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Multiple solutions for semilinear hemivariational
inequalities at resonance

By LESZEK GASINSKI (Cracow) and
NIKOLAOS S. PAPAGEORGIOU (Athens)

Abstract. We consider semilinear eigenvalue problems for hemivariational in-
equalities at resonance. First we consider problems which are at resonance in a higher
eigenvalue A\, (with £ > 1) and prove two multiplicity theorems asserting the existence
of at least k pairs of nontrivial solutions. Then we consider problems which are resonant
at the first eigenvalue A1 > 0. For such problems we prove the existence of at least
three nontrivial solutions. Our approach is variational and is based on the nonsmooth
critical point theory of Chang, for locally Lipschitz functions.

1. Introduction

In a recent paper D. GOELEVEN, D. MOTREANU and P. D. PANA-
GIOTOPOULOS [14] studied a class of eigenvalue problems for semilinear
hemivariational inequalities and obtained conditions for the existence
of multiple solutions. Extensions to quasilinear hemivariational inqual-
ities were established by L. GASINSKI and N. S. PAPAGEORGIOU [13].
The resonant case was examined by D. GOELEVEN, D. MOTREANU and
P. D. PANAGIOTOPOULOS in [15] (semilinear problems) and L. GASINSKI
and N. S. PAPAGEORGIOU [12] (quasilinear problems). In both these pa-
pers, we find results on the existence of one solution, but no multiplicity
theorems. The purpose of this paper is to prove theorems on the exis-
tence of multiple solutions for semilinear hemivariational inequalities at
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resonance. This way we extend the work of D. GOELEVEN, D. MOTRE-
ANU and P. D. PANAGIOTOPOULOS [14] to the resonant case (in fact at
the end of [14], the resonant case was mentioned as an open problem)
and also complete the other work of D. GOELEVEN, D. MOTREANU and
P. D. PANAGIOTOPOULOS [15], which deals with resonant hemivariational
inequalities, but does not address the question of multiple solutions. Hemi-
variational inequalities are a new type of variational inequalities, where
the convex subdifferential is replaced by the subdifferential in the sense of
Clarke of a locally Lipschitz function. Such inequalities are motivated by
various problems in mechanics, where the lack of convexity does not per-
mit the use of the convex superpotential of J. J. MOREAU [19]. Concrete
applications to problems of theoretical mechanics and engineering can be
found in the book of P. D. PANAGIOTOPOULOS [21] and Z. NANIEWICZ
and P. D. PaNAaGioTOPOULOS [20]. Also the problems considered here
incorporate the case of elliptic boundary value problems with discontin-
uous right hand side, which have been studied using different methods,
by several researchers. We refer to the works of A. AMBROSETTI and
M. BADIALE [2], A. AMBROSETTI and R. TUNER [3], K. C. CHANG [9],
I. MAssABO [18], C. STUART [23] and the references therein.

Our approach is variational and is based on the critical point theory
for nonsmooth locally Lipschitz functionals due to K. C. CHANG [9]. For
the convenience of the reader in the next section we recall some definitions
and facts from the theory and also from the relevant parts of nonsmooth
analysis.

2. Preliminaries

The nonsmooth critical point theory developed by K. C. CHANG [9]
is based on the subdifferential theory for locally Lipschitz functionals due
to F. H. CLARKE [10]. Let X be a Banach space and X* its topological
dual. A function f : X —— R is said to be locally Lipschitz, if for every
x € X we can find a neighbourhood U of  and a constant ki > 0, such
that | f(y) — f(2)| < kully — z|| for every y,z € U. It is well-known from
convex analysis that a proper, convex and lower semicontinuous function
g: X — R =TRU{+o0} is locally Lipschitz in the interior of its effective
domain domg = {z € X : g(z) < +00}. In analogy with the directional
derivative of a convex function, for a locally Lipschitz function f : X — R,
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we can define the generalized directional derivative of f at x in the direction
h by
fa +th) — f(')

; .

