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Norming operators for generalized domains
of semistable attraction

By HANS-PETER SCHEFFLER (Dortmund)

Abstract. It is shown that the norming operators of a measure belonging to the
generalized domain of semistable attraction of a full operator semistable law can be
embedded into a regularly varying sequence of linear operators. This powerful property
is then used to show stochastic compactness results of the partial sum.

1. Introduction

Suppose that X, X1, Xo,... are independent and identically distrib-
n

uted random vectors on R? with common distribution p. Let S, = > X;
i=1

denote the partial sum. We say that p is in the generalized domzc;in of
semistable attraction of a full (that is not concetrated on any proper hy-
perplane) measure v, if there exists a sequence of positive integers k,, — oo
with k,41/kn, — ¢ > 1, linear operators A,, and nonrandom vectors a,
such that

(1.1) AnSy —an =Y

where Y has distribution v. Here = denotes convergence in distribution.
We write 1 € GDOSA(v, ¢) if (1.1) holds.

If ¢ = 1 then by a result of JAJTE [5] v is operator stable. In this
case we can set k, = n in (1.1) and the in this case called generalized
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domains of attraction were characterized by MEERSCHAERT [10]. On the
other hand, if ¢ > 1 then by [5] v is (B, ¢) operator semistable, i.e. satisfies

(1.2) V¢ = Bu * §(b)

for some invertible linear operator B and some vector b € R?. Here v is
the c-fold convolution power of the (necessarely) infinitely divisible law v,
(Bv)(A) = v(B~!A) for all Borel sets A C R?, % denotes convolution
and 6(b) denotes the point mass in b. We say that v is (B, c) operator
semistable if (1.2) holds.

In this case the generalized domains of semistable attraction were
characterized in [11] and [14]. Earlier, the author [15] investigated the
special case of norming by scalars, A, = a,I for some a,, > 0, and the
case of “vector norming” where every A,, is assumed to be diagonal.

In this paper we analyse the norming operators 4,, in (1.1). We show
that the sequence (A4;,) can be embedded in a regularly varying sequence
(Bp) of linear operators; that is A,, = By, and By, B,' — A™F where
F is closely related to the limit distribution . This embedding property
leads to a new proof of the spectral decomposition for generalized domains
of attraction in [13].

Then we investigate the asymptotic behavior of the whole sequence
of partial sums (S, ),. We show that for some linear operators B,, and
nonrandom vectors b,, the sequence (B,,S,, —b, ), is stochastically compact
and describe its limit set. Furthermore, we show that the sum of the radial
projections of the X; onto a fixed direction 6 is stochastically compact.
All these results give additional information on the properties of random
vectors attracted to operator semistable laws. They will enable us in [19] to
prove large deviation type results as well as laws of the iterated logarithm.

2. The embedding property

Before we state the so-called embedding property for generalized do-
mains of semistable attraction we first need to restate some results and
notation.

A result in CHORNY [3] states that the operator B in (1.2) can be
chosen in the image of the exponential mapping of the Lie group GL(R?).
Here t = exp(Alogt) for t > 0 and some d x d matrix A, where exp(4) =
Y oreo A*/k! denotes the usual exponential mapping on the Lie group
GL(RY).
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Theorem 2.1 (CHORNY [3]). Assume that v is a full (B, c") operator
semistable law for some ¢ > 1. Then there exists an exponent FE and a
c € {c,*} such that v is (c¥,c) operator semistable. All eigenvalues of
E lie in the half plane {Rez > 1}. Furthermore, the measure v can be
decomposed into a convolution product v = vy * vy of two measures vq
and 19, concentrated on E-invariant subspaces W1 and Ws, respectively,
and such that R¢ = W, & Ws, vy is a full normal law on Wi and vy is
a full operator semistable law on Wy having no normal component. The
eigenvalues of E|w, have real part equal to % whereas the eigenvalues of
Elw, are contained in {Rez > 3}.

Since in view of Theorem 2.1 we might have to square ¢ to get an
exponent E one may ask whether this affects the corresponding general-
ized domains of semistable attraction. The following Lemma shows that
GDOSA (v, c¢) = GDOSA(v, ¢?), so when dealing with operator semistable
laws and their generalized domains of semistable attraction we can assume
without loss of generality that v is (c¥, ¢) operator semistable. Unless oth-
erwise stated, we will assume this throughout this paper.

Lemma 2.2. Assume that v is a full (B, c) operator semistable law
for some ¢ > 1. Then GDOSA (v, c) = GDOSA(v, ¢?).

