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Uncertainty inequalities and
order of magnitude of Hankel transforms

By JORGE J. BETANCOR (La Laguna)
and LOURDES RODRIGUEZ-MESA (La Laguna)

Abstract. In this paper we study the behaviour of the Hankel integral transform
at the infinity in a type Cesaro sense. Also we establish uncertainty inequalities for
Hankel transforms and Laguerre expansion. Finally an entropy inequality for Hankel
transforms is obtained.

1. Introduction

Hankel integral transformation h,, is usually defined by (see [19] and
[22], for instance)

b)) = | " (@), (o) )y,

where f is a nice function. Here J, represents the Bessel function of
the first kind and order p and we assume that p > —1/2. If p = ”T_Q,
n = 2,3,..., the Hankel transform h, replaces the Fourier transform of
radial functions in R™.

Let 1 < p < co. We denote by L, , the Lebesgue space L,((0,c0),
z?#t1dz) and the usual norm in L, , is represented by || - ||, .. It is well-

known that if f € Ly, then h,(f) is a bounded continuous function on
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(0,00). Also, according to a version of the Riemann—Lebesgue Lemma for
Hankel transforms ([31, p. 457, 14.41]),

(1) hy(f)(x) — 0, asz — oo,

provided that f € L; ,. However the above convergence can be arbitrarily
slow. Indeed, let ¢ be a nonnegative function defined on (0, c0) such that
d(x) — 00, as © — 00, and let (z,),en be an increasing and unbounded
sequence of positive real numbers. Assume that n € N. We define the
functional T}, on L, , by

Tnf = (b(xn)h.u(f)(xn)v f € LLM'

Since the function z7#.J,(z) is bounded on (0,00), T}, is continuous
from L, , into C. Moreover, by [22, Theorem 2.a] the norm of T;, is given
by

_ ¢(zn)
170l = ¢(azn) sup [(zny) " Ju(eny)| = o5 =5
y€(0,00) ! 2T (p+1)

By invoking now uniform boundedness theorem we deduce that there
exists f € Ly, such that the sequence {7}, f},en is not bounded. Thus
we have found f € L; , for which

lim sup ¢(2)|hy (f)(2)] = oo

xr— 00
Our first objective in this paper, that is inspired in [2], is to analyze the
behaviour on h,(f)(x), as ¢ — oo, by considering convergence in a weaker

sense. We establish in Section 2 sufficient conditions on a function f and
on real numbers a and 3 in order that the following equality

(2) lim /0A (1 - (§)2>ﬁtahu(f)(t)t2“+ldt =0

A—00 )\2

holds. Note that (2) can be interpreted as a limit in the Cesaro sense.
HERZ [19, Theorem 3] proved that the Hankel transformation b, can

be extended to L, , as a bounded operator from L, , into L, ,, where

as usual by p’ we denote the conjugated exponent of p, provided that

e A(pl
1 < p < 2. Moreover, if % < p <2, then

n

3) lim [ (wy) ™" T (@y)hy () )y dy = f(2),

n—oo 0



Uncertainty inequalities and order of magnitude of Hankel transforms 369

in the sense of convergence in L, ([19, Theorem 5]) and almost every-
where = € (0,00) ([23, Corollary 2]). However if p = % there ex-
ists a function f € L, , having compact support such that the sequence
{y (@y) = T (zy) by (f) () y** T dy}nen diverges for almost all z € (0,00)
([23, Theorem 2]).

Also, the convergence in (3) does not hold a.e. (0,00), in general, when
f € Ly,. The equality h,(h,f) = f holds a.e. (0, 00) provided that f and
h,(f) are in Ly, ([22, Corollary 2.e]).

On the other hand, STEMPAK [28, p. 17] stated that if § > pu + 1/2
and f € L, ,, with 1 <p <2, then

A 6

(4)  lim (1 - (t)z) (wt) T (@) b () () 2FH it = f(a),
A—o0 Jo A

for almost all z € (0,00). This result can be extended to p > 2 involving

Hankel convolution ([7]).

Note that the Bochner—Riesz type multiplier in (4) improves the con-
vergence in (3). This fact leads to investigate the convergence in (2).
Observe that the integral in (4) for = 0, reduces, except a constant, to
the integral in (2) for o = 0, but, in general, (4) is not true for z = 0.