Oz h) Y Yim sup
0
It is easy to check that the function X > h —— fO(x;h) € R is sublinear
and continuous (in fact |f9(x;h)| < k|h||, hence fO(x;-) is Lipschitz).
So, by a corollary to the Hahn—Banach theorem, f°(x;-) is the support
function of a nonempty, closed, convex and bounded (hence w*-compact)
subset of X*, defined by

af(x) L (2" € X*: (2%, h) < fO(x, h) for all h € X},

(see F. H. CLARKE [10], Proposition 2.1.2, p. 27). The set df(x) is known
as the subdifferential of f at we see that when f is smooth, we recover
the classical (PS)-condition (see e.g. A. AMBROSETTI [1] or P. H. RABI-
NOwITZ [22]). Using this extension of the classical (PS)-condition,
K. C. CHANG [9] was able to obtain a deformation theorem, which led
to variational minimax principles. As it was done in the smooth case
by P. BArRTOLO, V. BENCI and D. FORTUNATO [6] (Theorem 1.3), we
can show using their proof (with minor modifications which involve Lem-
mas 3.1 up to 3.4 of K. C. CHANG [9], instead of the corresponding smooth
auxiliary results employed by P. BARTOLO, V. BENCI and D. FORTUNA-
TO [6]), that we can still have the deformation theorem of K. C. CHANG [9]
(Theorem 3.1), under the following weaker compactness condition: “From
any sequence {x},>1 € X such that |R(z,)| < M for all n > 1 and
(14 ||zn|)m(zy,) — 0 as n — 400, we can extract a strongly convergent
subsequence”. We call this condition, the “nonsmooth C-condition” (“C”
standing for G. CERAMI [8], who introduced it). Evidently the nonsmooth
(PS)-condition implies the nonsmooth C-condition.

The following theorem is due to K. C. CHANG [9] and is a nonsmooth
extension of the well-known “mountain pass theorem” due to A. AM-
BROSETTI and P. H. RABINOWITZ [4].

Theorem 1. If X is a reflexive Banach space, R : X ——— R is a
locally Lipschitz functional which satisfies the nonsmooth C-condition and
for some r > 0 and y € X with |ly|| > r we have

max(R(0). B(y)} < inf R(z) = a.
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then R has a nontrivial critical point x* € X with critical value ¢ =
R(z*) > «, which is characterized by the following minimax principle

= inf R
¢ = Inf max (v(7)),

where T £ {y€C(]0,1],X) : v(0) =0, v(1) = y}.

A slightly more general version of Theorem 1 will be needed in Sec-
tion 4. For this we need the following variation of the nonsmooth (PS)-
condition. We say that R satisfies the nonsmooth (PS)-condition at level
c € R, if every sequence {z,},>1 € X such that R(z,) — c¢ and
m(z,) — 0 as n — 400, has a convergent subsequence. If this condition
holds at every level ¢ € R, then we recover the nonsmooth (PS)-condition
introduced earlier.

Theorem 2. If X is a reflexive Banach space, R : X —— R is a locally
Lipschitz functional, there exist r > 0 and y € X with |ly|| > r such that

max(R(0), Ry)} < inf R(z),
and

df .
Y inf R
¢ = Inf max (v(7)),

where T < {v € C([0,1],X) : v(0) = 0, v(1) = y} and R satisfies the
nonsmooth (PS)-condition at level ¢, then

c¢> inf R(x)

l[z|l=r
and there exists ©* € X such that 0 € OR(z*) and R(z*) = c.

