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Approximately multiplicative functions

By GREGOR DOLINAR (Ljubljana)

Abstract. We consider the inequality | f(ts) — g1 (t)g2(s)| < d, where f, g1, g2 are
real-valued functions defined for nonzero reals. In the special case g1 = g2 our result is
reduced to Semrl’s generalization of Baker’s result on the superstability of multiplicative
functions.

1. Introduction and statement of the result

The stability of functional equations was first studied by ULAM who
posed the stability problem in 1940 (see [4, p. 63]). For Banach spaces
and approximately additive mappings this problem was solved by HYERS
in 1941 [2]. He showed that if § > 0 and f: X — Y is a mapping between
real Banach spaces such that

[f(x+y) = flz) = fll <9, z,yeX,

then there exists a unique additive mapping g : X — Y with ||f(z) —
g(z)|| < 0 for all x € X. One can consider approximately multiplicative
mappings instead of approximately additive ones. BAKER [1] proved that
the so called superstability phenomenon occurs in this case. More precisely,
if 0 >0and f:R\ {0} — R satisfies

(1) [fts) = f(O)f(s)| <6, t,s e R\{0},

then f is either multiplicative or bounded by |f(¢)| < (14 /1 +40)/2 for
every nonzero real t.
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Recently, SEMRL [3] proved that a bounded solution of (1) must be
either close to the function sign ¢ or to one of the constant functions h(t) =0
or h(t) = 1. Moreover, Semrl also considered inequality (1) with two
functions involved instead of one and obtained the following result [3,
Theorem 3].

Proposition. Let 6 > 0 and let f,g : R\ {0} — R satisfy
[f(ts) —g(t)g(s)| <6, t,s € R\ {0}

Then either there exist a real constant ¢ and a multiplicative function
k:R\ {0} — R such that

f(t) = k()] <6, g(t) = ck(t), teR\{0},
or f and g are bounded. More precisely:
F(OI <36, |g(t) <2v4, teR\{0},
or there exist n > 0 and ¢ € R satisfying n(|c| +n) < 0 such that either
f(t) = +nP[ <6, g(t) —c| <, t e R\ {0},

or

F(t) = (¢ —n°)signt| <6, |g(t) —csignt| <n, t€R\{0}.

It seems natural to go even one step further by considering Pexiderised
version of (1).

Theorem. Let § > 0 and let f,g1,g92 : R\ {0} — R, where g1 and g
are nonzero, satisfy

(2) [f(ts) —g1(t)g2(s)| <6, t,s € R\ {0}.

Then there are two possibilities: either there exist real constants ci, co
and a multiplicative function k : R\ {0} — R such that

|f(t) —crcak(t)] <6, gi(t) = cik(t), te€R\{0}, i=1,2,

or f, g1 and go are bounded functions. In the second case there exist
constants 11, m2 > 0 satisfying mmne < 46 and

(3) fOI<30, |gi(®)| <mi, t€R\{0}, i=1,2,
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or there exist constants c1,co € R, 11,19 > 0 satisfying
(4) 2mmnz + |er|nz + |ez|m < 29,

such that either

(5)  |f(t) —crica +mmasign(gi(1)g2(1)| <6, [g:(t) — cil < i,
or

|f(t) = (c1c2 — mm2 sign(g1(1)g2(1))) signt| < 4,
|9i(t) — c;signt| <

(6)

for every t € R\ {0}, i = 1,2. If g1 = go, then we can choose constants in
such a way that n1 = 1o and ¢; = cs.

Remarks. By (4) it follows that mm2 < §, so (5) implies that f(t)
is near c¢jcy and (6) implies that f(¢) is near cjcosignt. Our theorem is
formulated in such a way to draw the analogy with Semrl’s Proposition,
which is obtained as a special case of our theorem when g; = go.

Also note that 7; and 7y are not both necessarily small. For example,
functions

gl(t):{q m ift<0 ) _5ﬂ

, t)=— and t) =
cg+m ift>0 g2(0) m J) m

satisfy the equation (2) for arbitrary ¢; > 1, > 0 and we obtain (5) for
Co = 6/771 and N2 = 0.