PRrROOF. Note that by passing to the subsequence of even numbers
one inclusion is obvious. Assume now that p € GDOSA(v,c?). Then
there exists a sequence (k) of natural numbers tending to infinity with
Eni1/kn — c%, linear operators A, and nonrandom vectors a,, such that
AppFr % §(—a,) = v. Note that in view of (1.2) we have
B~ % §(—=B~'b) = v. Now we put

n =

; {k‘g ifn=2¢
[cke] ifn=20+1

i { Ay if n=2¢
"\ B4, ifn=20+41
ag ifn=2¢
ap = [Ckg]

——a+ B ifn=20+1.
ke

Then, by considering the subsequences of even and odd numbers sepa-
rately, on easily gets that k,.1/k, — ¢ and

flnM’}" *0(—ap) = v
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showing p € GDOSA(v, ¢). This concludes the proof. O

Suppose now that u € GDOSA(v,c) for some ¢ > 1 where v is a
full (c¥,c) operator semistable law. Let X, Xs,... be independent and
identically distributed according to p such that (1.1) holds for some ran-
dom vector Y with distribution v. Throughout this section we will always
assume that these assumptions hold. We show that the norming opera-
tors A, in (1.1) can always be embedded in a regularly varying sequence
(Bn)n>1 C GL(RY) of index (—E):

A sequence (B,,) C GL(R?) is said to be regularly varying with index
(—FE) if

(2.1) Bpy Bt = AP asn— o0

for all A > 0. The theory of regularly varying functions and sequences
was developed my MEERSCHAERT [8]. Note that by Theorem 2.2 of [§]
the convergence in (2.1) is uniform on compact subsets of {\ > 0}. For
further information on regular variation on GL(R?) see [12]. We call the
above proberty the embedding property of the A,,.

Using a general spectral decomposition theorem for regular varying
sequences of linear operators proved in [12], we then show that the A,, can
be decomposed even further which yields to sharp bounds on the growth
rates of [|A,0|| depending on the direction #. This will lead to a new
proof of the spectral decomposition for generalized domains of semistable
attraction in [13].

Definition 2.3. The symmetry group of a probability distribution p
on R? is defined by

S(p) = {A € GLRY) : Ap = p * 6(a) for some a € R4}.

A result of BILLINGSLEY [1] states that for full probability measures p
the set S(p) is a compact subgroup of GL(R?).

The following result is well known (see e.g. [20] and [7]). We include
it here for sake of completeness.

Proposition 2.4. Let v be a full (c¢¥, ¢) operator semistable law. Then
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Since the symmetry group S(v) is a compact subgroup of GL(R?), for
the remainder of this section we can choose a norm on R? which makes
every element of S(v) orthogonal and we denote by || A|| the corresponding
operator norm. Then if G € S(v) and A € GL(R?Y) we have ||GA| =
|AG|| = ||A||. If A is an element of GL(R?) and C is a compact subset of
GL(R?) we will denote the distance between A and C by

(2.2) |A—C|| = min{|A - G| : G € C}.

Then (1.1) and the convergence of types theorem (see [1]) imply

Proposition 2.5. Let A,, be the norming operators in (1.1) for some
full (c¥, c) operator semistable law v. Then as n — oo

[An145" = PSW)|| — 0.

PROOF. Since A,u*" * §(—a,) = v by (1.1), a straight forward com-
putation using characteristic functions shows that for a suitable sequence
of shifts (a,) we have A, 1puF *6(—al) = v'/¢. Since v¢ = cPv x §(b) for
some b € R? it follows that v'/¢ = ¢~ v % §(—c=Fb/c). Then convergence
of types yields that {A, 114, },>1 is relatively compact with all limit
points in the compact set ¢ ¥S(v). Then every subsequence contains a
further subsequence (ny) and a G € S(v) such that A,,11A;} — ¢ £G.
But then [|An,114,)} — ¢ ZSW)|| < [[An,+14,) — ¢ PG| — 0, which
concludes the proof.

By convergence of types [1], we may replace the sequence A,, in (1.1)
by any other norming sequence of the form C,, = G, A,,, where G,, € S(v)
for all n. Then for some choice of shifts a/,, we still get weak convergence
to the same limiting distribution v.

Before we state the main theorem of this section we first need an
auxiliary result which is also of independent interest.