The next result on the existence of multiple critical points in the
presence of some kind of splitting, was first proved by SZULKIN (see [24],
Theorem 4.4) for functions R = ® + v, where ® € CY(X) and 1 :
X - R = R U {+c0} is proper, convex and lower semicontinuous.
By modifying the proof of Szulkin and using the deformation theorem of
K. C. CHANG [9], GOELEVEN-MOTREANU-PANAGIOTOPOULOS extended
the result of Szulkin to the case of a locally Lipschitz functionals R (see [14],
Theorem 2.1). So we have the following theorem on the existence of mul-
tiple nontrivial critical points.
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Theorem 3. If X is a reflexive Banach space and R : X —— R is
an even, locally Lipschitz functional satisfying the nonsmooth C-condition
and also

(i) R(0) =0;
(ii) there exists a subspace Y C X of finite codimension and numbers

B,r > 0 such that inf {R(z) : x € Y N0B,(0)} > B where B, = {x €
X ||zl <r}and 0B, ={zv € X : ||z|| =r};

(iii) there is a finite dimensional subspace V of X with dimV > codimY
such that R(y) — —o0, as |ly|| — +o0, fory € V,

then R has at least dim V' — codim Y pairs of nontrivial critical points.
Finally let us recall the Ekeland variational principle (compare

D. DE FIGUEIREDO [11], S. HU and N. S. PAPAGEORGIOU [16], p. 519 or
F. H. CLARKE [10], Chapter 7.5).

Theorem 4. If (Y,d) is a complete metric space and R: Y +— R =
R U {400} is lower semicontinuous and bounded from below, then for any
€ > 0 there exists y. € Y such that

R(y.) < inf R(y) + =,

R(y:) < R(y) +ed(y,ye) Yy €Y, y € ye.

Using the eigenfunction expansion theory for self-adjoint compact op-
erators, we know that (—A, H}(Z)) has a sequence of eigenvalues {\; } x>1
such that 0 < A\ < Ay < A3 < ..., Ay — +00 as k — +oo and the
corresponding eigenfunctions {wy }r>1 form an ortonormal basis of L?(Z).

In what follows, we will denote Vj, il span{wy, wa, ..., wi} for k > 1.

3. Resonant problems at \j

Let Z C RY (N > 2) be a bounded domain with a C!'-boundary T.
In this section we study the following resonant at Ax hemivariational in-
equality:

(RHI) { —Az(2) — \ez(z) € 0j(z,2(2)) ae. on Z,

QJ‘F = 0.
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Our hypotheses on the function j are the following:

H(j)1 j: Z xR+~ R is an even locally Lipschitz integrand (which
means that for all ( € R: Z 3 z +— j(z,() € R is measurable
and for almost all z € Z : R 5 ( — j(2,{) € R is even and
locally Lipschitz), such that:

(i) for almost all z € Z, all ¢ € R and all v(z,() € 9j(z,(), we

have |v(z, ()| < a1(2) + ¢1|¢| with a; € L*(Z) and ¢; > 0;
J(-,0) € L*=(2);

J(Z

(ii

(iii) liminf)¢|— o0 X) > 0 uniformly for almost all z € Z;

J(Z,C)
CQ

(iv) limsup,_, < — A uniformly for almost all z € Z;

)

)

)

(v) there exists 0 < pu <2 such that limsup_ . ¥
% < 0 uniformly for almost all z € Z and all
v(z,¢) € 9j(2,(), with v(-,¢) € L*(Z).

Now we can prove the following multiplicity result for (RH Ij).

Theorem 5. If hypotheses H(j); hold and k > 1, then problem

(RHI}) has at least k-pairs {#x;}¥_; of nontrivial solutions.

PROOF. Let Ry : Hi(Z) — R be the energy function defined by

Ry(z) & 1HV33||2 H I5 - / (2, 2(2)) dz.

From Theorem 2.7.5, p. 83 of F. H. CLARKE [10], we know that Ry, is a
locally Lipschitz functional.

Claim #1: Ry, satisfies C-condition.

