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In 1986 R. K. TAVAKOL and N. van den BERG [9] were concerned with
the constructive-axiomatic development of the theory of gravity given by
EHLERS, PIRANI and SCHILD (EPS) which allows a transparent relation
to be established between the geometrical structures of the space-time
and the observable physical phenomena. They showed that retaining the
conformal and the projective structures of space-time does not necessarily
reduce its underlying geometry to a Riemannian one, and gave an exam-
ple of a physically motivated non-Riemannian space-time in wich all EPS
conditions hold identically. Recently IAN W. ROXBURGH [8] considered
Finsler spaces satisfying the Tavakol-van den Bergh conditions (T—vdB).
Both papers are concerned with Finsler spaces having the same geodesic
structure as the associated Riemannian space.

The purpose of the first section of the present paper is to show that
the T—vdB is likely to reduce its underlying geometry to a Riemannian one
sometimes, because the second condition (a2) is too restrictive. It seems to
the author that the physical purpose of the metrical generalization will be
fairly achieved by introducing the projective change of metric, instead of
(a2). The remaining sections are concerned with the theory of projective
changes on the basis of A. RAPCSAK’s valuable paper [7], which found the
conditions for Finsler metrics to be projective to a given Finsler metric.

§1. The Tavakol-van den Bergh condition

Let F™ = (M™, L(z,y)) be an n—dimensional Finsler space on a differ-
entiable manifold M™ with the fundamental metric function L(x,y) where
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x = (2') is a local coordinate system and y = (3°) is sometimes written as
2. The Tavakol-van den Bergh conditions for F'™ are given as follows:

(al)  F™ is equipped with L(z,y) given by
(1.1) L2(z,y) = W ay(x)y'y’

where ¢(x,y) is a positively homogeneous function in y of degree zero and
a;j(x) is a (quasi-)Riemannian fundamental tensor.

(a2)  F™ is furnished with a connection such that
(1.2) Gi'=1{i"},

where G % are coefficients of the Berwald connection and {;%} are the
Christoffel symbols constructed from a;;(z).

Remark 1. The condition (al) does not imply g;; = €% q,;, where

gi; are components 9;0;(L?/2) of the fundamental tensor of F™, because

the function ¢ is not assumed to be a function of x alone. The tensor
gi; above does not give a Finsler metric, but a generalized metric, and

the space (M™, g;;) has been considered by some geometricians [4], [5] and
[10]. It is, however, obvious that L defined by (1.1) is certainly a Finslerian
fundamental function because of the homogeneity of ¢(z,y).

gij = €*@Yq;i(x) ... a generalized metric,

L? = eQC(gc’y)aij(m)yiyi ... a Finsler metric.

Remark 2. If we put o = \/a;;(x)y'y’, then (al) is written as L =
@Y e, so that the Finsler metric L may be seen as conformal to the
Riemannian . But (al) never specializes L in the true geometrical sense.
In fact, let L(z,y) and L(z,y) be two arbitrary Finsler metric functions on
the same manifold M"™. Then we get the function e“®¥) = L(xz,y)/L(x,y)
which is obviously positively homogeneous of degree zero in y, and we have

L = @Y [, In particular, if M" admits a Finsler metric L(x,y), then
M™ admits also a Riemannian metric, as is well-known. Therefore any
Finsler metric L(z,y) may be written as (1.1) without any condition.

Remark 3. In the associated Riemannian space (M", a) we have the
Levi-Civita connection {; % }(x), from which we get a Finsler connection
AT = ({; %} (@), y"{+%}(z), 0) (Example 9.1 of [2]). On the other hand,
we get in F" the Berwald connection BI' = (G; %, G";,0) determined from

L(z,y). Then the condition (a2) asserts that these connections coincide
with each other.
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Theorem A (TAVAKOL-van den BERGH [9]). A necessary and suffi-
cient condition for a Finsler space F™ = (M™, L(z,y)) to satisfy assump-
tions (al) and (a2) is for the function c(x,y) to satisfy

(1.3) ¢, = 0;c — 3Tc{,-rs}ys =0.