In Section 3 we present uncertainty inequalities for the Hankel trans-
form and Laguerre expansions. BOWIE [9] and recently ROSLER and
VoIt [27] have obtained uncertainty inequalities for Hankel transforms.
We establish a new uncertainty inequality for h, by using Laguerre expan-
sions. Our procedure is inspired in the one developed by PATI, SITARAM,
SUNDARI and THANGAVELU [25] and we use that Laguerre functions are
eigenfunctions for the Hankel transformation. Also, after stating a ver-
sion of the celebrated Hardy’s theorem for Hankel transform, we obtain an
uncertainty principle associated to Laguerre expansions.

HEINIG and SMITH [18] established a number of generalizations of the
classical Heisenberg—Weyl uncertainty inequality. From a general weighted
form of the Hausdorff-Young theorem they proved weighted uncertainty
inequalities for Fourier transforms. Here, by using weighted forms of the
Hausdorff-Young theorem for Hankel transforms ([13], [14] and [20]) we
obtain weighted uncertainty inequalities in the Hankel setting.

Throughout this paper by C' we always denote a positive constant not
necessarily the same in each ocurrence.
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2. Order of magnitude of Hankel transforms

Our objective in this section is to determine conditions on a function f
and on two real numbers o and § in order that the following

1 A 2\ B
/\li_{rolo)\Q/O (1— (%) ) 1°h,, (f) ()12 +dE = 0

holds. Our results can be seen as Hankel versions of the ones obtained
in [2] for Fourier transforms.

Propisition 2.1. (i) Assume that f € Ly, N Ly,, with1 <p < 2,
and that 0 < oo + w < 2. Then

) 1 A N2 -1/p
lim /0 (1— (X) > b, (f) ()12 dt = 0.

A—00 )\2

(i) Let 1 <p<2,B>—1/pand p < 251, If f € L, ,, then

I N2\
i Y - - /p 2,LL+1 e
)\lgrolo /\2/0 (1 <)\> ) /P hy,(f)(t)t dt = 0.

and

1 £\2\ TP
K@\ = | (1- (f) 1 ()~ T, ()2 A, Az > 0,
PEA )\

By interchanging the order of integration we can write

=5 [ ' (1 _ (j)Q)”p e " (ot () f )t ot dt

= / f(2)K (2, \)2**dx, A>0.
0
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According to [19, Theorem 3], it has

HK(7 I)Hq/,u = Hhu[X(0,1)<t)(1 - t2)71/pta]

q'p
1 1/q
< Cllx(o,1)(t)(A=t2) Pt = C {/ (1—y)"/py“+“"/2dy} :
0

provided that 1 < ¢ < 2. Note that the last integral is finite when ¢ < p
and ag + 2u + 2 > 0. Here y represents the characteristic function of the
interval (0,1).

Also a straightforward manipulation leads to

1K (-, )\)”q’,u < H/\2“+QK(‘)\7 1)”(1’,/1 = )‘2(M+1)/q+a_2”K('a 1)Hq’,u7 A>0.
On the other hand, Holder’s inequality implies that

S M g I C M llgr g < CAZEEDRZ2( ||y (£ 0

b,r )

provided that 1 < ¢ < p and ag + 2u + 2 > 0.

Hence, since we can find g such that 1 <g<pand 0 < aq+2u+ 2 < 2q,
we conclude that I(\) — 0, as A — oo.

(ii) Let f € Ly ,,. We now consider

Iw=;f@‘Gﬁ%WmmmMW,mw

Let € > 0. By invoking [19, Theorem 3], h,(f) € Ly ,. Hence, there
exists Ap > 0 such that

| ol etan <
A

0

We divide the integral in I(\) as follows

</AO /) 1— - 2>6t1/p/hu(f)(t)t2“+1dt

:I(A +IQ()\) A > Ag.

Now, each integral is estimated.
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Firstly, we have

Ao\ 2\ B oo
|11<A>rsj2max{1,(1—(;)) } / 7 |y, (F) () 122 dt < e,

when A is sufficiently large.
On the other hand, Hélder’s inequality leads to

|IQ(A)]§%{ /0 A(1-(?)2)’8 ptP/P't2u+1dt}1/ { /A " I f)(t)|17/t2u+1dt}1/p,

1
2“:22{/ (1— u)ﬁpu%(p/p/ﬂu)du}l/p < Cel/?
0

s L
< C{_:l/p )\p/Jr

provided that > —1/p and pu < E51
Hence, under the imposed conditions limy_,o I(\) = 0. O

An immediate consequence of Proposition 2.1 (ii), is the following.