Let {z, }n>1 € H{(Z) be a sequence such that | Ry (z,,)| < M; forn >1
and (1 + ||z,|)m(x,) — 0 as n — +oo. We have to produce a strongly
convergent subsequence. To this end let =} € ORy(zy,), for n > 1, be such
that m(x,) = ||z} ||«. Its existence follows from the fact that ORy(x,) is
weakly compact and the norm functional is weakly lower semicontinuous
(so we can apply the theorem of Weierstrass and obtain such z}). Let
A€ L(H}(Z),H 1(Z)) be the self-adjoint, monotone operator defined by

(Az,y) = / (Va, Vy)rn dz  for all z,y € H}(Z).
z
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Here by (-, -) we denote the duality brackets for the pair (Hg (Z), H=1(2)).
For every n > 1, we have 2% = Ax,, — \px,, —u), with u € 9¢(x,), where
Y HY(Z) — R is defined by 1(z) J [, i(z 2(2)) dz. Tt is well known
(see e.g. F. H. CLARKE [10] Theorem 2.7.3, p. 80 or J. P. AUBIN and
F. H. CLARKE [5] Theorem 2) that u}(z) € 0j(z,z,(2)) for almost all
z € Z and that u’ € L?(Z) (see e.g. K. C. CHANG [9], Theorem 2.2).
From the choice of the sequence {x,,},>1, we have —2Ry(z,) < 2M,, for
n > 1, and so

(1) IV 2+ Aella2 + 2 / §(z,2(2)) dz < 2M.
7

Because (1 + ||z, |||z} ][« = (1 + ||zn||)m(x,) — 0 as n — +o0, so also
(2) (xy,xn) — 0 asn — 400,

and in particular the sequence {(z},x,)}n>1 is bounded. This implies
that there exists My > 0, such that

(o) = Melloal = [ wt(a(z) dz < b,
and so
(3) IVanll3 — Mellzall3 — /ZUZ(Z)%(Z) dz < M.
Adding (1) and (2), we obtain
(4) /Z (2(z, 20 (2)) — Ul (2)zn(2)) dz < 2My + M.

By virtue of hypothesis H(j)1(v), we know that there exists ¢ > 0, such
that limsup¢_, | % < —2¢ (with 0 < p < 2) uniformly for
almost all z € Z and all v(z,¢) € 9j(z,¢), with v(-,¢) € L*(Z). So we
can find M3 = M3(ce) > 0 such that for almost all z € Z, all ¢ such that
|| > M5 and all v(z,() € 9j(z,(), we have

v(z, C)C B Qj(zv C)
5

S —C2 <07
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and so
v(zaC)C - 2](2,() < _62‘0“'

On the other hand, from the Lebourg mean value theorem
(see e.g. F. H. CLARKE [10], Theorem 2.3.7, p. 41), for almost all z € Z
and all ¢ € R, we have

13(2,¢) = 3(2,0)] < |ur(z, §)IIC],

for some v1 € 0j(z,€) with € = t(, 0 < ¢t < 1, and so using H(j)1(i), we
get

(5) 17(2, O < 17 (2, 0)] + a1 (2)[¢] + ea[¢ .
Then, for almost all z € Z and all ¢ such that |(| < M3, we have
|j(2, <)| < €3,

df | . . N
where c3 & 17 (- O)HLoo(Z)—i—MgﬂalHLoo(Z)—i—clMg?, and again from H (j)1 (i),
we have

v(z, )¢] < ca,

where ¢4 L Ms|la1 || oo (z) +c1M3 (see hypotheses H(j)1(i) and H(j)1(ii)).
Therefore, it follows that for almost all z € Z, all ¢ € R and all v(z,() €
0j(z,(), we have

U(Z7 C)C - 2](21 g) S _62’4."“ + Cs,
with cs i ¢4 + 2c3 + co MY’ Using this inequality in (4), we obtain
/ calzn (2)|¥ dz — ¢5]Z| < 2M; + Mo,
z

so, for all n > 1, we also have

(6) [znl, < cs,

T =

with cg 4 (w) . Let us choose ¢ such that

C2
2<qg< min{Q*,Q%}, where
2N
9% i ) N —2
+00 if N =2.

if N > 2,
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From (5) it follows, that for almost all z € Z and all ( € R, we have
(7) (2, ¢) < er +es/C]?,
with ¢z L (|5(,0)|| Lo (2) + laall 1= (z) + ¢1 and cs L |jay||p~(z) + 1. Let
2*(q — )