Remark 4. In (1.3) (;) stands for the h—covariant derivative of ¢(x,y)
with respect to the connection AI' above. Cf. [2], Definition 9.5 and (9.18).

We shall first show Theorem A, based on the following theorem:

Theorem B (OKADA [6]). The Berwald connection BI'=(G; "%, G';,
0) of a Finsler space is uniquely determined from the fundamental function
L(z,y) by the following four axioms:
(1) L-metrical: L,; =0,
(2) (h)h-torsion T; % = G;% — Gy =0,
(3) deflection tensor D'; = y"G,."; — G'; =0
(4)  (v)hv-torsion P'j, = 0xG'; — Gy % = 0.

Remark 5. In (1) above L; = &;L — (9,L)G"; stands for the h-
covariant derivative of L with respect to BT, similarly to (1.3), because
the connection AI' in (M™, «) is nothing but the Berwald connection in
the space.

Then, if we treat the Berwald connection BI' of a Finsler space
F" = (M™, L(z,y)) and put e“®*¥) = L/L for another Finsler space F™ =
(M™, L(z,y)), then BT is also the Berwald connection of the latter, if and
only if BT satisfies the axiom (1): L, = 0 for L, because the remaining
three axioms are satisfied automatically in F™. From I_/;i = ec;L we
obviously get Theorem A.

We shall consider the integrability condition of (1.3). We have one of
the Bianchi identities of BI" as follows:

(1-4) Xi;j;k _Xi;k';j :XTHrijk _Xi-TRrjkv

for Finslerian vector field X*(x,y), where H,';; is the h-curvature tensor
and R" i, = y*H' i is the (v)hv-torsion tensor of BI'. In (1.4) we denote
by (;, -) the h— and v—covariant derivatives with respect to BI'; the latter
being only the partial derivative by y°.

Applying (1.4) to the scalar c(z,y), (a2) implies

(1.5) CTRTjk = 0,

where and throughout the following we shall use ¢, and ¢,s to denote c.,
and c.,.s respectively.
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Further the Euler theorem on homogeneous functions implies on ¢,
(1'6) Cryr - 0 .

Therefore we have the three equations (1.3), (1.5) and (1.6) for c(z,y)
satisfying the Tavakol-van den Bergh conditions.

Ezample 1. TAVAKOL-van den BERGH [9] showed an interesting ex-
ample satisfying (al) and (a2). They dealt with the Finslerian g;; corre-
sponding to a plane wave:

LA(X,Y,u,0, X, Y, i,7) = a(u) X? + B(u)Y? — 200.

Here we shall make some comments to derive their result. Putting (2*) =
(X, Y, u,v), the surviving Christoffel symbols are

{1ty =a/2, {oN) =072, {1's}=d/2a, {273} =0"/28.

The surviving components of the curvature tensor Rj’j:

Ri%3 = aR3tis = o’ )2 — (0/)2/4047
Ry'y3 = BR3%3 = 8"/2 — (8')?/48.
Then (1.3) are written in the form
(1) 0c/0X — c1(o /20)y® — ca(e /2)y* =0,
(2) 9c/dY —ca(B'/28)y° — ca(B'/2)y* = 0,
(3) 9c/Ou—ci(a’2a)y" — e2(B'/28)y* =0,
(4) 0c/Ov=0.
Next (1.5), assuming that both o /2—(a/)?/4a and 3" /2—(3")? /403

do not vanish, are written as

(1.7)

(1.8) cly3 + 04ozy1 =0, 02y3 + C4ﬁy2 =0.

If we put P = —c4 /93, then (1.8) are equivalent to ¢; = Pay?!, co = P3y?
and ¢y = —Py3, so that (1.6) gives

(1.9) cz = —P{a(y')? + B(y*)* — vy} /y® .
As a consequence it is seen that (1.7) reduce to

0c/0X = 0c/dY = Oc/dv =0,
0c/0u = P{a'(y")* + 5'(y*)*}/2.