Proposition 2.6. We can choose the norming operators C,, such that

C’n+1C;1 —c P asn— oo

ProoFr. Let C; = A; and assume that C1,...,C,_1 have been con-
structed. Choose G/, € S(v) such that ||4,C 1, —c FS)|| = [|A.C 1 —
c PG’ ||. By Proposition 2.4 there exists a G,, € S(v) with ¢~ EG!, =



396 Hans-Peter Scheffler

Gnc F. Define C,, = G,;*A,. Then (C,,) is a suitable sequence of norm-
ing operators, and we also have

||CnC;—11 - C_EH = HGglAnC;—ll - C_EH

= HGr_zl(Ancgfll - GnC_E)H

= [A.Crt — PGl

= [AnCrl = ES W)

= [[An AL Grot — T ES()|
min{||4, A1 G,_1 —c G| : G € S}
=min{|| 4,4, ,G,_1 —c GG, 1| : G € Sv)}
= min{[|(4,4,}, — ¢ PG)Gpn_1] : G € S(v)}
= min{||4,4, ", — ¢ FG| : G e Sv)}
= [AnAZL — T ESw)| — 0

as n — oo by Proposition 2.5. This concludes the proof. O

After these preliminary results we are now in position to prove the
main result of this section, the embedding property of the norming opera-
tors A, in (1.1).

Theorem 2.7. Let 1 € GDOSA(v,c) for some ¢ > 1, where v is full
and (c¥,c) operator semistable. Then there exists a sequence (A,) of
norming operators such that (1.1) holds and a sequence (B,,) regularly
varying with index (—FE), such that A,, = By, , where (ky,) is the sampling
sequence in (1.1).

n?

PROOF. In view of Proposition 2.6 we can choose norming operators
(A,) such that A, 1A-Y — ¢ % asn — oco. Now for any n > ki write
n = A(n)kpmn) where k) <n < ky,)+1 and define
(2.3) B, =\n)"FA

p(n)-

Since A(k,) = 1 and p(k,) = n we have By, = A,. Furthermore, since
knt1/kn — c it follows that (A(n)) is relatively compact with all limit
points in the set [1,c].

It remains to show that (B,,) is regularly varying with index —FE. We
show that

(2.4) Bio,n Byt — a P asn— o0
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whenever «,, — a > 0.
Assume first, that a € [1,¢]. Write [a,n] = A[ann])kp(a,n)). We
have to consider several cases separately:

Case 1: Assume p(n) = p([a,n]) along a subsequence (n’). Then we
have A([a,n])/A(n) = [ayn]/n — « and

n) Ay A ()" = ([a”n]>_E —a”

p(n)

B[ann]Bgl = )\([ann])*EAp([an
along (n').

Case 2: Assume p([a,n]) = p(n) + 1 along a subsequence (n’). Then,
along that subsequence A([a,n]) = ([ann]/n) - (kpn)/kpn)+1)A(n). Since
(A(n)) is relatively compact every subsequence (n”) of (n') contains a
further subsequence (n”’) with A(n) — A € [1,¢] along (n"’) and hence
A[ann]) — ac™ X and therefore

Bjo,n Byt = )\([ann])_EAp(n)_,_lA;(ln)A(n)E — (acTIN) T ENE = o7 F

along (n’""). Since every subsequence (n”) of (n') contains a further subse-
quence with this property we get (2.4) along the whole subsequence (n').

Case 3: Assume p([a,n]) = p(n) + 2 along (n'). This case is similar
to Case 2.

Case 4: Assume that p([a,n]) > p(n) + 3 for infinitely many n, say
along (n’). Then for every € > 0 the relative compactness of the sequence
(A(n)) yields for all large n’

no_ A(n)kp(n)
[ann] )‘([O‘nn])kp([ann})

kp(n
S(c—i—s)kf()i?).
p(n

But the left hand side of the inequality above tends to a~! whereas the
right hand side tends to (c + €)c™2 along (n'). Hence o > (1 +¢/c)™1c?
which contradicts o < ¢ if € is chosen small enough.

Case 5: Assume p([ay,n]) = p(n) — 1 along (n’). Then we have
AMlann]) = ([ann]/n)(kpm)/kpm)—1)A(n) and it follows as in Case 2 that
(2.4) holds along (n')

Case 6: Assume p([apn]) < p(n) — 2 along (n’). Then, using the
relative compactness of (A(n)) we get for any ¢ > 0 and all large n’ that

[ann] _ Alann])kp((ann)) <
n A)kpy T

Kp(n)—2 .

k

(c+e)
p(n)
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The left hand side of the inequality above tends to a whereas the right
hand side tends to ¢~ + ec™2 which is a contradiction to a > 1 if € is
small enough.

Therefore every subsequence has a further subsequence (n’) such that
either Case 1, 2, 3 or 5 applies which shows that (2.4) holds for a € [1, ¢].

