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Group valued g-additive functions
on polynomial values

By 1. KATAI (Budapest) and M. V. SUBBARAO (Edmonton)

Abstract. Let G be an Abelian toplogical group, P(n) = AgnF+- - -+ Ay, A; €7,
Ak >0, f: Ng — G be a g-additive function. It is proved that lim f(P(n)) = o implies
that f is a very special function.

1. Introduction

Let ¢ > 2, q € N, A ={0,1,...,¢g — 1}, G be an additively writ-
ten Abelian group. Let €;(n) be the sequence of the digits in the g-ary
expansion of n, i.e.

(1.1) n=co(n)+ei(n)g+..., ¢cj(n)e€A.

Let Ny be the set of non-negative integers. (a,b) denotes the greatest
common divisor of a and b.

We say that f: Ny — G is a ¢g-additive (G-valued) arithmetical func-
tion, if f(0) =0 and

(1.2) fn) =Y fle;(m)e’)

=0

is satisfied for every n € Np.
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Since €j(n) = 0 for all but finitely many j, thus the right hand side
of (1.2) is considered as a finite sum.

Let A4(G) be the class of g-additive functions.

In a recent paper [1] INDLEKOFER and KATAI proved that there exists
an absolute constant ¢; with the following property: if f(p) = constant
on the set of primes with the possible exception of a subset of relative
density 0, then there is an integer k € [1,¢1] such that kf(ng) = 0 for
every n € Npy.

The conjecture of Gelfond that for the sum of digit function a(n) =
Y. ¢;(n) the sequence a(p) on the set of primes contains infinitely many
odd, and even values remains open. The above result is an affirmative
assertion in this direction.

The problem is interesting for another subsets of the integers, e.g. for
polynomial values.

In this paper we shall prove

Theorem 1. Let P(n) = AgnF + --- 4+ Ayn + Ay, where A; € Ny
(j=0,...,k) Ay > 0. Let G be an Abelian topological group, f € A,(G)

with the property that
lim_f(P(n)) = a,

n—oo

with some a € G.

Then f(P(n)) = f(P(0)) (n € Ny) and there exists an integer v € Ny
such that f(nq") = nf(q") for n € Ny.

Let A be the largest common divisor of the values {Aym"* + ...
«+«4+ Aym | m € No}. Let Ay be the largest divisor of A which is co-
prime to q. Let D1 be the largest divisor of k!Ay which is coprime to q.

If (D1, Ay)=1 then there exists an integer M (> 0) such that f(bg")=0
for every b € A and u > M.

Remark. In the special case P(n) = n* we have that f(bq") = 0 for
every large u, and b € A.

In what follows let B C Ny, G be a compact Abelian group, and f €
A4(G) be such that the set £ of limit points of the sequence {f(d) | d € B}
contains only finitely many elements.

Assume that B = {P(n) | n € No}, P(z) = Agz® + -+ + Az + Ay,
A, € Ny, A > 0. We expect that under the above assumptions there
exist suitable D € N, u € Ny such that Df(ng") = 0 (n € Ny). Here we
prove it for P(n) = n?, ¢ = odd.
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Theorem 2. Let ¢ be odd, ¢ > 2. Let f € A,(G), and assume that
{f(n?) | n € No} is a finite set. Then there exist integers D > 1, R > 0
such that D f(nq*) = 0 for every n € Ny.

Theorem 3. Let ¢ be odd, ¢ > 3. Let f € A,(G), and assume that
the set € of the limit points of {f(n?) | n € Ny} is a finite set. Then
Df(nq®) = 0 with some integers D > 1, R > 0.

2. Lemmata

Lemma 1. Let ¢ > 2, D,Y € N, (D,q) =1, Y > 6D, Y7 = [%]
Assume that f € A,(G), and that

(2.1) f(nD) =0 forn€[0,q¢" —1].

Then f(h) = hf(1) whenever h < ¢¥*. Furthermore, Df(1) = 0.

PRrROOF. Let T € N be defined such that Dg” < ¢Y.

Assume that ny,ns < g7, n1,n2 € Ng and that n; = ny (mod D).
Then we can find some u € [0, D — 1] by which m; =n; +u-¢* (j =1,2)
are multiples of D. Since m; < Dq" < ¢7, from the assumption (2.1) we
obtain that 0 = f(m;) = f(n;) + f(u-¢"), whence the assertion

(2.2) f(n1) = f(ng) if ny =no (mod D), ny,ng < ¢

immediately follows.

Let T'=2Y1+¢(D)+2. Then Y7 < T —Y; — (D), and there is some
integer k for which Y < kp(D) < T — Y;. Furthermore, Dq” < ¢¥. Let
u,v € [0,¢"~1 —1]. By the Euler-Fermat theorem ¢**(P) = 1 (mod D),
therefore by (2.2) we get

(2.3) flutv)=fu)+ f(v-g"P)) = f(u) + f(v).