Thus we have ¢ = c(u, y).

(1.7)
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Now, if we consider the function s(u,y*) = L?/(y3)?, then we have
(9s/0u, 0s/0y") = {2/P(y)*Hdc/du, Oc/dy"),

and, in consequence, c is a function of s [9]. Let us remark that s(u,y*) is
a positively homogeneous function of degree zero in y.

Example 2. We shall consider the well-known Schwarzschild space—
time equipped with the Riemannian metric

(1.10) L*(z,y) = Ri® —#?/R — 12602 — (rsin0)%$?,

where R = 1—2m/r with a positive constant m. Putting (z%) = (¢, 7,0, ¢),
we have the surviving Christoffel symbols:

{i'2} =m/Rr®, {1>1} =mR/r?, {2%2} = —m/Rr?,
{323} = —Rr, {424} = —Rrsin® 0, {233} =1/r,
{2} =1/r, {421} = —sinfcosO, {3*4} =cos/sind.

The surviving components of the curvature tensor Rihjk are
Rotio = 2Ry%93 = 2Ry*9y = —2m/Rr®,
Ri*1p = —2R %13 = —2R1 "1y = —2mR/r?
R3*s4 = 2R3%93 = 2R3" 13 = 2m/r,
Ri’34 = —2R4'14 = —2R4%24 = —2msin® 0 /7.
Then, putting S;; = cthij, we have
S1o = —(2m/r®)(c1y* /R + Reay'),
= (m/r)(c1y® + Resy' /1),
= (m/r)(sin® fcyy* + Regyt /12),
Sa3 = (m/r)(c2y® — cay® | Rr?)
Sos = (m/r)(sin® Ocay® — cay®/Rr?),
Ssq = (2m/7)(cay® — sin? Ocsy?) .

(1.11)

The three equations S12 = S13 = S14 = 0 of (1.5) lead us to
co = —c1y?/R*yY, 3 = —c1r?y? /Ry, cq = —cir?sin? Oyt Ry?

and the last three, Sa3 = Sou = S34 = 0, are only consequences of the
above. The equation (1.6) is immediately written in the form ¢; L?/Ry! =
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0, so that ¢; must be equal to zero and (1.3) implies ¢ =constant. Conse-
quently the Finsler metric must reduce to the Schwarzschild metric.

Now we shall pay attention to the system of two equations (1.5) and
(1.6). They may be regarded as n(n — 1)/2 + 1 homogeneous linear equa-
tions for ¢., » = 1,...,n, and in consequence, the rank of the matrix
consisting of the coefficients R";, and y" must be less than n, if there is a
possibibility to get a non-trivial solution c¢; .

Therefore it may be said that T-vdB is likely to reduce its underlying
geometry to a Riemannian one in almost all cases.

Theorem 1. The Finsler space F"* = (M", L2=e2(*¥)q;(x)y'y?) sat-
isfying the T—vdB condition reduces to

(1) a Riemannian space homothetic to the associated Riemannian
space R™ = (M",a;j(x)y'y’), if R"™ is of non-zero constant curvature, or
it is two—dimensional with non-zero Gauss curvature,

(2) a locally Minkowski space, if R™ is locally flat.

ProOOF of (1). The function ¢ must be constant, as shown by the
following theorem ([2], Theorem 26.5):

Theorem C (MATSUMOTO-TAMASSY). Assume that a Finsler space
F™ with the fundamental function L(x,y) be of non-zero scalar curvature.
If a scalar field S(x,y) on F™ positively homogeneous of degree r in y is
h—covariant constant, then S is necessarily equal to sL" with a constant s.

Our ¢(z,y) has r = 0 and (1.3) shows that it is h—covariant constant,
so that c is necessarily constant.

PROOF of (2). From the assumption of local flatness it follows that
there exists a covering by coordinate neighborhoods in each of which the
components a;; are all constant, so that the equation (1.3) reduces to

dc/0z* = 0 and we have ¢ = ¢(y). Therefore the fundamental function L
of F™ is a function of y alone, that is, F'" is locally Minkowski.

