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Strong convergence theorems for Hp(T X --- X T)

By FERENC WEISZ (Budapest)

Abstract. Multiplier operators on the Hardy space Hp(T X --- X T) are investi-
gated and Bernstein’s inequality for multi-parameter trigonometric polynomials is ver-
ified. We prove that certain means of the partial sums of the multi-parameter trigono-
metric Fourier series are uniformly bounded operators from Hy(T X --- x T) to Ly
(1/2 < p <1). As a consequence we obtain strong convergence theorems concerning
the partial sums. The dual inequalities are also verified and a Marcinkiewicz—Zygmund
type inequalities is obtained for the BMO(T X --- X T) spaces.

1. Introduction

We introduce the d-dimensional Hardy space H,(T x --- x T) by the
L,(T%) norm of the non-tangential maximal function of a distribution on
T9. Tt is known that the trigonometric system is not a basis in L;(T).
Moreover, there exist functions in H;(T), the partial sums of which are
not bounded in L;(T). SwmiTH [10] and recently BELINSKII [1] proved
the following strong convergence result for one-parameter trigonometric
Fourier series:

1 lskf — fl
1 =0
oo logn Z k
k=1
where f € Hy{(T) and spf denotes the k-th partial sum of the Fourier
series. This result for one-parameter Walsh—Fourier series can be found in
SIMON [9].
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Recently the author [12] generalized this result for two-parameter
trigonometric Fourier series by taking the sum over a cone. More ex-
actly, we verified that there exists a constant C' depending only on a > 0
such that

1 lski fll1
b Iskaflh _ |
oenlogm 2 i SCMlme)
27<k/1<2°
(k,))<(n,m)

Note that the space H;(T?) defined in [12] is different from H;(T x T) used
here. With the help of Riesz and conjugate transforms one can show that

Il |y (r2y < || - |y (rxm)- We obtained also the convergence result
1 [skif — flla
- a2 el 0= 0
lognlogm Z ki T as oo
270 <k/1<2%
(k,1)<(n,m)

where f € H;(T?). The analogous results for two-parameter Walsh—
Fourier series can also be found in [12].

In this paper we extend these theorems to the d-dimensional case and
prove an even stronger inequality for f € Hq(T x --- x T):

sk f || £y (T
Z Z L < O ll ()
Hz llogn” 1 k=1 Hz L Ki '

where C' is an absolute constant. From this it follows easily that

y s kS = Fllanmeexn
im — ZZ =0

n—0 Hz 1lognl i=1 ki= Hz 1 ki

1_

whenever f € H{(T x --- x T). We extend these results also to p < 1,
which was unknown even in the one-parameter case.

In the proof we have to use a different method than in [12], we
use the multi-parameter Hardy—Littlewood inequality (see JAWERTH and
TORCHINSKY [8]) and the fact that the maximal operator of the Cesaro
means of a distribution is bounded from H,(T x --- x T) to L,(T%) (see
WEISz [13]).

Moreover, we extend Bernstein’s inequality to multi-parameter trigo-
nometric polynomials. We investigate also multiplier operators and give
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a sufficient condition for the multiplier such that the operator is bounded
on the Hardy space.

I would like to thank the referee for reading the paper carefully and
for his useful comments.

2. Hardy spaces and conjugate functions

For a set X # () let X be its Cartesian product taken with itself
d-times, moreover, let T := [—7,7) and X be the Lebesgue measure. We
briefly write L, instead of the L,(T9, \) space while the norm (or quasi-
norm) of this space is defined by || f||, := (Jpa |f[P dN)/P (0 < p < o0).

For n = (n1,...,nq) € Z% and x = (v1,...,24) € T? set n-x :=
Z?:l niz;. Let f be a distribution on C°°(T¢). The nth Fourier coefficient
is defined by f(n) := f(e="*) where 1 = v/—1 and n € Z%. In the special

case when f is an integrable function then

A 1

fn) = @) Jo flz)em™* dx.