Corollary 2.1. If 1 < p <2 and pu < =% then

A—00 )\2

IR
lim / Y2, (F) ()2t = 0,
provided that f € L, ,.

Proor. It is sufficient to take 8 = 0 in Proposition 2.1 (ii). O

HIRSCHMAN [22] and HAIMO [17] investigated the convolution opera-
tion and a translation operator associated to the Hankel transformation.
For every x € (0,00) and f € L, ,, 1 <p < oo, the Hankel translated 7, f
of f is given by

Z2p+1
(o f)(y / D, (z,y,2)f(z )2‘T(u+ )dz, y € (0,00),
where
Dyu(@,y, Z):(QMF(“+1))2/OOE$75)_“Ju(wt)(yt)_uju(yt)(zt)_“Ju(zt)tQ"“dt,

x,y,z € (0,00).

The operator 7, is a contraction in L, ,, for each z € (0,00) and
1 <p<oo (28, p. 16]).



Uncertainty inequalities and order of magnitude of Hankel transforms 373

In [5] we introduced the h,-Lebesgue points of a function f as fol-
lows. Let f be a Lebesgue measurable function on (0,00) such that
Jy 1f (@)]2?* 1 de < oo, for every a > 0. An zg € [0,00) is an h,-Lebesgue
point of f when

h
[ 10000 = 5ol = o0247),as b 0",
0

In [5, Proposition 3.1] it was established that almost everywhere point
of (0,00) is an h,-Lebesgue point of f. Recently, BLooM and XU [8] have
considered Lebesgue points in the setting of Chébli-Trimeche hypergroups.

The following result, concerning to the convergence of the Bochner—
Riesz means of Hankel transform in the origin, will be useful in the sequel.
This property can be stated in the more general setting of Chébli—Trimeche
hypergroups (note that in [8, Lemma 4.4] the origin is not included).

Lemma 2.1. Let f € Ly, and # > p+1/2. If 0 is an h,-Lebesgue
point of f then

i gy J, (1 G)) oo a= so.

PROOF. Dominated convergence theorem allows us to write, for each
A >0,

A 2
2#F(;+ ) / (1= ()Y han e
~ lim, OA (1 - (%)2)%( P (@) T, (at)t2h+ .

Moreover, according to [6, p. 3], it has,

/oA <1 B (;)2)ﬁhu(f)(t)(wt)‘“JM(xt)tzqut

00 y2u+1
= /0 ¢A(y)(7zf)(y)mdy, A, x>0,

where @5 (y) = 2°T(8 + DA T2 (yA) P10 g1 (yA), y, A > 0.
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Hence, by taking into account that 7, f — f, as x — 0T, in Ly ,, since
the function 27 J,(z), v > —1/2, is bounded on (0, o), it follows

A E\2\ B . s "
| (0-G)) mnweia= [ owmrmw+an a0
0 A 0
Then the proof of lemma is complete when we see that
1 o0
lim — 2u+1 g, — '
Q Jm oo [ oy = 10
Since [7° da(y)y*dy = 2¢T(u + 1), A > 0, it has

/0 o) )y dy — 24T+ 1) £(0)

- / T o) — FO)P Ny, A0,

To finish the proof we proceed as in [30, Theorem 13]. Let ¢ > 0.
Since 0 is an h,-Lebesgue point of f, there exists n > 0 such that

4
5~ (2ut2) / 1f(y) — fO)|z* de <e, 0<d<n.
0
Hence, if A > 1/n, by taking into account that the function 27" .J,(2),

v > —1/2, is bounded on (0, c0), it has

1/

ox(W)LSf (y) — f(O)]y**dy

< Ce.