2. Proof of the theorem

We begin by showing that if any of the functions f, g1, g2 is bounded
then all of them must be bounded. Since g; and gy are nonzero, there exist
ug,uz € R\ {0} such that g;(u;) # 0, i = 1,2. Suppose f is bounded by a
constant M. Then

| [f(tuj)|+6 _ M+6
lg:(t)] < g5 Tgy)

, teR\{0}, i=1,2 j=3—1

meaning that all three functions are bounded. If any of g;, i € {1,2}, is
bounded, then so is f, since

fO] < lgi(t)g; (D] +6, ¢t eR\{0}, ie{l,2}, j=3-1,
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and consequently also g; is bounded.

To prove the theorem we must therefore consider two cases: f, g1, g2
unbounded and f, g1, g2 bounded.

Let f, g1 and g2 be unbounded. Assume that there exists ug € R\ {0}
with g;(ug) = 0. Then

If(t)II‘f(t)gi(uO)gj (j)\ga teR\[0}, ie{l2}), j=3-1

which contradicts the fact that f is unbounded, so g;(t) # 0 for all ¢ €
R\ {0}, i = 1,2. We define three auxiliary functions and a constant

B (R () S

PO R PRy PRV K

Then
|fi(ts) — hi(t)ha(s)| < 61, t,s € R\ {0}

and it follows from h;(1) =1, ¢ = 1,2, that

(7) ‘fl(w — hl(t)’ S (51, 1= 1,2, and ’hl(t) — hg(t)’ S 251, t e R\{O}
So,

(8)  [ha(ts) = ha(t)ha(s)| <[ha(ts) = fi(ts)| + [f1(ts) — hi(t)ha(s)| < 26,

for all t,s € R\ {0}. Let us show that hq(t) = ho(t) for all t € R\ {0}.
Suppose, on the contrary, that there exists so € R\ {0} such that ha(sg) =
hi(so) + €, € # 0. Then by (8)

|h1(tso) — ha(t)(hi(so) +€)| < 261, t € R\ {0},
hence

|h1(t80) — hl(t)h1(80)| Z ’hl(t)5| - 261, teR \ {0}
Since hy is unbounded, there exists ¢y € R\ {0} satisfying

|h1(s0)[201 | 461

|h1(t0)‘ ’ ’ ‘€|

If we write ha(tg) = hi(to) + w, then, by (7), |w| < 2§;. Since by (8)

[ha1(soto) — hi(so)(h1(to) +w)| < 261,
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it follows that

251 + ]hl(so)w] 2 ’hl(toso) — hl(to)h1(80)|
> |h1(t0)5’ — 201 > |h1($0)|251 + 251,

which contradicts the fact that |w| < 261. So, hi(t) = ha(t) for all t €
R\ {0} and
|[f1(ts) = ha(t)ha(s)| < 01

By [3, Theorem 3] there exist a constant ¢ and a multiplicative function
k:R\{0} — R satisfying h;(t) = ck(t) and | f1(t) — c?k(t)| < &;. Therefore

9i(t) = hi(t)g:(1) = cg:(L)k(t) = cik(t), i=1,2,

and

|f(t) — creak(t)] < 0.

It remains to examine the case when all three functions g;, go and f

are bounded. Following the notation used in [3] we denote by

a; = inf{]g; ()] : t € R\ {0}}, b = sup{lgs(t)| : t € R\ {0}},

9 . . s

©) e e )

2 2

Let t € R\ {0}, ¢ > 0 and let s € R\ {0} be such that |g2(s)| < a2 + ¢,
so |f(t)| < |g1(t/s)g2(s)| + 0 < bi(az + €) + d. Therefore |f(t)| <braz+9d
and similarly we show that |f(t)| < ai1ba+90, |f(t)] > a1be — 3§ and |f(t)| >
biaz — 6. Hence |f(t)| < (a1ba + bra2)/2+ 6 = erea — pipa + 9, |f(t)] >
(a1by + brasg)/2 — 0 = ereg — pypa — 6, and consequently

(10) |[f(t)] = erez + papa] <6, ¢ €R\{0}.

If we choose 0 < & < max{by,bs}, then there exist t,s € R\ {0} with
lg1(t)] > b1 — e and |g2(s)] > by — €, S0 e1eq — pipo + 0 > |f(ts)]
lg1(t)g2(s)] —d > (by —€)(ba — ) — 6. We obtain ejes — pipo + 0
biby — & = (e1 + p1)(e2 + p2) — 6, which gives

>
>

2p1pro + ey + egpy < 20.
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We will distinguish two cases. First, let e;eq — 12 < 2. From (10)
we obtain |f(¢)| < 3. Thus |g1(t)g2(s)| < 46 for all t,s € R\ {0} and if
we denote 7; = b;, i = 1,2, we see that 112 < 4. So, in this case we
have (3).