For a distribution f and z; := r;e"™ (0 <r; < 1) let
w(z) = u(re™, ... rge™) = (f* Py x - x P )(x)  (z€TY
where * denotes the convolution and

N k| jrky 1-r?
P.(y) := Z ri®le™ =

k=—c0

(yeT)

1+7r2—2rcosy

is the Poisson kernel. It is easy to show that u(z) is a multi-harmonic
function.

Let 0 < a < 1 be an arbitrary number. We denote by Q,(z) (z € T)
the region bounded by two tangents to the circle |z| = « from e and
the longer arc of the circle included between the points of tangency. The
non-tangential maximal function is defined by

us(z) = ?Zup( )\u(z)\ O<a;<l;i=1,...,d).
z; € a; (T

The Hardy space Hy(T x --- x T) = H, (0 < p < 00) consists of all
distributions f for which u}, € L, and set

[ fll e, == HUI/Q ..... 1/2Hp-
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The equivalence [|u},|l, ~ || fllz, (0 <p < oo, 0 < a; < 1) was proved in
FEFFERMAN, STEIN [4] and GUNDY, STEIN [7].
For a distribution

f Y fmerme

nezd

the conjugate distributions are defined by

d
f(jl ----- Jd) Z (H(_Z sign nl)]l>f(n)€mx (ji =0,1).

nezd \i=1

Note that f(©9 := f. GUNDY and STEIN [6], [7] verified that if f € H,
(0 < p < 00) then all conjugate distributions are also in H, and

(1) £z, = 1799 g, (G =0,1).

Furthermore (see also CHANG and FEFFERMAN [2], FRAZIER [5], DuU-
REN [3]),

d 1
(2) 1fll, ~ D D IFT90,,

i=1 j;=0

where ~ denotes the equivalences of the spaces and norms.
For a distribution f with Fourier series

S fmemt let Pfe S fm)emt

nezd neNd

be the Riesz projection. Then f € H,, if and only if Pf € L, and

3) [z, ~ [1Pfll, (0 <p<o0)

(see GUNDY and STEIN [6], [7]). Moreover, it is known that H, ~ L,
(1 <p<o0).

In this paper the constants C' are absolute constants and the constants
C) are depending only on p and may denote different constants in different
contexts.

JAWERTH and TORCHINSKY [8] proved the following theorem.
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Theorem A. For every distribution f € Hy,

(x> o

i=1 |n| OHZ 1|n’t\/1|2 p

1/p
) < Gyl fllm, (0<p<2).

Denote by s, f the nth partial sum of the Fourier series of a distribu-

tion f, namely,
d i
i) =3 3 fet.

For n € N? and a distribution f the Cesaro mean of order n of the Fourier
series of f is given by

onf = Z Z sef = [* X Kn,)

Hz1nz+1 i=1 k;=0

where

—_

Kon(t) = zmj < - m’i—1> ¢t (meN)

|i1=0

is the one-dimensional Fejér kernel of order m. It is shown in ZYG-
MUND [14] that K,,, > 0 and

(4) /TKm(t)dt:ﬂ (m € N).

The following result is due to the author [13].
Theorem B. If f € Hy, then

F'sup lonflllp < Cpllfllm, — (1/2 <p <o0).
neN

3. Strong convergence results

A sequence (\y;k € Z9) is said to be a multiplier and the multiplier
operator is defined by

Myf(z) ==Y Mf(k)e™ ™.

kezad
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Let (\x; k € Z%) be an even sequence of real numbers, i.e. A, x, ... caky=
A\, for all ¢, = —1,1 and k € Z%. Suppose that there exists K € N¢ such
that A\, =01if k; > K; for some j =1,...,d. Let

Al)\k = Z (_1)61+m+6k)‘k?1+617~~7k‘d+6d
€1,...,eq€{0,1}
be the first and
A2/\k = Z <_1)61+m+6kA1A/€1+61 ----- ka+eq
61,...76(16{0,1}
be the second difference of (Ag).