§2. Rapcsak’s fundamental theorem

We consider the Berwald connection BT = G, %, G";,0) of a Finsler
space F'" = (M™, L(z,y)). Let g;;(x,y) be the fundamental tensor 0,0, F,
F = L?/2. The connection coefficients are given by G'; = 9;G" and
G; b = 8kGij, where G; = ¢g;-G" are defined as

Gi = (y"0;0,F — 0;F)/2 = {y"(8; LO, L + L;d,.L) — L;L}/2.

Thus, if we introduce the operator I'; for a scalar field S(x,y) as

(2.1) T,(S) = {y"(9:98,5 + 59;0,5) — 59;5}/2,
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then we have I';(L) = G; for the fundamental function L.
Denoting by (; .-) the h— and v—covariant derivatives in BI', we have

S =08 — GQ@TS and S.; = 818 We shall also use the simple symbols
Si = Sz and Sij = Szg Substituting 815 = S;i + STGTZ' in (21) and
introducing the operator A; as
(22) AZ(S) = S;i — S;f,,.iyr,
we obtain the expression of I';(.S) as follows:
(2.1) 2I°;(S) = S,05; — SA(S) + 2(SSir + SiS,)G".
We shall further define the operator A;; = 3j A
(23) A”(S) = S;i-j — S;j-i — S;r~i~ij-
We have for BI' the following commutation formulae of covariant differen-

tiations: .
Siig =55 =0, Sijk — Siky; = —5rGi ik,

)

where the hv—curvature tensor G; " of BI' is symmetric in the subscripts
and satisfies G; Tjkyk = 0. Thus we have in (2.3) S, ;y" = Sipjy" =
Sijry”. Consequently we have A;;(S) of the form

(2.3") Aij(S) = Sji — Sisj — Sijwy"

~ Now we are concerned with two Finsler spaces F"* = (M", L) and

F" = (M™, L) on the same underlying manifold M". From A;(L) = G;
in F™ and (2.1") we get

2G: = Lioly — LAL) + 2(har + 1i1,) G,

where I; = L.; and h;, = LL.;., are the normalized supporting element
and the angular metric tensor of F™ respectively, so that h;, + [, is equal
to the fundamental tensor g; of F™. Then, transvecting the above by g/,
we obtain the general relation between G7 and G”:

(2.4) 2G7 = 2G9 + Loy’ /L — Lg" A;(L).

Proposition 1. We have the relation (2.4) between the quantities G
and G’ of Finsler spaces F™ and F™ on the same underlying manifold.

We shall consider a change L — L of the metrics. The change is called
projective, if any geodesic of F" = (M™", L) coincides with a geodesic of
F™ = (M™, L) as a set of points and vice versa. Then F" is said to be

projective to F™ [1], [7]. As is well-known, the necessary and sufficient con-
dition for a projective change is that there exists a positively homogeneous
function P(x,y) of degree one in y satisfying

(2.5) G'=G"+ Py".
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P(z,y) is called the projective factor. Therefore we have to examine the
last term of (2.4) for a projective change.
From (2.5) we have

(2.6) G, =G';+ Py’ + P8, Pj=P;,
and the metricity condition E;g = 0in F™ is written in the form

8211 - l_r(Gri + Piyr + Pd;) = E;i - (I'/P)Z = 0,
from L.; = l;, l,y" = L and E;i = 0,L — L.;G";. Consequently we see
A;(L) = (LP).; — (LP).,.;y" which is equal to zero from the homogeneity
Conversely, A;(L) = 0 leads us to the form (2.5) from (2.4), where we
have P = L.o/2L.
We shall show other forms of the condition A;(L) = 0. From (2.3)
we have

Ayi(L) = Ly — lijy — lijwy"
where we put l_ij = l_i.j . In the above the term l_j;i - l_i;j is skew-symmetric,

while ;54" is symmetric, so that the condition A;(L) = 0 implies

(2.7) (1) ;=1 =0, (2) Ljyy" =0.