9% ) g2 —p)
1—% if N =2.

if N > 2,

Using the interpolation inequality (see e.g. H. BREzIS [7], Remarque 2,
p- 57, and note that 0 < ¥ < 1 is chosen such that % is the “convex

combination” of i and 5+, namely é = % + ), inequality (6) and the

Sobolev embedding theorem, for n > 1, we have

—9 9 -9 0 9
(8) lznll < llnlly ™ lonllz- < g™ llzalls- < collzal”,

with some ¢g > 0. Then, as for all n > 1 we have Ry(x,) < M, so using
also (7) and (8), we have that

1 Ak .
3IVenl < Flanld + [ .00 dz+ My

IN

Ak
ngan + c7|Z] + esl|znlld + My

)\k; q=2 2 q
< S 1217 llaallg + esllenllg + erlZ] + My

< crollznll? + 11 < crocd||zal|?? + e,

d, 9=2 d, — .
where cjg 4 ’\2—’€|Z]qq + cg and cq1 4 ’\7’“|Z|¥ + ¢7|Z] + M. Using the
Poincaré inequality, we obtain

1
9) QHV%H% < c1a|| Va5 + e,

with some c12 > 0 depending on Ag. Let us calculate ¥q. In case N > 2,
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from the choice of ¢, we have 2u + 2N > Ngq, so

gg=od=H _ 2N la-p(N-2)
2*—u N —=2 2N +2u—uN

o 2N -V -2)
N -2 Nqg— Npu '

In case N =2, we have 2* = +oo and as u < 2 < ¢, so
19q:<1—'u>q:q—u<2.
q

Thus, we always have g < 2. Therefore from (9), we infer that {z,, },>1 C
H}(Z) is bounded. By passing to a subsequence if necessary and using
compactness of the embedding H{(Z) C L?(Z), we may assume that

Ty — T weakly in Hg(Z),

Ty — @ in L3(Z),

zn(z2) — x(2) ae.on Z as n — +0o0,

and |z,(2)] < h(z) a.e. on Z for all n > 1 with h € L*(Z) (see e.g.
H. Brezis [7], Theorem IV.9, p. 58). Then we have A\yz, — iz
in L2(Z). Also u € 0v(zy,), for n > 1, and from Theorem 2.2 of
K. C. CHANG [9], we know that 9v(z,,) C L?(Z). Moreover, by virtue of
hypothesis H(j)1(i), we have that {u}},>1 C L*(Z) is bounded. Then, if
by (-, )2 we denote the inner product in L?(Z), we have

(), @y — ) = (Axp, Ty — ) — Ap(Tp, Ty — )2 — (W), Ty — T)2
so, using also (2), we get

limsup(Az,,, z, —x) < 0.

n—-+oo

From the monotonicity of A € L(H}(Z), H"1(Z)), we have

(A, x,) — (Az,x) as n — +oo,
S0

IVz,|ls — [|[Vz|l2 asn— +oo.
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But we also have Vi, — Vz weakly in L?(Z,RY) as n — +oo. Thus,
from Kadec—Klee property, we infer that Vx, — Vz in L?(Z,R"Y) as
n — +oo. So finally z,, — x in H}(Z) as n — +oo. This proves
Claim #1.

Recall that Vi £ span{w; }¥_,, where {w;};>1 are the eigenfunctions
corresponding to the eigenvalues {\;}i>1 of (—A, H}(Z)). So dim V, = k.

Claim #2: Ryp(x) — —o0 as ||z|| — 400 and z € V.

From hypothesis H(j);(iii) it follows that there exists c¢;3 > 0, such
that liminf|¢_ Qj(é’o > 4c¢13, uniformly for almost all z € Z. So we
can find My > 0 such that, for almost all z € Z and all { such that

|C| > My, we have

3(z,¢) > e13¢>.