0

On the other hand, since y/zJ,,(z) is bounded on (0, 00), we have

" W) — FOPdy

1/

n
< ONHFL/2=6 //A y PR f(y) — FO) |y Ay, A > 1/
1
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Then, by partial integration it deduces

y=n

n
[ ) = FOl dy = gy
/A y=1/A

n
—(n+6+3/2) //A y P2y, N> 1/n,
1

where g(y) = [¢ |f(t) — f(O)[t*#F1dt, y > 0.
Hence, we obtain

} 17/1 oA(W)[f(y) — f(O)]yQ"“dy‘ < O\FL/2-6 [g(n)n—u—ﬁ—3/2

FNHBES/20(1/N) + e(p+ B+ 3/2) /n

y“_ﬁ_l/zdy] <Ce A>1/n.
1/A

Finally, by using again the boundedness of the function /z.J,(z),
it has

[ eww - s

< CA““”B(/ \f(y)\yQ““der/ y“’l/z’ﬁdy> —0, as\— oo.

n n

Thus we conclude that (5) holds. O

Proposition 2.2. (i) Let f € Ly ,NLog . If —p—1/2 < < —p+3/2
then

1 A
lim / th,(f) ()t e = 0.
0

(ii) Let f € Ly,,. If 3 > p+ 3/2 and 0 is an h,-Lebesgue point of f

then \
N £\ 2t
Alirgov/o (1f <X) ) 20, (f) (t) 12+ dt = 0.

PROOF.
(i) We have to prove that limy_, I(A) = 0, where

I(\) = /0°° f(2)K (2, \)2**da, A >0,
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and

1 A
K(z,\) = A2/ t(zt) " H T ()t T, N x> 0.

According to [32, p. 129 (6)], by partial integration it obtains

A2 dt
—2pu—2 . A
© _z2 = [to‘(wt)““JMH(xt)]:;g—a / to‘*l(mt)““J#H(xt)dt]
0
x—Qu—Q A
- [)\a(x/\)““JuH(w)\)—a/ t“_l(a?t)“HJMH(xt)dt},
0
Az > 0.

The last equality is justified because 27" J,(z), v > —1/2, is bounded
on (0,00) and @ > —2pu — 2, since p > —1/2.

Then, by taking into account again the boundedness of the function
z27"J,(z), v > —1/2, we have that

7 K(z,\)| < C T2, A,z > 0.
(7) |

Moreover, since the function /z.J,(z) is bounded on (0, c0), it infers
from (6) that

(8) K (2, \)| < CXCFH=3/270=3/2 X 2> 0,

because a > —p — 1/2.
To estimate I(\) we divide the integral in three parts, namely

/1/>\ / / ) 2u+1dx
1/x J1
= [1

+ IQ + 13 A> 1.
Since f € Loy, from (7) it follows

L)< Ol flloepX™™? A> 1
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We use (8) to obtain

1
L] < ONTF3] o / 12y
1/x

1

= O flloouA® =32 (1 REVEEY:)

), A> 1,
and

RO < ON2 [ @) s < Ol et A 1.
1

Hence I(\) — 0, as A — oo, provided that —u—1/2 < o < —pu+3/2.
(ii) Assume that 0 is an h,-Lebesgue point of f. Then, by Lemma 2.1,
we have that

R

provided that v > p + 1/2. In particular, if 5 > pu 4+ 3/2 we can write

o=t [0 () - 0 (1)) o

. 1 A NP 2u+1
= Jim 5 /O (1-(3))  Pran@ea
Thus the proof is finished. O

The next lemma presents sufficient conditions in order that our type
Cesaro convergence implies ordinary convergence. To prove this result it
can be proceed as in the proof of [2, Lemma 5] and hence we omit the
proof.

Lemma 2.2. Suppose that f € Ly, and that h,(f)(x) is nonincreas-
ing when x > xq, for some xy > 0. If

Jim % /A (1 - (%)2)ﬁto‘hu(f)(t)t2“+ldt =0,
—0o0 0

for some o« > —2u — 2 and 8 > —1, then

Tim 47520, (£)(1) = 0.

An immediate consequence of Propositions 2.1 (ii) and 2.2 (ii) and
Lemma 2.2 is the following.
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Corollary 2.2. Assume that f € Ly, and that h,(f)(x) is nonin-
creasing when x > xg, for some xy > 0.
(i) If f € Ly, where 1 <p <2 and p < pz;l then

lim £/ 20, (F)(t) = 0.

t—o00

(ii) If 0 is an h,-Lebesgue point of f then

Jim 20, (f)(t) = 0.
Note that from Corollary 2.2 it deduces conditions on a function f that
imply integrability properties for the Hankel transform A, f of f. The next
results complete the ones established in [6, Theorems 3.1 and 3.2].

Corollary 2.3. Let f € Ly ,. Suppose that there exists xo > 0 for
which h,,(f)(x) is nonincreasing when x > .