It is, however, shown that (2) is a consequence of (1). In fact, it follows
from the commutation formula that (1) may be written as L.;.; — L.;.; =0
and

lij;ryr = l_i~j;ryr = (l_i;r~j + l_sGiSrj)yr = E;r~i~jyr = E;i»r-jyra

which is equal to zero from the homogeneity of L.;.;, so that we have (2).

Conversely, from L.;; — L.;; = 0 we immediately get A;(L) = 0 by
transvecting by 7.

Therefore we obtain the following fundamental theorem on projective
change of metrics:

Theorem D (RAPCSAK [7]). A Finsler space F™* = (M™, L) is pro-
jective to a Finsler space F™ = (M™, L), if and only if L satisfies one of
the following three conditions:

(1) Al(L) = l__/;i - E;T‘Z’yr = 0,

(2) L=l =0, (3) Luj—Lyi=0.

Then the projective factor P is given by P = l_);O/ZZ_L.
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Remark 6. In the three conditions above only the nonlinear con-
nection (G*;) of BI' appears. It is common to the Cartan connection

CT = (0%, G, C5'x). [2].
Applying (1) and (3) of Theorem D to the form L = e“@¥) [ of L, we
get
Theorem 2. A Finsler space F" = (M™, L) is projective to a Finsler
space ™ = (M™,L = e“@¥) L), if and only if c(x,y) satisfies one of the
following two conditions:
(1) L(C;i - C;Tliyr) = C;()(LCZ' + lz) y
(2) LC;,‘.J‘ + C;Z‘<LCJ‘ + l]) - (Z/j) =0.
Then the projective factor P is given by P = c,0/2.

Thus the condition (1.3) of the T—vdB is eased into (1) or (2) above.
Throughout the following, as in (2) above, the symbol (i/j) stands for the
term(s) obtained from the preceding term(s) by interchanging the indices
iyj.

§3. Generalization of the integrability condition

The integrability condition (1.5) of (1.3) is directly given by the Ricci
identity (1.4), but it is not easy to write the corresponding condition for
the equations of Theorem D. We can, however, derive interesting equations

from them. B
~ First we consider the equation (1) of Theorem D. We get L,;; —

L.,.;;y" = 0, which gives

(3.1) L;z’;j - I_/;r-i;jyr - (2/]) =0.
It follows from (1.4) that

Liyisj = Ly = Lirsj = lijor — WH "5 — Lin R .
Thus (3.1) may be written in the form
31) - l_rRrij - (l_i;j - l_j;i);0+
+1n(H"o; — Hi"0:) + (inR"0j; — [jnR"0:) = 0.
It is well-known [2] that the h-curvature tensor H;"j satisfies the
identities
(1) Ho"y=R"y, (2) Hy=R"iu,

(3:2) (3) H"jx +(i,5,k) =0,
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where (i, 7, k) denotes the two terms obtained from the preceding term(s)
by cyclic permutation of 4, j, k. Then (1) and (3) imply

(3.3) R = H;"op — Hy"o; .

Therefore (2) of Theorem D and (3.3) show that (3.1) can finally be
written in the form

(3.4) iR — (i/3) = 0.

On the other hand, following Rapcsék [7], we have from (2) of Theo-
rem D

(l_w - l_i;j);k + (i,j, k) = _(l_i;j;k - li;k;j) - (iaja k?) =0.
Thus (1.4) and (3) of (3.2) lead us to
(3.5) iR, + (i,7,k) = 0.

We get (3.4) and (3.5) for the projective change, but it is easy to
show that these are equivalent to each other. In fact, the transvection of

(3.5) by y* implies (3.4) and the differentation of (3.4) by y* implies (3.5)
because of (3.2). Consequently we obtain

Proposition [7]. If a Finsler space '™ = (M", L) is projective to a

Finsler space F™ = (M™, L), then the angular metric tensor hij = Z_Ll_ij of
F™ must satisfy one of the equations

(1) hniRt0; = (i/5) =0, (2) hnR"j + (i,5,k) = 0.