On the other hand, from (5), we see that for almost all z € Z and all ¢
such that |(| < My, we have

j(zv C) > —C14,

with ¢4 4 17 (s 0) | oo (z) + Mullar || Lo (2) + c1 M3 So for almost all z € Z
and all ( € R, we can write that

(10) §(2,¢) > c13l¢)? — e,

with ¢35 i c1a + c13M3. For x € Vi, we have that ||[Vz|3 < A\gllz|3

(see e.g. S. KESAVAN [17], Theorem 3.6.2, p. 149). So using also (10), for

x € Vi, we have
1

Ry (z) = gHVxH% -

M

el — | i(e.a(2) dz < —enslal + exs| 2]

Thus finally Ry (z) — —oc as ||z|| — +oo for x € Vi (recall that Vj is fi-
nite dimensional, so all norms of V}, are equivalent). This proves Claim #2.
Claim #3: There exists r > 0 such that inf{Ry(x) : x € 9B,(0)} > 0.

By virtue of hypothesis H(j)i(iv), we can find § > 0 such that for
almost all z € Z and all [¢| < 6, we have j(z,{) < (=, + %) % On the
other hand, form (5) we see that for almost all z € Z and all |{| > J, we
have

J(z,¢) < cslC]”
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with Clg — (H](,O)HLco(Z) + %HCLlHLoo(Z) + (||a1||Loo(Z) + 61)52) 0~ and
2 < n < 2*. Thus finally for almost all z € Z and all ( € R, we have

. A 2
0 < (-ner ) § o+ enlel

with e17 = c16 + (A — &) ©o. Using the fact that [|[V||3 > A ||z[|3 for
all x € H}(Z) (see e.g. S. KESAVAN [17], Theorem 3.6.2, p. 149) and the

Sobolev embedding theorem, for all z € H}(Z), we have

1 A .
Ri(o) = 5193l = S ol [ i(e.0(2) 2

1 Ak Ak A1
192l = S0l + (% = 32 ) ol - crlol

Y

2 4

1 1
> LIVl = ewrllzlf = L IVallz = earfl]]”.
Since ||[Vz||z is an equivalent norm on H}(Z), we see that for all x €
H}(Z), we have

Ri(x) > casll=l|* — exrl]”

with some ¢;g > 0. Since 2 < 7, from the last inequality, we see that

1
choosing 0 < r < (—) " we will have inf{Ry,(z) : = € 8B,(0)} > 0.
This proves Claim #3.

Now since Ry, is even and because of Claims #1, #2 and #3, we can
apply Theorem 3, with V =V}, (dim V, = k) and Y = H(Z) (codim Y =0)
and deduce that Ry, has k pairs {£z;}*_, of nontrivial critical points. It
is easy to see that these are solutions of (RHIj). So problem (RHI}) has

k pairs of nontrivial solutions. U

We can have another such a multiplicity result, under a new set of
hypotheses that involve a Landesman—Lazer type condition (see hypothesis
H(j)2(iv)). Our new set of hypotheses on the integrand j is the following

H(j)2 j:ZxR+— Risan even locally Lipschitz integrand (see H(j)1),
such that:

(i) for almost all z € Z, all ( € R and all v(z,() € 9j(z,(), we
have |v(z, ()| < a(z) with a € L>®(Z);

(ii) j(-,0) € L*™ and 0j(z,0) = {0} for almost all z € Z;
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(iii) there exist v_,v; : Z —— R measurable functions, such
that for almost all z € Z, we have v(z,{) — v_(2) as
¢ — —oo and v(z,{) — vy(z) as ( — +oo, uniformly for
all v(z,¢) € 95(z,¢) with v(-,¢) € L*(2);

(iv) [, (v=(2)u;, (2) — v4(2)uf (2)) dz # 0 for all eigenfunctions
uy, corresponding to the eigenvalue Ag;

(v) limsup,._, % < —Aj, uniformly for almost all z € Z.

Theorem 6. If hypotheses H(j)2 hold and k > 2, then problem
(RHI}) has at least k — 1 pairs {#x;}¥~ of nontrivial solutions.