(i) If f € Ly, where 1 < p < 2 and pu < 25* then t*h,(f) € L1,
provided that —2u —2 < a < —1—1/p.

(ii) If 0 is an h,-Lebesgue point of f then t*h,(f) € L1, provided
that —2u — 2 < a < 0.

Proor. It is sufficient to take into account that if f € L;, then
hu(f) is a bounded function on (0,00) and to use Corollary 2.2. O

3. Uncertainty inequalities for Hankel transforms

In this section we obtain new uncertainty inequalities for Hankel trans-
forms. Our results are different to the uncertainty principle for A, establ-
ished by BOWIE [9, Theorem 2.2] and RSLER and VOIT [27, Theorem 1.1].

To prove our first uncertainty property we use, inspired in the proce-
dure developed by [26], Laguerre expansions.

For every n € N, we denote by ¢# the function

¢l () 2 VP enpen, e 000)
)= =0——"—— e x), x , 00).
" Fn+p+1) "

Here L# represents the Laguerre polynomial of degree n and order pu.
The sequence {¢#},cy forms an orthonormal basis in L ,,.

We now collect some properties of ¢, n € N, that will be useful in
the sequel.
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Let n € N. ¢f is an eigenfunction for the Hankel transformation h,,
associated to the eigenvalue (—1)", that is,

(9) hu(9h) = (=1)"¢},

([15, 8.9 (3)]).
A straightforward manipulation in [29, (5.1.14)] leads to

(10)  2®¢hli(x) = —n'2eh(2) + (u+ 1) 2,y (2), @ € (0,00).

Also, from [29, Theorem 5.1] it infers that

> 2 1 14 w? :

_mip _
> @)y = T exp{ = 5% + )7z peF (ayw) "
n=0

2ixyw
(11) % J, (m) lw| < 1, 2,y > 0.

We now prove a Parseval type equality involving Hankel transfom and
Laguerre expansions. By (-, -), we denote the usual inner product in the
Hilbert space L ,,.

Proposition 3.1. Let f € Ly, N Ly ;5. Then

| @R + I @) e =23 (01,8, P+ 20+ 1),

n=0

PROOF. Parseval’s equality for Laguerre expansions and (10) allow
us to write

| @U@ e = 3 @2 o, P

0 n=0

B Zo (i)

= Zy —(n+ D)2+ (ptnt 1)1/2¢¢;>M+1\2.
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Also, Parseval’s equality for Hankel transformation leads, by taking

into account (9) and (10), to

/0 @B (@) e = 3 (@ (£), 0 P

n=0

= Z | (hu(f), a2t 1
—ZI —(n+ 1)V 4 (et n+ )V P
—ZI o+ DY260 0+ (utn+ 1) 200) P

Hence, it obtains that
| U@ + )@ P o
=2 (Z (@2 f, 1), P+ DY (ntn+ D) f k), |2>
n=0

n=0

:22]<x2f,¢ﬁ>#|2(u+2n+1). O
n=0

An immediate consequence of Proposition 3.1 is the following.

Corollary 3.1. For every f € Ly, N Ly 42, it has

(12) /0 22 (| f (@)1 + () (@) P)a* T da > 2(u + D F]3,42-
Moreover, equality holds if, and only if, f(x) = cﬁ#, z € (0,00), for a
certain ¢ € C.

Note that if the equality in (12) holds then p > 1.
We now deduce from Corollary 3.1 our first uncertainty inequality

involving Hankel transforms.
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Proposition 3.2. If f € Ly, N Ly ;1o then

5/2

(13) 12 F115 12 P () |20 > 5277(# + 1% /]

6
2,p+2-

e—(az)?

Moreover, the equality holds if, and only if, f(z) = c¢%—z—, for certain
ceCand a € R.

PROOF. Suppose that || f||2,,+2 = 1 and define, for every a > 0, fo
by
fala) = a7 (£
It is not hard to see that ||fq|l2,u+2 = 1 and that h,(fs)(z) =
" h,(f)(az), z,a > 0.
Corollary 3.1 implies that

a)’ x € (0,00).

| Ul + g )P e = 2 ).
We now define the function Fy(a) by
Frla) = [ a@ + () @)™ o, a0,
It is clear that

Fy(a) = a?||2”f

1
2t DR, a >0

s 1/6
The function F; obtains the minimum in oy = <%&”2”) ,

being
Fy(oo) = gorslla® FIZ I (DI,
Hence, we conclude
55/2
122 15,0 12 (P2 = = (1),

To determinate the functions f for which the equality in (13) holds it
is sufficient to use Corollary 3.1. U
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A celebrated result due to Hardy ([11, §3.2], for instance) established
that if f is a measurable function on R™, n > 1, for which

f(2)] < Ce=@l= | F(f)(@)| < Ce Pl zeR™,

where «, [3 are positive real numbers such that a5 > 1/4 and F(f) denotes
the Euclidean Fourier transform of f defined by

FO@ = [ ey, ser,

then f = 0. A version of this property in symmetric spaces of non compact
type was established in [25, Theorem 3].