Now if a > ¢ write & = ac’ for some natural j > 1 and @ € [1,¢).
Furthermore, write a,, = &, c’» where eventually j, > 1 and &, € [1,¢).
Again we have to consider several cases separately:

Case A: If j, = j along a subsequence (n’) then &, — & along that
subsequence. Write

Bia,mBr' = (Blawein Biain) (Blein) Bigi-1,1) -+ (Blem By ')

and note that by the already proved uniform convergence in (2.4) for a €

[1,c] we get
ool , ~1 ~—E
Biaweint Biein) = Bl angia oin] Bloing = &
and for k=1,...,j
-1 _ ~1 )
B[Ckn]B[Ckiln] B B[[c[kc—‘,llt]n] [Ckiln]] B[Ckiln] e

along (n’) and hence (2.4) holds along (n').

Case B: If j, = j — 1 along (n’) then a,, = @,¢~! — ac/ = a and
hence &, — ca along (n’) and since @&, < ¢ and @ > 1 this can only
happen if @ = 1, so a = ¢/. Then

Bio,n By ' = (Blayei-1n) Bl 1) (Biei- 1Bl 2,)) =+ (Blen) By ')
and as in Case A we see that then along (n’)

BiamByt =P (¢ P By = () P =a "

j—1 times

Case C: If j, = j — k along (n’) and k ¢ {0,1} then a,, — cfa €
[c¥, cF+1) along (n') which contradicts &, € [1,c) for all n so this case is
void.
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These are all possible cases, hence it follows that (2.4) holds for any
a>1.

Finally assume 0 < a < 1 and let m(n) = [a,n]. Then n/m(n) =
n/lann] — o=t > 1 and then we get from (2.4) that

1
1 -1 —1 —1\-E E
(B[ann]Bn ) = BuBoty = Bl ] Bty — (07 ="

Taking the inverse on both sides (2.4) follows in this case too and the proof
is complete. O

It will be seen in the following sections that the embedding property
of the norming operators for GDOSA is a powerful tool. Not only to
derive technical results like the spectral decomposition, but also to analyze
the asymptotic properties of the whole partial sum S, = X; +--- + X,
for 4 € GDOSA(v, ¢) in contrast to previously known results which only
consider the subsequence (S, ) for a sampling sequence (ky,).

3. The spectral decomposition for GDOSA

Regular variation on GL(R?), proved for the embedding sequence (B,,)
of norming operators (A4,,) for GDOSA, is the most natural extension of
the one variable theory. It is also the key to the theory of regularly vary-
ing functions and measures, which we discuss in [17] and [18]. The main
purpose of this section is to give a new proof of a structure theorem called
the spectral decomposition for generalized domains of semistable attrac-
tion, using the embedding property along with the spectral decomposion
for regularly varying sequences in [12].

We begin with a preparatory result.

Lemma 3.1. Let F' be a d X d real matrix. Factor the minimal poly-
nomial of F' into fi(z)--- f,(x) where all roots of f; have real part a; and
a; < aj for i < j. Define V; = Ker(f;(F')). Then Vi & --- @V, is a direct
sum decomposition of R% into F-invariant subspaces, and we may write
F=F & - ®F, where F; : V; — V; and every eigenvalue of F; has
real part equal to a;. We will call this the spectral decomposition of R¢
relative to F'.

PRrROOF. This is a special case of the primary decomposition theorem
of linear algebra. See for example [4]. O
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Definition 3.2. Assume that U C R? is a nontrivial linear subspace
and (x,) is a sequence of unit vectors in R%. We write z,, — U as n — oo
if min{||x, —ul :u e UNS1} - 0asn— oo,

The next result is the key to the spectral decomposition and its related
results. It shows that the growth rate and geometry of regularly varying
sequences is very special and closely related to regularly varying sequences
of the form (nf"). In fact if one considers a regularly varying sequence of
the simple form B,, = nf for some index F with spectral decomposition
‘71 @D f/p and real spectrum a; < --- < a, then we get for f)i =
‘71 O D V, using the fact that each f/l is F-invariant:

If # € L; then B,z = nf'z € L; and hence B,x/||Bpx| — Vi -V,
Furthermore, the norm of B, restricted to the subspace L; is controlled
by a;, ie. [[Balg, |l < Cn%+9 for every § > 0, where C is a positive
constant depending only on & but not on n. Then if z € L; we have
| Bnz|| < C|lz||n%*?, so n=?||B,x|| — 0 for all p > a;.

Similar results hold for an arbitrary regularly varying sequence as
shown in the next theorem. The next two results are stated in [12]. We
include them here for sake of completeness.