Now we shall return to the metric L = (%) [, Then we have

lij = ec{lij + lZ'Cj + ljci + L(Cij + CiCj)}.

Since we have I, R"; = 0 and hp; R";;, = Ro;jk, the equations (1) and (2)
above are written respectively in the form

{Leni + en(Le; + 1)} R — (i/4) = 0,
{Lchi + Ch<LCz' + ll)}Rh]k + (i,j, k) =0.
Putting S;; = cth’ij, as in Example 2, we have
Sijn = cheR"ij + cn Hyj
(Soj).i = cniR"oj + cnR";; + Cth‘hOj -

Therefore, paying attention to (3.3), we can conclude as follows:
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Theorem 3. If a Finsler space ™ = (M™, L) is projective to a Finsler
space F" = (M™,e“®¥) L), then Sij = cthij must satisfy one of the
equations

(1) (Lei+1)Soj + L(Soj).i — (i/7) = 355,
(2) (LCZ‘ + ZZ)Sjk + LSij + (i,j, k) = O .
Consequently the integrability condition (1.5), that is, S;; = 0 is eased
into (1) or (2) above, though they are not the integrability condition.

Ezample 3. We again consider the Schwarzschild space—time which
was dealt with in Example 2. If we put

Sijk = Sije + (1,7, k),  Tijr = (Lei + 1)Sj + (4,4, k),
and further
(3.6) Kis = c19?/R+ Reoy',  Ksy = cay® — sin® Oegy?,
then we have from (1.11)

Si23 = —(3m/r®)Ki2.3, Si24 = —(3m/r®)K12.4,
5134 = (Sm/r)K34.1, 5234 = (3m/T)K34.2.

Next, if we pay attention to

lh = (R/L)y17 ly = _yQ/LR7 ls = _(TQ/L)yga
ly = —(r*sin?0/L)y*,

we have from (1.11)

T123 = —(3m/r3)(L03 + 13)K12, T124 = —(3m/T3)(LC4 + l4)K12,

T34 = (3m/r)(Ley + 1) K3y, Tozq = (3m/r)(Leg 4 12) Kay.
Therefore the equation (2) of Theorem 3 states
(37) (c+loglL).; K12+ Ki2.; =0, Z'. = 3,4,
(c+logL).;jKss;+ K3a.; =0, j=1,2.

Consequently we can conclude as follows:

Proposition 2. If a Finsler space F* = (M*,e“*¥) L) is projective to
the Schwarzschild space—time (M?, L), then the function c(z,y) must be
such that ' )

(1)  e°L(e17/R + Reat) is independent of (0, ¢),
(2)  e°L(c4f — sin? Ocs) is independent of (i,7),
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(3)  ert + o + 30 + cap = 0,
where R =1 —2m/r.

Thus the condition ¢; = 0, obtained from (1.5) and (1.6), is eased into
(1), (2) and (3) above, if, instead of (a2), we consider the projectivity.

84. Projective J—change

We shall apply Rapcsék’s fundamental Theorem D to a [-change
L — L = f(L,3), where 3 is a differential 1-form 3 = b;(x)y’ and f(u!,u?)
is a positively homogeneous function of degree one in (u',u?).

Denoting f, = 0f /Ou® and fu, = 0f,/0u’, a,b= 1,2, we have

L= foBi, Ly = (farly + f22b5) B + fabjsi -
Since the homogeneity implies fo1 L + f203 = 0, we have
L.j = f22B:(bj — Bli/L) + fabj.; .

Thus (3) of Theorem D leads us to

Theorem E [3]. A 3-change L — L = f(L,3), 8 = b;(x)y, is pro-
jective, if and only if f(L,3) satisfies
(4.1) 2f2Fij = foa(B:Bj — B,5Bi),
where we put F;; = (b;;; — bj.;)/2 and B; = b; — 8l; /L.