Lemma 1. Suppose that (\y) is an even multiplier and there exists
K € N% such that A\, = 0 if k; > K; for some j = 1,...,d. If A :=

ZkeNd (H?:l(kz + 1))‘A2)\k| < oo then
IMxfllm, < CpMlflla,  (f € Hp)

for every 1/2 < p < 0.

PROOF. Applying Abel rearrangement twice and Theorem B we get
that

d
IMafll=1 D (H(k‘ﬂrl)) A Neowf|| < CpMlfllm, (1/2 <p < o0).

d \ i=1
keN »

This together with (1) implies that
||(M>\f)"’(j1a~~-yjd)”p _ HM/\f(jlv--wjd)Hp < CpAHf(jlz--~7jd)”Hp — CpAHfHHp

for j; = 0,1 and 1/2 < p < oo. The equivalence (2) proves now the lemma.
Il

Let us consider the function
1 if |t| <1
v(t):=¢ 2—t] 1<t <2
0 if |t] > 2
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and the multiplier operator Van defined by
d 5 )
Von f(z) == Z <HU <NZ> >f(k?)€m'm-
keNd \i=1 !

Lemma 2. If 1/2 < p < oo then

Van flla, < Cpllflla, — (f € Hp).

PROOF. Let \; := H?zl v( %), It is easy to see that A2\, = H?Zl X
A2?y(£L) and so we have

d
> (H(k,- - 1)> |AZ)| = 3¢

keNd \i=1
which proves the result. O

Now we extend the well known Bernstein’s inequality from one- to
multi-parameter trigonometric polynomials.

Lemma 3. Let f be a trigonometric polynomial in the i-th variable
of order N;. If I C {1,...,d}, then for every 1 < p < oo

H(Ha>f fc(HNi)IIpr-

i€l
PROOF. Let us define

ON, ic1(y) == H (KNiil(yi)(e’LNiyi + e—ZNiyi)) (y = (y;, i €1)).
iel

Then by (4), ||¢n, icrli = C and

N;—1
¢Ni,iel(y) = Z Z (H <1 _ |]k\fz‘> (ez(ki+Ni)yi + ez(kifNi)yi) )

i€l |ki|=0 \4i€l

It is easy to see that ¢y, jcr(k) = [Lics % for —N; < k; < N;. Then

(Hiel 8z)f

Hiel N;

proves the lemma. O

ON;ier * f = —
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Our main result is the following

Theorem 1. If f € H, and 1/2 < p <1 then

[p] d N, p
1 S s, kfl!
sup | ———m < f P

where [p| denotes the integer part of p.

PrROOF. To avoid some technical difficulties, we prove the theorem
for two parameters, only. By (3), it is enough to show that

) N M
1 [sea(PID
o - TP PrlP
NSAL}‘iz(logNlogM) ;; g = GlIPTl

whenever f € H, and 1/2 <p < 1.
It is easy to see that

Y& ska(PHIE & (s (Van,zae (PS))E

ZZ (kl)2—p ZZ (kl)?—p

k=1 [=1 k=1 l=1

For fixed z and y, the (k,1)-th Fourier coefficient of

2N 2M

Z Z Skl V2N2M(Pf))( y)ektertn

k=1 =1

is s 1(Van,2m (P f))(z,y). Then we can apply Theorem A and (3) to obtain

2N 2M

S s %Nzg(fﬁ))( y)I”

k=1 I=1

<0//T

Using the notation

Zskl (Vanonm (Pf))(z,y)e Wkt ll“ dt du.
k=1 1=1



Strong convergence theorems for Hp(T X -+ x T) 675

we have
2N 2M 2N 2M k1
kt il kt il
skt (Vanam (Pf)) (2, y)e™ e’ = E E E E apme' e
k=1 =1 k=1 I=1 n=1 m=1
2N 2M 2N+t _ | p(2M+1Du _

- Z_: Z n,m ezt —1 e — ]_—

61(2N+1)t — 11 — evmu

+Z Zanvm et — 1 e _ 1

2N 2M 1 — ewmt 61(2M+1)u -1

anm
et — 1] e — 1

Recall that for the Dirichlet kernel

1 ., 61(2N+1)t -1
Dy (t) := ¢ Ntiezt —

we have

IDy|l1 ~log N and |Dy(t)] < (N eN)