Theorem 3.3. Suppose (B,,) is a regularly varying sequence with in-
dex F and let R* = V;&- - -@f/p be the spectral decomposition of R? relative
to F. Then there exists a nested sequence of subspaces Ly C -+ C f)p = R4
such that for each i =1,...,p we have

(a) dim L; = dim(V; @ --- ® V;);

(b) if x € L;, then Bpa/||Bpx|| = Vi@ -+ @ Vi;

ifz ¢ L, then B,z/||Bpz| — Vigr & - @ Vy;

if z € L;, then n="||Byz|| — 0 for all p > a;;

ifx ¢ L;, then n=P||Bnx| — oo for all p < a;41.

PROOF. See [12], Lemma 2.3. and [16] for a detailed proof. O

The next result is the basic characterization of regular variation for
sequences of linear operators. Again it is stated in [12]. It will enable us
later to choose norming operators (A,,) in (1.1) which are of a particular
simple type. They are block diagonal with respect to the spectral decom-
position of the exponent of an operator semistable law and this yields a
more detailed description of generalized domains of semistable attraction
as well as to many other results as shown later in this paper. Let us agree
to write D,, ~ By, if D, B! — I.
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Theorem 3.4. (B,,) varies regularly with index F' if and only if B,, ~
D, T for some T € GL(R?) and some (D,,) regularly varying with index F
such that: each V; in the spectral decomposition of R with respect to F
is Dy, -invariant; and D,, = D,(Zl) @D Dép) where each Dg) : f/; — VZ is
regularly varying with index Fj.

PRrROOF. See [12], Theorem 2.4 and [16] for a detailed proof. O

We now apply these results along with the embedding property of
the previous section to obtain some powerful results about the behavior
of the norming operators in (1.1). We assume that v is a full (c¥,¢)
operator semistable law and that © € GDOSA(v,c). As a first corollary
we get the following assertion on the growth rate and geometry of the
inverse transpose of the norming operators in (1.1), which together with
Corollary 3.6 provide crucial information on the growth rate of the norming
operators in any radial direction.

Corollary 3.5. Let u € GDOSA(v,c) for some full (c¥,c) operator
semistable law v with ¢ > 1. Let R = V; @ --- @V}, be the spectral
decomposition of R¢ relative to E. Then for some sequence of norming
operators (A,,) satisfying (1.1), there exists a nested sequence of subspaces
Lic---C Ep = R? such that for eachi=1,...,p we have

if ¥ € Ly, then A\™"||(A%) "tz — 0 for all A\ > c%;

)
)
&) it ¢ L, then (A) "1z |(A) 2] = Vi © - &V
)
) ifx & L;, then \="||(A%) " x| — oo for all A < c%i+1.

Here a; < --- < a, is the real spectrum of E (see Lemma 3.1).

ProoOF. Apply Theorem 2.7 to obtain a regularly varying sequence
(By,) with index (—E), where By, = A,,. Now, taking the inverse transpose
we get

(Bia) '(B;) = A" asn — oo

for all A > 0, i.e. ((B;;)_l) is regularly varying with index E*. Since R% =
Vi" @ --- @V, is the spectral decomposition relative to E*, Theorem 3.3
yields a nested sequence Ly C --- C L, = R? with (B;)~! satisfying (a)-
(e) of that theorem. Note that by (2.3) By, = A, and hence assertions
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(a)—(c) of the corollary are immediate from the corresponding results of
Theorem 3.3. Using the fact that for every 6 > 0 and n large enough we
have (¢")'=% < k,, < (c")'*%, Theorem 3.3(d) implies for = € L;

P (A7) el < kP I(BR,) el — 0

as n — oo for all p > a;. Since § > 0 is arbitrary this implies that
(c?)~™||(Ax)" 2| — 0 for all p > a; which proves (d). The proof of (e) is
similar. This concludes the proof. O

In the proof of the corollary above we applied Theorem 3.3 to the regu-
larly varying sequence ((Bj;)™!) of index E*, where (B,,) is the embedding
sequence of an appropriate sequence of norming operators (A4, ). Apply-
ing Theorem 3.3 directly to the sequence (B,,), which by Theorem 3.3 is
regularly varying with index (—F) we then get the other half of bounds
on the growth rate and the geometry of the norming operators (4,). The
following result was also proved in [13] without using the embedding prop-
erty and Theorem 3.3 but rather proving it directly by applying regular
variation techniques. Since the proof in [13] is quite long and technical,
the approach given here may give more insight to the problem. It also
shows, that the key result to the spectral decomposition for GDOA(v)
in [9], Theorem 4.1 and to the spectral decomposition for GDOSA (v, ¢)
in [13], Theorem 2.1 are in fact equivalent. All that is needed for such a
result is a regularly varying sequence of linear operators or a sequence of
linear operators which can be embedded in a regularly varying sequence.