Second, suppose ejes — pipe > 20. Then, by (10), |f(t)| > e1ea —
pipa—06 > 0 for allt € R\{0}. If f(ts) > §, then g1(t)g2(s) > f(ts)—d > 0.
And if ¢1(t)g2(s) > 0, then f(ts) > g1(t)ga(s) — 6 > —0, so f(ts) > 6. In
the same way we see that f(ts) < —d if and only if g1(¢)g2(s) < 0. These
two equivalences are used repeatedly in what follows. Let

Plz{tGR\{O}gl(t)>0} andsz{tE]R\{O}gg(t)>O}

and let us denote for an arbitrary set P the set {—¢: ¢ € P} with —P and
the complement of P with P¢. We claim that either
Pp=-P and P,=—-P, or P, =—PF and P, = —Pf.
If P, = P, = (), then clearly P, = —P; and P, = —P,. Suppose P; = ()
and P3_; # 0,4 € {1,2}. If pe R\ {0} = PZ, then r € P5_; is equivalent
to gi(p)gs—i(r) < 0, to f(pr) < —d and to g;(—p)gs—i(—r) < 0, which is
equivalent to —r € P3_; because —p € Pic. So, P, = —P; and P, = —P;.
We now turn to the case when P; # () and P, # (0. If, on one hand, there
exists p € P N —Py, then r € P, is equivalent to g1 (—p)g2(r) > 0, to
f(=pr) > 9, to g1(p)g2(—r) > 0 and to —r € Py, so P» = —P,. We can
apply the same arguments again to obtain P, = —P; because P, N —P5 is
not empty. If, on the other hand, P, N —P; = (), then for any p € P; and
r € Py we have ¢1(p)g2(r) > 0, hence f(pr) > d and g1(—p)g2(—7r) > 0.
Since —p € PC, it follows that —r € PS. Similarly, for p € P; and r € P§
we see that —r € Py, so Py = —PQC and since P, N —P, = (), we obtain in
the same way that P; = —PC.
Next, we show that

(11) P1 = P2 or P1 = PQC

Suppose 1 € PN Py. If r € Py, then g1(r)g2(1) > 0 and f(r) > 0. It
follows that g1(1)g2(r) > 0 and r € P5. So, P C P, and, by symmetry,
P, C Py, which implies P, = P,. Similarly, if 1 € PIO N PQC , then P, = P,
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and in the same way we prove also the remaining cases where as well as
1€ P NP also 1 € P NP, implies P, = PS.
Further, let us prove that

(12) P e {R\ {0}, 0, RT, R™}.

In order to see this, we examine eight possibilities.

1. Pp=—-P,1€ P, P =P, Ifte P, then gi(t)g2(t) > 0, so
f(t?) > 0, again, g1(1)g2(t?) > 0 and therefore t* € P, = P, because
1 € P. And if t € PP, then f(t?) > ¢ and t?> € P;. Every positive s is
then in P, and since P, = — P, it follows that P, =R\ {0}.

2. P =-P,1ecP, P =P Ifte P, then g(t)g2(t) < 0, so
f(t?) < —6 and t? € PY = P;. And if t € PF, then again f(t?) < —§ and
t? € P;. We conclude once more that P; = R\ {0}.

8. and 4. PL=—-P;,1¢ Plc and P, = Py or P, = PQC. In both cases
we see as before that ¢t € R\ {0} implies t?> € PF. So, PF = R\ {0} and
P =0.

5. P, =—-PF, 1€ P, P =P, Sincet c R\ {0} implies t? € P,
every positive s is in P; and since P, = —P{, every negative s is in P{,
so P =R*.

The remaining three cases can be treated in a similar way. Finally,
it remains to combine (10), (11), (12) and the facts that f(st) > J if and
only if g1(s)g2(t) > 0 and that f(st) < —¢ if and only if ¢1(s)g2(t) < 0 in
order to obtain (5) or (6) where n; = u;, |¢;| = e; and sign¢; = sign g;(1),
i =1,2. It is also evident from (9) that 7 =12 and ¢1 = ¢ if g1 = go.
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