The assertion of Lemma 1 immediately follows. O
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Lemma 2. Let ¢ > 2, D = D; - Dy, where (D1,q) = 1 and all the
prime factors of Dy divide q. Let u € Ny be defined so that Dy | g*. Let
Z>6D,7Z1=[2],Y=Z+u— [l?fgl?f].

Assume that f € A,(G) and that

(2.4) f(nD) =0 forne[0,q" —1].
Then f(nqg*) = nf(q") holds for every n < ¢#*. Furthermore, Dy f(q*) = 0.

PROOF. Let fy,(n) := f(ng") (h € Np). Then f), € A,(G) for every h.
From (2.4) we have that

0=f <1/-qD> = fu(Dv), ifv<q?.
Dy
Thus Lemma 2 is a direct consequence of Lemma 1. O

3. Proof of Theorem 1

Assume that the conditions are satisfied.
Let ¢ € Ny be fixed. We have

(3.1) P(z+6) =B + BMe 4 -+ B ",
where
B = p(¢), B = P/l(!@, .o, BV = P(:!(E), B{F = 4.
Let € be a small positive number, Ry, ..., Ry be such a subsequence

of positive integers for which Ry < eRp_1 < -+ < e* Ry holds. Let my, be
run over the set of integers up to ¢°**. We define

mig—1 =1+ my - ¢, mp_o =1+mp_1¢"1,..., mg=1+mqg™.

Let 3 := f(B{”) — f(B") = f(P(0)) — f(P(0)).

If € is small and Ry is large, then

(3.2) BYImio < qfo (o =0,.... k1),
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and from
k
P(0+moq") = Z Béj)mgoqjoRO,
jo=0
we have
k
F(P(+mog™)) = 3 F(BImipq™).
Jo=0

Writing this formula with ¢ = 0 as well, observing that Blgk) = Bék),
subtracting, we deduce that

(3-3) F(P(£+mog"™®)) — f(P(mog™))
k k—1
_ Z (f(BéjO)méoqjoRo) _ f(B(()jO)m{)oqjoRo)) _ Z +8.
Jo=0 jo=1

The left hand side tends to zero as moq®° — oco. Let Ag(mg | Ry) be
the sum Z?O_:ll on the right hand side of (3.3).

If £ =1, then this sum is empty, 8 = 0.

We may assume that k& > 1. We have that Ag(mg | Ry) — —0 as
Rk — OQ.

Since

Ao (1 +mig"™ | Ry) = Ao(1 | Ro) + Ao(m1g™™ | Ry)
+A1(m1 | R07R1)7
where

k—1 jo—1 .
_ (do) [ Jo 1 _j1Ri+joR
Al(ml | Ro,Rl) = Z Z <f <B£ <] B 1>m]1 qJ 1+Jo 0)

Jjo=2 j1=1

_f <B(J)'o (;2) mit qj1R1+j0Ro>> '
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For Ry — oo we have Aj(my | Ro, R1) — . We can continue this
process. We obtain that

Ai(my | Ro, R1) = A1(1| Ro, Ry) + A1(maq™ | Ro, Ry)
+ As(ma | Ro, Ry, R3),
where
k=1 jo—1 j1—1

Ag(ma | Ro, Ry, Ro) = > Y > (£(&e(os grs 52)) — £(&olos g1, 42))),

Jjo=3 j1=2 j2=1

and

&1(jo, J1, J2) = B,_Ej) (j.o> (j.l>m%2qj2R2+le1+j°R° (¢ :=1,0).
Ji/ \J2
Furthermore, As(ms | Ro, R1, R2) — —[ as Ry — oo.
Defining Aj,(my | Ro, ..., Rp) similarly, it tends to —(—1)"3. The
largest exponent of my, occurring in the definition of Ax( ) is k — (h+ 1).

We have Akfl(mkfl ’ Ry, .. .,kal) = f(Bék) (kﬁl) ce @)mk,lq”’“> —

f(B(gk) (R'il) ... (?)mk_lq“’@), where o, = Ri_1 + 2Rp_o + - - + kRp.
The right hand side is clearly 0, otherhand it tends to —(—1)*~13,
ie. B =0.
Thus we proved that f(P(¢)) = f(P(0)) for every £ € Ny. Thus

(3.4) f(Ag) = f(P(0)) = f(P(moq"™))
= f(Ag) + f(A1moq"™) + - + f(Arm{id"™),

and so
k

> f(ay ™) =0
Jo=1

Repeating the above argument we deduce that f(Ark!mgf) =0 as

m < q°f,

We shall apply now Lemma 2 with D = k!A; and with f,, instead
of f, where f,(m) := f(mq"). For each integer T' > 0 there exists a bound
co such that if Ry > ¢, then for every n < ¢7, f,, (ng*) = nf,, (¢*) =
nf(qvtor) for every n € [0,q7 — 1].
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Here u is the integer defined in Lemma 2. Since o) takes on each
large integer values when Ry,..., Ry run over all appropriate sequences,
we obtain that there is a fixed v such that

(3.5) f(ng”) =nf(q”) (n € Np).

