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Landsberg spaces with common geodesics∗

S. BÁCSÓ, F. ILOSVAY† and B. KIS∗∗

Dedicated to Professor Lajos Tamássy on his 70th birthday

Abstract. The purpose of the present paper is to investigate two problems in
Landsberg spaces, which are special Finsler spaces. First we prove that a Landsberg
space with a vanishing Douglas tensor is a Berwald space. Further on we will study a
special geodesic mapping of a Landsberg space into a ∗P-Finsler space.

Introduction

Let Fn(Mn, L) be an n-dimensional Finsler space, where Mn is a con-
nected differentiable manifold of dimension n and L(x, y), where yi = ẋi(1,
is the fundamental function defined on the manifold T (M)\O of nonzero
tangent vectors. In the following we assume that L is positive and the
fundamental metric tensor gij = 1

2L2
·i·j (·i= ∂/∂yi) is positive definite.

(Throughout the present paper we shall use the terminology and defini-
tions described in Matsumoto’s monograph [1](2.)

The system of differential equations for geodesic curves of Fn with
respect to the canonical parameter t is given by d2xi

dt2 = −2Gi(x, y), where

Gi =
1
4
giα(yβ(∂L2

·α/∂xβ)− ∂L2/∂xα).

∗This work was partially supported by the Hungarian Foundation for Scientific Research
under grant number OTKA–1653.
∗∗This paper developed in part from an earlier version by the first two authors. It is
presented here, in its revised form, by the first and third authors in memory of their
friend and colleague Ferenc Ilosvay.
(1The Roman and the Greek indices run over the range 1, . . . , n; the Roman indices
are free but the Greek indices denote summation.
(2Numbers in brackets refer to the references at the end of the paper.
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The Berwald connection coefficients Gi
j(x, y), Gi

jk(x, y) can be derived
from the function Gi, namely Gi

j = Gi
·j ; Gi

jk = Gi
j·k. The Berwald covari-

ant derivative with respect to Berwald connection can be written as

(1) T i
j;k = ∂T i

j/∂xk − T i
j·αGα

k + Tα
j Gi

αk − T i
αGα

jk .

Let us consider two Finsler spaces Fn(Mn, L) and F̃n(Mn, L̃) on a
common underlying manifold Mn. A diffeomorphism Fn → F̃n is called
geodesic if it maps an arbitrary geodesic of Fn to a geodesic of F̃n. In
this case the change L → L̃ of the metrics is called projective. As it is well
known, the mapping Fn → F̃n is geodesic (that is the change L → L̃ is
projective) if and only if there exists a scalar field p(x, y) satisfying

(2) G̃i = Gi + pyi ; p 6= 0 .

The projective factor p(x, y) is a positively homogeneous function of degree
1 in y. From (2) we obtain the following equations

G̃i
j = Gi

j + pδi
j + pjy

i pj = p·j(3)

G̃i
jk = Gi

jk + pjδ
i
k + pkδi

j + pjkyi , pjk = pj·k.(4)

The Weyl curvature tensor and the Douglas tensor are invariant under
geodesic mappings (that is under projective changes). It is a well known
result that a Finsler space Fn is of scalar curvature if and only if its Weyl
tensor vanishes ([2],[4]). Thus there arises an interesting question: which
properties are satisfied by Finsler spaces with vanishing Douglas tensor?

Landsberg spaces with vanishing Douglas tensor

Definition 1 ([1]). A Finsler space is called an affinely connected (or
Berwald) space if the coefficients Gi

jk are functions of the position only,
that is the hv-curvature tensor Gi

jkl = Gi
jk·l is zero.

Definition 2 ([1]). A Finsler space is called a Landsberg space if the
condition yαGα

jkl = −2Pjkl = 0 holds good, where Pjkl is the hv-torsion
tensor, and gjk;l = −2Pjkl.

Theorem 1. A Landsberg space with vanishing Douglas tensor is a
Berwald space if n > 2 . (This result can be found in [5] without any
justification. We were unable to find any source of its proof, so we feel
that it is not completely worthless to present a proof here.)

Proof. The Douglas tensor is given by

(5) Dh
ijk = Gh

ijk − (yhGij·k + δh
i Gjk + δh

j Gik + δh
kGij)/(n + 1)
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where Gij = Gα
ijα . If we assume that Dh

ijk = 0, and Pijk = 0, then
contracting (5) by hl

h = (δl
h − lllh) , (where ll = yl/L and lh = ∂L/∂yh)

we get

(6) Gl
ijk =

1
n + 1

(hl
iGjk + hl

jGik + hl
kGij)

(We used here the fact that in any Finsler space Fn (n > 2) condition
Dh

ijk = 0 is equivalent to hh
αDα

ijk = 0 [6].) We consider the identities in
the Landsberg space

Gihjk + Ghijk = 2Chik;j(7)

Gihjk −Ghijk = 0,(8)

where Gihjk = ghαGα
ijk and 2Chik = ghi.k . Substitute from (6) into (8)

we get

Gik =
1

n− 1
Ghik ; G = Gαβgαβ .

(6) can be rewritten in the form

(9) Gihjk =
G

n2 − 1
(hhihjk + hhjhik + hhkhij), Gjk = Ghjk/(n− 1).

From one of the Bianchi identities follows that in Landsberg spaces
Sijkh;l = 0

holds good ([1, (17.17)]), where Sijkl denotes the Cartan’s third curvature
tensor
(10) Sijkh = CihαCα

jk − CikαCα
jh ; Ci

jk = Cαjkgαi .

Differentiating (10) covariantly from (7)–(8) and (9) we obtain

(11) G(hihCjkl + hjkCihl − hikCjhl − hjhCikl) = 0.