We now state a Hardy type result for Hankel transforms.

Proposition 3.3. Let o, 5 > 0 and let f be a measurable function on
(0,00). If o8 > 1/4 and, for every x > 0,

1f(@)] < Ce ™ and |h(f)(x)| < Ce P*",

then f = 0.

PROOF. By taking into account that |z7#J,(z)| < Cel™=I| 2z € C,
([24, Lemma 4)), it is sufficient to proceed as in the proof of the Hardy’s
result ([11, §3.2] or [25, Theorem 3]). O

As a consequence of Hardy theorem for Hankel transforms (Proposi-
tion 3.3) we prove, in the spirit of [25], an uncertainty principle associated
to Laguerre expansions.

Proposition 3.4. Let f be a measurable function on (0, 00) such that
f@)| < Ce,  xe(0,00),
and

(14) [(f, o)l < Ce P, neN,

for some «, 3 > 0. Ifoatgh% > i then f = 0.
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Proor. It is clear that f € Ly, N Ly ,. Then we have that

(15) F= (f. ¢!k,
n=0

in the sense of convergence in Ly ,. Moreover, according to (9) and [19,
Theorem 3], it has

o0

(16) h(f) =Y (s hu(=1)" ¢k,

n=0

where the convergence of the series is also understood in Ls ,. On the
other hand, (14) and [10, Corollary 2.2] imply that the series in (15) and
(16) converge absolute and uniformly in x € [0, 00). Hence, it follows that

h(F)(@) =Y (i dh)u(=1)"dh(x), @€ (0,00).
n=0
Then, Cauchy—Schwartz’s inequality leads to
00 1/2 , o0
h@) < (S 1trom,1) (31008, 10k
n=0 n=0

an <o(y ) " (e o) 1/2,

n=0 n=0

x € (0,00).

1/2

By letting z = y and w = e~#/2 in (11) it obtains

> e gl (x)?

n=0
_ 2 G 1+e P 2 _BJ2N—p —mip)2 212ie=P/?
= e et s e e, (e

B P o 14+e B [222eP/? _MI 20202
“aemm o e (T ) T )

z € (0,00),
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where I, denotes the modified Bessel function of the first kind and order
w ([31, p. 77]). According to [31, §3.71 (9)] we have

< P12 L o=B/2 _ o
(18) Z e ek (x)? < Cexp{ —a? oBI2 _ o—B/2 }

n=0
< Cexp{ —x%ghi}, x € (0,00).

Hence, from (17) and (18) it deduces that

|hu(f)(z)] §C’exp{—x2tgh§}, x € (0,00).

Proposition 3.3 allows now to conclude that f = 0 provided that
atghg > i. O

We now obtain weighted uncertainty principle for Hankel transforms.
To establish these properties we use weighted Hausdorff-Young inequali-
ties for Hankel transformation. We say that a pair (u,v) of nonnegative
measurable functions on (0,00) is in HY),(p, q), 1 < p, ¢ < oo, when there
exists a constant A > 0 such that

{/OOO u(x)|hu(f)($)|q:p2#+1dx}1/q

(19) 1/

<A { I v(x)f(x)!pw2“+1dx} |

for every continuous and compactly supported functions on (0,00). We
collect some pairs (u,v) of functions in HY),(p,q) for some 1 < p,q < oco.
[19, Theorem 3] implies that (1,1) € HY,,(p,p), for every 1 < p < 2, where
1 represents the function 1(z) = 1, = € (0,00). From [20, Lemma 1] it
deduces that (p(#+3/2=2a=2u=2 5 (\+u+1/2)p=21=2) ¢ IV, (p, q), provided
that 1 < p < ¢ < oo and max{1/p,1/¢'} < XA < u+ 3/2. According to
[14], we say that (u,v) € F  if

sl [T () o) <
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holds, for 1 < p < ¢ < oo, and, in the case 1 < ¢ < p < oo the conditions