Furthermore D, f(¢”) = 0.
Let us write m, R instead of mg, Ry into (3.4), and assume that R is
large. By using (3.5), we deduce that

k
0= Z f(AjqujR) = Z AjqujR_v f(qv)
Jj=1

j=1
ie.
(3.6) mg" T (Ay + Agmg® + -+ AmF T gB IR f(gY) = 0.

Let 0 be the order of f(¢”). Then § | D1, (d,q) = 1. Let R be a
multiple of ¢(8), R = jo(6). Then ¢’® = 1 (mod §), thus 6 | Aym +
A2m? 4 - + ApmF for every m € Ng. Thus 6 | Ay, and from (A, D) =1
we infer that ¢ = 1.

The proof of the theorem is finished.

4. Proof of Theorem 2

Let B={f31,...,0s} = {f(n?) | n € N}. Let By C B be the subset of
those (6, which have finite order, and let D be the least common multiple
of their orders. Then, by fi(n) := D1 f(n), f1 € A¢(G), and

D= {fi(n*) | n € No}

is a finite set, it contains zero, all the other elements are of infinite order.
It is enough to prove the assertion for f; instead of f.

Let 0 < m < ¢°/2, s € Ny n =1+m-q° Then f1(n?), f1(1),
f1(m2g%) € D, thus f1(n?) = f1(1) + f1(m?e®) + f1(2mg*), consequently
f1(2mg?®) belongs to the finite set

£=(D+D)-D.
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Arguing, as in the proofs of Lemma 1 and 2, we obtain that there
exists a finite set F such that

(4.1) filmg®) € F,

if S > Sy = a constant, and (1 <)m < % < q*73.

Let 71 C F be the set of elements having finite order, and D> be
the least common multiple of their orders. Let fa(n) = Dsfi(n). Let
.7:2 = {0} U (f\fl)

To finish the proof it is enough to show that either 5 = {0}, or for
every 0 # 3 € Fy the set {bg’ | b € A, £ € Ny, fo(bq") = 3} is finite.

Assume indirectly that there exists some 0 # 3 € Fy for which
f2(bug™) =8 (v=1,2,...) €1 <3 < .... From (4.1) we obtain that for
every S > Sy the interval [S, 2S5 — 4] does not contain more than card(Fs)
elements.

Indeed, if
S <y <lypr < < Llypr <25 —4,
then applying (4.1) with
my = byg™ % 4+ + bu+rq€“+r_5 (r=0,...,7)

fa(m,q®) = rB(€ F). Since the order of 3 is infinite, therefore 713 # 23
if 1 # 1o, thus T+ 1 < card(F).

Let M > 2 be an integer, 1 < v < ¢M~', u = 1+ vq. It is easy
to show that for every v there exists such an n, < ¢ for which n2 = p
(mod ¢™). Let t, be defined from the equation n2 = pu + ¢Mt,.

Let ly41 < M < /ly4o,

Vi =boq e bjadi T (=0, u—1)

n; =1+v;q.
Then nij = [+ thl,j,

(42) f?(nz]):(J+1)ﬂ+f2(thu) (]:0,,U—1)

Observe that fo(g*t,) belongs to the set F + F for large M. Indeed,
if we write t, = (VO) —|—th1(,1), H = [%], 0< t(yo) < q",0< ¢MH then
fo(dMt,) = fo (th(VO)) + /o (qM+Ht,(,1)) and both summands belongs to F.

From (4.2) we deduce that (5 +1)8 (j = 0,...,u — 1) belongs to a
finite set. Thus for M — oo the variable v should be bounded.

The proof is completed.
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5. Proof of Theorem 3

Theorem 3 is an easy consequence of Theorem 2. We shall use the
following notation: For some fixed ¢ consider the sequences

Empr=1 +€qu, Nm,R = €+qu

for such values of m, R > 0 for which 2¢m < ¢*, ¢? < ¢™ hold true.
Then

f(E r) = f(1) + f(2tmg"™) + f(Pm*¢")
fMi r) = F(P) + f(20mg™) + f(m*¢*"),

whence

F) = £Q) = f(nm r) = (& m) = F(mP@*) + f(CPm?¢?").

Each summand tend to £ as mg® — oo, thus
f(£2) —f(hHe&E-E-E+E.

Consequently f(¢2) belongs to the finite set f(1) +& + & — (€ + &),
Theorem 2 can be applied.
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