Transvecting (11) after the substitution h = l and to j = k, we have

(n− 2)GCi = 0 ; Ci = Ci
α

α,

i.e. the Landsberg space is a Berwald or a Riemannian space. ¤
Problem. Determine all the Finsler spaces which have common geo-

desic with some Riemannian space, that is determine all the Finsler spaces
which admit geodesic mapping onto a Riemannian space.

From Theorem 1 and from Szabó’s [3] result, by which any Berwald
connection is Riemannian metrizable one, follows an answer to the problem
above in the case of Landsberg spaces:

Corollary. In the set of Landsberg spaces only Berwald spaces have
common geodesics with some Riemannian spaces.
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On a special geodesic mapping

A. Moór [7] investigated pairs of Finsler spaces Fn and F̃n in which
the h(hv)-torsion tensors coincide, that is

(12) C̃ijk = Cijk.

We will give an example for this kind of spaces. For this we will need
the following lemma:

Lemma 1. Let there be given two Finsler fundamental functions by

L(x, y) and L̂(x, y) respectively. Then L̃(x, y) :=
√

L2(x, y) + L̂2(x, y) is

also a Finsler fundamental function.

Proof. One has to prove only that L̃(x, y) is a convex function in y,
i.e.

(13) L̃(x, y + ȳ) ≤ L̃(x, y) + L̃(x, ȳ).

We know that

(14) L(x, y + ȳ) ≤ L(x, y) + L(x, ȳ)

and

(15) L̂(x, y + ȳ) ≤ L̂(x, y) + L̂(x, ȳ).

It is enough to prove that

L2(x, y + ȳ) + L̂2(x, y + ȳ) ≤ L2(x, y) + L̂2(x, y) + L2(x, ȳ)+

L̂2(x, ȳ) + 2L̃(x, y)L̃(x, ȳ).

From (14) and (15) we get

(16) L2(x, y + ȳ) ≤ L2(x, y) + L2(x, ȳ) + 2L(x, y)L(x, ȳ)

and

(17) L̂2(x, y + ȳ) ≤ L̂2(x, y) + L2(x, ȳ) + 2L̂(x, y)L̂(x, ȳ).

This shows that we must prove that

2L(x, y)L(x, ȳ) + 2L̂(x, y)L̂(x, ȳ) ≤ L̃(x, y)L̃(x, ȳ)

which is equivalent with the following inequality

L2(x, y)L2(x, ȳ) + 2L(x, y)L(x, ȳ)L̂(x, y)L̂(x, ȳ) + L̂2(x, y)L̂2(x, ȳ) ≤
(L2(x, y) + L̂2(x, y))(L2(x, ȳ) + L̂2(x, ȳ)).
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From this we obtain

(18) 0 ≤ (L(x, y)L̂(x, ȳ)− L(x, ȳ)L̂(x, y))2.

From this it follows (13), for every function we were using is positive. ¤
Using the above lemma it can be easily seen that any sum of Finsler

fundamental tensors is a Finsler fundamental tensor.
Now if L̂ is a Riemannian fundamental function then we get that

(19) g̃ij(x, y) = gij(x, y) + ĝij(x)

is a Finsler fundamental tensor which satisfies (12).
A. Moór studied geodesic mappings between Finsler spaces related by

equality (19) in the special case when

ĝij = 1/2(sirj + risj),

and he gave a sufficient and necessary condition for Fn and F̃n have com-
mon geodesics. Note that it is easy to show that fundamental metric ten-
sors g̃ij(x, y), gij(x, y), and ĝij(x) cannot have the same set of geodesics
at the same time.

Definition 3 ([8]). If a Finsler space satisfies the condition Pijk −
λCijk = 0 the space is called a ∗P-Finsler space. Scalar function λ(x, y) is
given by PαCα/CαCα, where Pα = P β

αβ .

Lemma 2. If we assume that there exists a geodesic mapping between
Fn and F̃n (for which condition (12) is satisfied), then we get

(20) P̃ijk = Pijk − pCijk.

Proof. We obtain (20) by taking the covariant derivative of (12),
using (3), (4) and then contracting by y. ¤

Thus we have the following

Theorem 2. Let there be given two Finsler spaces F̃n and Fn which
are related by condition (12). If F̃n is a Landsberg space and it can be
geodesically mapped onto Finsler space Fn, then Fn must be a ∗P-space,
and the corresponding geodesic mapping is not trivial (i.e. p 6= 0).

Theorem 3. Let be given two Landsberg spaces with the condition
(12). If these spaces have common geodesics, and the corresponding geo-
desic mapping is not trivial (i.e. p 6= 0) then they are Riemannian spaces.

Added in proof. In a personal letter professor M. Matsumoto con-
firmed that Theorem 1 has not yet been proved anywhere. He proposed
the following Lemma and Corollary in order to make the picture more
complete:
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Lemma (Using the notations of [1]). A Finsler space Fn is a Lands-

berg space if and only if Gi
h
jk = Ci

h
k|j .

Proof. If Fn is Landsberg then we have Fi
h
jk= Ci

h
k|j from [1, (18.2)]

and Gi
h
jk = Fi

h
jk from [1, (18.16)]. Conversely, Gi

h
jk = Ci

h
k|j implies

Ci
h
k|0 = Gi

h
0k = 0. ¤

Corollary. For a Landsberg space we have

(1) Ghijk = Chik|j = Gihjk,

(2) Gh
i
jk is indicatory ([1, p. 219]) in all indices,

(3) Ghj = Ch|j .

The authors would like to express their gratitude to professor M. Mat-
sumoto for his valuable suggestions.
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