LI oy ([ G o) [ [G) e e

and

/OOO (/IZ[tl/Qu*(t)]th>l/q (/;o [t1/2 (3})* (t):|p' dt)l/q' r

e[ (1) @) o<,

hold, where % = % - %. Here, if g is a measurable function on (0, c0), by ¢*
we understand, as usual, the equimeasurable decreasing rearrangements
of g. By invoking [14, Theorem 3] or [13, Theorem 11] if ((ux?*+1)/a,
(vyCrtDA=P1/pP) ¢ Fj,, with 1 < p, ¢ < oo, then (u,v) € HY,(p,q).
In [20, Theorem 1] other conditions on u and v analogous to (20) that do
not involve equimeasurable rearrangements and which imply that (u,v) €
HY,(p,q) are presented.

Next we establish a weighted uncertainty inequality that can be seen
as a modest extension of [9, Theorem 2.2]. By S, we represent the subspace
of § constituted by all those even functions belonging to the Schwartz
space S§. The Hankel transformation is investigated on S, by ALTEN-

BURG [1] (see [12] also).

Proposition 3.5. Let f € S.. If 1 < p, ¢ < oo and (u!'79,v) €
HY, 11(p,q) then

1/p

o0 1/‘1/ [e%¢)
{/ u($)|x2f(x)q/x2u+ldw} {/ ’U(.CL‘)|$2h#(f)($)‘p$2’u+ldx}
0 0
> BB,

being A the constant appearing in (19), when we replace u and p by u'~4
and p + 1, respectively ((u'~%,v) € HY,+1(p, q)).
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PRrROOF. Let f € S.. Then as it is showed in the proof of [9, Theo-

rem 2.2] we have that
/oo $f($)i(f($))$2”+1d$ _ (,u " 1) /°° |f(:[‘)|2$2u+1dl'.
0 dx 0

Hence, Holder’s inequality and [1, §4.1 (3)] lead to

1/¢'

DI < { [l rp e

[e’) 1 1 d q 1/q
X {/0 7u(:1:)1/q’ (mdm) f(z) x2u+1d:c}

00 1/q
= {/0 u(az)]w2f(x)|q/$2”+1da:}

0o q 1/q
X {/ x2“+1dx}
0

<a{/ wu(an)|x2f<x>rq’x2““dx}l/q/{ [ @l n@paa

u@;/ Py (52 () () ()

and the proof is completed. O

If g € Ly(R) and [7_|g(x)|*dz = 1, the entropy E[g] of g is defined

by
Bl = [ g loglg(a)lds,
HIRSCHMAN [21] established that
(21) EllgP’] + E[|F(9)]*] < En

where Fy = 0 and F represents the Fourier transform on R. Moreover, he
conjetured that Eg = —1 +1log 2. This can be proved by invoking a sharp

form for the Hausdorff-Young inequality for the Fourier transform ([3]).
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HERzZ [19, Theorem 3] established a Hausdorff-Young inequality for
Hankel transformation. That is, for every 1 <p <2 and f € L, , it has

| (@ o-vasias
(22) ’ (oo 1/(p—1)
<@ [ iropea
0

Later, FITOUHI [16] established a Hankel version of the Babenko in-
equality ([3, Theorem 1]). In [16, Theorem 4.1] it was proved that, for
every l <p<2and f € L,,,

(23) / Iy () (@) [P/ P D20+
0
e (oo 1/(p—1)
< [P/ (- )] 2T (4 1)) 7 {/ ‘f(ﬂs)!pa:Q“Hd:c} .
0

Equality in (23) holds when f(z) = e~ , 2 € (0,00). Thus (23) is a
sharp Hausdorff-Young inequality for Hankel transforms.

By using (23) we now obtain an entropy inequality for Hankel trans-
forms that can be seen as a Hankel version of the Hirschman’s inequal-
ity (21).

Proposition 3.6. Let f € Ly, N Ly,. If ||f||2,, =1 then

/ () ()2 og [y () ()] da

e M(p+1

+ [T 1@ gl (@l o < ~(u+ 1) - tog | FUED
0

PROOF. To prove this inequality we can proceed in a standard way

([4]). It is sufficient to differentiate both sides in (23) and then to consider
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