We shall apply Theorem E to the projective change L = o — L =
el e, treated in Theorem 2, where L is a Riemannian metric a =
(ai;(2)y'y?)Y/? and c(a, B) is assumed to be a positively homogeneous

function of degree zero in « and 3. In this case we have [; = da/dy’ =
a;py" [a. Putting y; = a;y” and cg = 0c/9f3, (4.1) is written in the form

(4.2) 2¢5fi; = (cap + ) {B.(bj — By, /a®) — (i/5)} .
Transvecting (4.2) by 3*, we have
(4.3) 2c5F0; = Bo(cas + c5) (b — By;/a®),

which corresponds to (1) of Theorem D. Then assuming (3.9 # 0 and ¢z # 0,
(4.2) may be written in the form

ﬁ;OFij = ﬁ;iFOj - ﬁ;jFOi )

This is a quadratic polynomial in y?, because 3.; = bp,.;y" and Fo; = Fpy".
Thus it is equivalent to

(4.4) (bhk + br;n ) Fij = by Frj + broiEny — (4/7) -

Consequently we obtain
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Proposition 4. The change o — e“(»Pq is projective, if and only if
B = bi(z)y" and c(«, () satisfy (4.2) or (4.3). In this case we have (4.4),
provided that 3.0 # 0 and cg # 0.

Ezample 4. If 8 and c(«, 3) satisfy
(1) Fy; =0, (2)  epptcs=0,

then (4.2) obviously holds and the Finsler metric e(*?a is projective to
the Riemannian metric .. (1), a condition for 3, shows 0;b; — 9;b; = 0,
so that b;(x) is locally a gradient vector field. (2), a condition for ¢(a, ),
is written as cgg/cs + cg = 0, which is integrated to obtain log(cg) + ¢ =
log A(a) and further e“(®#) = A(a)B + B(a), where A(a) and B(a) are
functions of « alone, positively homogeneous of degree—1 and 0 respec-
tively, so we have A(«a) = ko/a and B(«) = ky with constants ky and ks.
Consequently we obtain a special («, §)—metric [2]:

e @P o = ko + ko3,
which is of the Randers type.

Ezample 5. 1f we assume c¢(«, ) = a7 (", r # 0, then (4.3) is written
in the form

(4.5) 202 BFy; = Bo(r —1+ra™"8")(a?b; — By;).

(1) Assume that 7 is an odd number. Then a” is irrational in y°.
Hence (4.5) must imply 8.0 = 0 and we get Fy; = 0. B = bijy'y? =0
shows bi;j + bj;i = 0. F()j = (bi;j - b]Z)yZ/2 = 0 shows bi;j - bj;i = 0.
Therefore we get b;;; = 0 and then (4.5) holds.

(2) Assume that r is a positive even number. Then (4.5) is rewritten
in the form

(4.6) 20" 2 BFy; = Bo{(r — 1)a" + 18"} b; — By;) .

In this polynomial in y°, we observe that only the term B.o(r8")(—03y;)
does not contain o?, so that we must have z; = z;.(z)y" satisfying (i)
B.oy; = a?z;. Further only the term B.(r — 1)a” (a?b;) does not contain
B, so that we must have u; = u;,(x)y" satisfying (ii) B.0b; = Bu;. Then,
substituting from (i) and (ii), (4.6) is written as

20" Fy; ={(r —1)a" +rB" Hu; — 2;),
which obviously implies u; — z; = 0 and Fy; = 0. The former shows
5;0(04253' — ﬂyj) =0, so that we have ﬁ;o =0.

(3) Assume that r is a negative even number —s. Then (4.5) is written
in the form

(4.7) 2042/6’5+1Foj =—LB.o{(s+1)8°+ sas}(a2bj — By;) -
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Similarly to (2), we easily get 5,0 = 0 and Fp; = 0.

As a conclusion, if we assume c(a, ) = a~" 3" with a non—zero integer
r, then we must have b;;; = 0. Compare with Roxburgh’s paper [8].
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