Corollary 3.6. Suppose that i € GDOSA(v, c) where v is a full (c¥, c)
operator semistable law for some ¢ > 1. Let R¢ =V, @ --- @ V, be the
spectral decomposition relative to E. Then for some sequence of norming
operators (A,) in (1.1) there exists a nested sequence of subspaces R% =
L, >---D L, such that for eachi=1,...,p

(a) dimL; =dim(V; & --- & Vp);

(b) ifx € L;, then Apz/||Apz|| = Vi® - & Vp;
(c) ifx ¢ L;, then Apz/||Apx|| = V1 ®--- D V;_q;
(d) if x € L;, then \"||Anx| — 0 for all A < ¢%;
(e) if x ¢ L;, then \"||A,x| — oo for all X > ¢%i-1.

Here a; < --- < a, is the real spectrum of E (see Lemma 3.1).
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ProOOF. Apply Theorem 2.7 to obtain a regularly varying sequence
(Bn) with index (—E) where By, = A,. Then (—E) has real spectrum
—a, < -+ < —a; with spectral decomposition R = V; @ --- @ V,, where
Vi = Vp—j41 and Vi,...,V, is the spectral decomposition of R? relative
to E. Now apply Theorem 3.3 to obtain a nested sequence L} C - C
L, = R? with (a)—(e) of that theorem. Then if we define L; = L,_ ;1 we
get for each j =1,...,p that
(a) dimL; =dim L, j41 =dim(Vi @ @V, j11) =dim(V; &--- B V,);
(b) if x € Lj = Lp—j+1 then BnQT/HBnl'H ~Vie---8 ‘/;)_j+1 = V} D

e @ Vp;

(c) if z ¢ L then B,x/|Byx| — ‘7(p,j+1)+1 SOV, =Vi® - ®Vj_1;

(d) if x € L; then n™?||B,z| — 0 for all p > —a; which is equivalent to
n?||Bpz|| — 0 for all p < aj;

(e) if x ¢ L; then n™"||B,x| — oo for all p < —a;_; which is equivalent

to n?||Bpz|| — oo for all p > a;_1.

Now the proof of Corollary 3.6 is almost identical to the proof of
Corollary 3.5 and therefore omitted. O

Now let v be a full (¢, c) operator semistable law and let RY = V| @
--- @V}, be the spectral decomposition with respect to E. The idempotent
operators m; : RY — R? with Im(m;) = V; satisfy m + - + T =1
and m;m; = 0if i # j. Now define v; = 7,;(v), then v; is a probability
measure on RY which is supported on the subspace V;. We call (v, ..., Vp)
the spectral decomposition of v. The restriction of v; to the E-invariant
subspace V; will be denoted by ;. Then it follows that 7; is a full (¢, c)
operator semistable law on V;, where £ = E1 & --- & E,, (see Lemma 3.1).
The real spectrum of E; consists of one single element a;. We will say that
v; is spectrally simple. If a; = %, then 7; is normal and otherwise (a; > %)
7; is a full nonnormal operator semistable law of an especially simple type.

Suppose that 1 € GDOSA(v,¢) and (1.1) holds. In the presence of a
large degree of symmetry in the limit, the norming operators in (1.1) may
exhibit a wild behavior. For example suppose that u is a mean zero finite
second moment spherically symmetric probability distribution on R¢. By
the central limit theorem, (1.1) holds with A4,, = k,, Y21 for any sequence
(kn) with ky,41/k, — ¢ and v centered normal law. But (1.1) still holds
for A,, = kn L/ QUn for any sequence (U,,) of orthogonal transformations.
Alternatively we can replace A,, by any sequence of operators A/, ~ A,.
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Let v = (v1,...,vp) be the spectral decomposition of the limit in (1.1).
As before we will denote by fi; the restriction of p; = m;(p) to V;. If m;
and A,, commute in general (i.e. if Vi,..., V), are A,-invariant subspaces
for all n), then ; € GDOSA(7;,¢) for all ¢ = 1,...,p. This reduces the
analysis of 1 € GDOSA(v, ¢) to the case of a spectrally simple limit.

In general it is too much to expect that the norming sequence (A,,)
in (1.1) is as well-behaved as in the preceding paragraph. For example,
suppose T € GL(R?) and let pug = Tu. Then pg € GDOSA(v,c) and in
fact

Al % 5(by) = v

with A’ = A,T~!. We cannot decompose the sequence (A’) as we did
before. All we can say is that there is another direct sum decomposition
R = Wy & -+ @ W, such that A, (W;) =V for all i = 1,...,p (take
W; = T(V;)). The next theorem says that this kind of a decomposition
is always possible. It follows that for any pg € GDOSA(v, ¢), there exists
a T € GL(RY) such that p = Tuo decomposes into (p1,...,u,) where
i; € GDOSA (7, ¢).

