,k +0 <xﬁw(a¢)>

r<z

uniformly in x and k.

It should be noted that ay = ((k) Ay, where Ay, is Apostol’s constant
in (1), so the leading term in (18) and (20) is the same as that in (1).
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