¢
t
(see e.g. TORCHINSKY [11]). Applying this, Lemma 2 and (3) we conclude
that

p p

1(2N+1)t _ 1
¢ dt du

et —1

61(2M+1)u -1

erw —1

|(A)P dt dudx dy = /
T4 T2

ClogNlogM||Pf|y ifp=1,

X |[Van2m(PSI} < {
Coll PLIIS if1/2<p<1.
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For the second term we obtain

(2N+1)t _q p
(B)|P dt du dz dy :/ S
T4 T et —1
1 p
x /11‘ e — 1| Jpo ‘VZN,QM(Pf)(xay) — Vanam (Pf)(z,y + u)‘ dx dy du,

which can be estimated by Cp||Pf||b if 1/2 < p < 1 and, moreover, if p = 1
then by

1 u
Clog N — / Von o (Pf)(x,y +w) dw| dx dy du
|u|<1/M lul Jr=1Jo
1
+ClogN f”‘/gN’QM(Pf)”l du =: (Bl)+(Bg)
lu|>1/M |ul

It is easy to see that (B2) < C'log Nlog M||Pf||;. By Lemma 3,
(B1) < Clog N|[Vananm (Pf)l1 < Clog NP

The estimation of (C) is similar. Let us consider (D).

p

1

et —1

/ Vo 2m (P f)(2,y)
T2

1
D)Pdtdudxrdy =
(D) dt dudedy = | e

T2

T4
—Vonom(Pf)(z,y +u) = Vanom (Pf)(z+t,y)

+ Vanom (Pf)(x +t,y + u)‘p dx dy dt du.

This can be estimated by C,||Pf[|) if 1/2 < p < 1. In case p = 1 we
split the integral with respect to ¢ and u into the integrals over the sets
{1t < 1N, Jul < 1/M}, {t] < 1/N,Jul = 1/M}, {|t] > 1/N, |u] < 1/M}
and {|t| > 1/N,|u| > 1/M} and we denote these integrals by (D), (D2),
(D3) and (Dy), respectively. Applying Bernstein’s inequality we obtain

1

(D) <C / —
1t<1/N Jjuj<1/n [tul

t u
/ / 0105 Van 2nt (PF)( + v,y +w) dv dw( dz dy dt du < C||Pf]|,.
0 JO

X
T2
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Similarly,

(Dy) < C /0 IVanom(Pf)(x+v,y)

|t|<1/N /u|>1/M [tu] Jye
— " Vanom(Pf)(x +v,y+u) dv’ dx dydt du < Clog M||Pf]|;.

(Ds3) can be estimated in the same way. For (D4) we have simply

(Dy) < ClogNlog M||Pfl1,

which finishes the proof of Theorem 1. O

The set of the trigonometric polynomials is dense in H,,, so by the
usual density argument we can easily verify the next consequence (cf.
WEIsz [12]).

Corollary 1. If f € Hy, and 1/2 < p <1 then

Pl 4 P
1 I\Skf f||
I
N (Hz 110gN> ZZ

=1 k;=1 'le

Since || - [l <[ - ||z, , we get
N;
i ———— 3% Hskf fl
N=oo H logN i=1 k=1 ITi- 1]{7

whenever f € Hy, which was proved by SMITH [10] in the one-parameter
case.

We now give the dual inequality to Theorem 1, which is a Marcin-
kiewicz—Zygmund type inequality for the BM O space, where BM O is the
dual of H;. Since the proof is similar to that of Theorem 3 in WEISz [12],
we omit it.

Theorem 2. If g* (k € N9) are uniformly bounded in BMO then

al Skg
> 2

1k

< C sup ||g" || Bmo-
keNd
BMO

sup
N;>2

”M&

H log N; %

Note that the corresponding results for multi-parameter Walsh—Fou-
rier series are still unknown.
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