We say that a p € GDOSA(v,c) is spectrally compatible with v, if
there is a sequence of norming operators (A,) such that (1.1) holds and
Vi,...,V, are A,-invariant subspaces for all n.

Theorem 3.7. For any ug € GDOSA(v,c) there exists T € GL(RY)
such that p = Tug is spectrally compatible with v. Equivalently, pg is
spectrally compatible with T~ v.

Even though this theorem was already proved in [13], we will show
here that it in fact follows from the more general spectral decomposition
result for regularly varying sequences of linear operators, Theorem 3.4.

PROOF. Let pug € GDOSA(v,c), where v is a full (c¥,c) operator
semistable law on R?. Apply Theorem 2.7 to obtain a sequence (B,) of
linear operators regularly varying with index (—FE), such that A,, = By, is
a suitable sequence of norming operators for (1.1), i.e. By, puf™ #5(bp) = v.
By Theorem 3.4 there exists a T € GL(RY) such that B,, ~ D,,T and every
V; in the spectral decomposition with respect to E is D,-invariant for
all n. Then p = Ty is spectrally compatible with v. On the other hand
T1visa (¢F T c) operator semistable law and R? = Wy & --- & Wp,
where W; = T~1(V;) is the spectral decomposition of R? with respect to
T-'ET. Tt follows that (T Dy, T)uf™ * 6(T~'b,) = T~ 'v as well as
T~-'D, T(W;) = W;, proving that g is spectrally compatible with T~ 1v.

U
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4. The behavior of the partial sum

In [11] and [14] we described the behavior of the partial sum S,
along certain subsequences (k;,),, of natural numbers. It turned out that if
knt1/kn — ¢ > 1 then the affine normalized sequence (S, ), converges in
distribution to an operator semistable limit. We gave necessary and suf-
ficient conditions on the distribution p of one summand of the i.i.d. sum
S, for that to happen.

In this section we will derive complementary results on the asymptotic
behavior of the whole partial sum (S,,), if g is in the generalized domain
of semistable attraction of an operator semistable law. The main tools we
use in the proofs are the embedding property of the sequence of norming
operators in (1.1) and the spectral decomposition for regularly varying
sequences of linear operators proved in Section 3.

In the process we will consider the behavior of the vector valued sum
Sn = X1+ -+ X, as well as the properties of the projection of S, along
any radial direction. Our results are formulated in terms of stochastic
compactness.

Definition 4.1. Let (Y,), be a sequence of random vectors on RY. We
say that (Y,,), is stochastically compact if (L£(Y},)), is weakly relatively
compact and all limit points are full (resp. nondegenerate if d = 1). Here
L(Y') denotes the distribution of Y.

Suppose that u is in the generalized domain of semistable attraction
of some full (c¥,¢) operator semistable law v. Then (1.1) holds for some
linear operators A,, and shifts a,,. If v is a normal law then we already know
(see [14]) that GDOSA(v,c¢) = GDOA(v), where GDOA(v) denotes the
generalized domain of attraction of v, that is the set of all u such that (1.1)
holds for k, = n. Hence there exist linear operators B, and nonrandom
vectors b, with B,S, — b, = v proving the stochastic compactness of
(BnSn — bp)n. Therefore, in view of Theorem 2.1 in [14], it is enough to
consider the case of a limit v which is not a normal law.

We first consider the vector valued sum S,,.

Theorem 4.2. Suppose X is a random vector with distribution p in
the GDOSA of some full (c¥,c) operator semistable law v, where ¢ > 1.
Then there exists a sequence (B,,) regularly varying with index (—F) and
a sequence (b,,) of nonrandom vectors such that

(Ba(X1 4+ X5) =) oy
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is stochastically compact with limit set contained in

{NEVr i x e (1, d}.

PROOF. Apply Theorem 2.7 to obtain a sequence (B,,) regularly vary-
ing with index (—E) such that A,, = By, is a suitable norming sequence for
win (1.1). Note that by the construction of B,, in the proof of Theorem 2.7
we have B, = A\, FA,, , where we write n = A, k,, and k,, <n < kp, 41.
Then kyt1/k, — c implies that ()\,,) is relatively compact with limit set
contained in [1,¢]. Let b, = A\, A\, Fa,, . Using Lévy’s continuity theorem
we get,

—

(4.1) (An,uk" x8(—an)) (z) — D(x)

uniformly on compact subsets of R%, where p denotes the Fourier transform
of a measure p.
If \,, — X along a subsequence then by (4.1)

(Bup 5 6(=bn) ™ (@) = Bz} e 0

along that subsequence, where A\™Fv* is full since v is full. Since every
subsequence has a further subsequence with this property the result is now
immediate. O

Remark 4.3. (a) It is easy to see that every law v(yy = A" in the
limit set is also (c¥,c) operator semistable. The Lévy measure of V(y) 18
given by ¢(\) = A(\"EF¢), where ¢ is the Lévy measure of v.

(b) If v is not only operator semistable but actually operator stable, it
follows from a characterization of operator stable laws in terms of the Lévy
measure that ¢y = ¢ for all 1 < A < ¢ and hence in this case the limit
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set in Theorem 4.2 is, if we adjust the centering constants b,, if necessary,
just the one point set {v}. This gives a new proof of Theorem 2.1 in [14].
(c) Tt follows from Theorem 4.2 that for any ||f|| = 1 the sequence
((BnSn, 0) — (bn, 0) )y, is stochastically compact with limit set {(Y3,0) : A €
[1,c]}, where L(Yy) = A~ EFv?,
(d) It follows from the proof of Theorem 4.2 that if the centering
constants a, in (1.1) can be chosen to be zero, then b,, = 0 for all n.

In addition to Theorem 4.2 we now consider the behavior of the pro-
jection of S,, along any radial direction . Note that (S,,0) = (X;,6) +
-+ (X, 0) is a sum of i.i.d. random variables. We will normalize (.S, #)
by scalars r, which is different from considering (B,,S,,, #), where we first
normalize by a linear operator and then project. See Remark 4.3(c).

Theorem 4.4. Suppose X is a random vector with distribution p in
the GDOSA of some full (c¥,c) operator semistable law v where ¢ > 1.
Then for all unit vectors § € R? there exists a sequence (r,,) of positive
real numbers tending to zero and a sequence (s,,) of shifts such that

(4.2) (rn Zn}Xi, 0) — S”)nzl

=1

is stochastically compact. Moreover, if R = V@ --- @ V' Is the spectral
decomposition of R¢ with respect to E* and if Ly C --- C L, = R? s
the nested sequence of subspaces constructed in Corollary 3.5 we have:
If0 € L; \ L;_y then the limit set of the sequence in (4.2) is contained in
the set

{<Y)\700> tAE [176]’ to € Vi*7 ”90|| = 1}

where L(Yy) = A"Fv?,

ProOF. Apply Theorem 4.2 to obtain a regularly varying sequence
(By) with index (—E) and shifts (b,) such that (Bn(X1+---+X,) —b,)
is stochastically compact with limit set {\=Fv* : X € [1, ]}

Fix any ||0]| = 1 and let

(4.3) ro = |(B2) 0l

Write (B:)~10 = r; 16, where ||0,]| = 1. Then an application of Theo-
rem 3.3 to the regularly varying sequence ((B;;)’l) with index E* gives
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a nested sequence of subspaces L1 C --- C Ep = R%. Note that these
subspaces are the same as those constructed in the proof of Corollary 3.5.
Then by Theorem 3.3 we infer that 6 € L; \I_/i—l implies 6,, — V;*. Since

(Xi,0) = (B, ' B, Xi,0) = (B X, (B)7'0) = r,, 1 (B, X, 0,),

we get if we let s, = (b, 0,,) that

n n

Fa 3 (X0, 0) = 50 = > (BuXi,00) — (bu0n) = (Ba iXi ~ b, ).

i=1 1=1

Now every subsequence (n’) has a further subsequence (n”) C (n') such
that 0, — 6y € V;* along (n”). Hence h,(z) = (z,6,) — ho(x) = (x,00)
along the same subsequence (n””). Using the fact that every full operator
semistable law has a Lebesque density by [6], Theorem 2.2, we get using [2],
Theorem 5.5 that

Fa 3 (X0 0) = 5 = hu(Ba Y Xi = by ) — ho(Y3) = (Y3, o)
=1

=1

along a subsequence (n") C (n”) such that B, >, X; — b, = Y, along
(n'"). Here, as above, L(Yy) = A™Fv? for some A € [1,¢]. Hence we have
shown that every subsequence (n') has a further subsequence (n’”) along
which we get convergence. This concludes the proof. O

Remark 4.5. (a) Let § € L; \ L;_1 for some i = 1,...,p. It follows
from Theorem 3.3 that for every d > 0 there exists a ng > 1 such that

n—ai—é S /rn S n—ai—i-é

whenever n > ng, showing sharp bounds on the rate at which r,, tends to
zero. This rate will vary along the direction 6.

(b) We can choose s,, = 0 if the centering constants a,, in (1.1) were
zero. See also Remark 4.3(d).
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