PROOF. As before let Ry : H}(Z) — R be the energy functional
defined by

df 1 )\k
Ri(@) £ S |Val3 - Flall3 - v(@),

where ¢ : Hj(Z) 3 x +— [, j(z,2(2)) dz € R. We know that Ry, is locally
Lipschitz.
Claim #1: Ry, satisfies the nonsmooth (PS)-condition.

Let {xn}n>1 C Hi(Z) be such that |Rg(z,)] < M; for all n > 1 and
let m(z,) — 0 as n — +oo. We will show that {z,},>1 C H}(Z) is
bounded. Suppose this is not true. Then, by passing to a subsequence if
necessary, we may assume that ||z,| — 400 as n — 4o00. Let us set
Yn = 727 for n > 1. Then lyn|| = 1 and so we may assume that

Yn — Y weakly in Hj(Z),
yn —y  inL*(Z),
yn(z) — y(z) a.e.on Z as n — 400,

and |y, (2)| < h(z) a.e. on Z with h € L?*(Z). We know that we can find
x} € ORy(xy,) such that ||z}« = m(zy), for n > 1, and

Ty = Axy — Mgy — Uy,

where A € L (H(Z),H *(Z)) is defined by (Az,y) = [,(Vz,Vy)py dz
for all x,y € H}(Z) and u}, € 0¢(z,). Dividing the last equality by ||z, ||,
we obtain

ux T
(11) Ayp — Mgy — —2 = ——,
" ozl
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Since u} € 0Y(zy), we have u)(z) € 0j(z,z,(2)) for almost all z € Z
(see F. H. CLARKE [10], Theorem 2.7.5, p. 83) and u} € L*(Z) (see
K. C. CHANG [9], Theorem 2.2). From hypothesis H(j)2(i), we get
luf|l2 < |lall2, so the sequence {u}},>1 is also bounded in H~!(Z). Also
from the choice of the sequence {x,, },,>1, we have that x}, — 0in H~}(2)
as n — +o00. Hence, by passing to the limit in (11), as n — +o0, we obtain

Ay = Ay,
and so
{ —Az(z) — \py(z) =0 a.e. on Z
y|p = 0.

Now, we will show that y # 0. Suppose this is not true. Then, using the
Poincaré inequality, we have

Rk(xn) 1 >\k j(Z,$n(Z))
= o190l = S lally - [ 25 0

[ [

> cllynl® — ?Hynﬂg - /Z W dz

Moy o /j(z,xn<z>>
P T S L 1C)
g el = | e

with some ¢; > 0. Note that Zﬁss(x\\g)

the Lebourg mean value theorem and using hypothesis H(j)2(i), we can

— 0 asn — +oo. Also, as before, via

check that [, W dz — 0 as n — +oo. But we also have ||y, |3 —
llyll2 = 0 as n — +oo. So, passing to the limit in last inequality, we obtain
c1 < 0 and we reach a contradiction to the fact that ¢; > 0. Therefore
y # 0 and this combined with (12) implies that y is an eigenfunction
corresponding to the eigenvalue Ar. We have

Tp, — 400 a.e. on {y > 0} and

T, — —oo a.e.on {y < 0}.
From the choice of the sequence {x,,},>1, for n > 1, we have

|Ri ()| < My
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and, by passing to a subsequence if necessary, we have
(25, u)| < enllul],

for all w € H}(Z) with g, \, 0. Putting u = z,, € H}(Z) in the last two
inequalities we have

= 20y < [V} = Melleal} =2 [ 3(a.2(2) dz < 201
Z

and
—enllznll < =[IVanl3 + Axllzall3 +/ZUZ(Z)%(Z) dz < epllzn]-
Adding the last two inequalities, we obtain
—2M, — ellaa < /Z (w5 (2 (2) — 2) (2,00 (2))) dz < 2M; + o]l

Dividing by ||z, ||, we have
2M 24 2M
|2l A |2l |2l

By virtue of hypothesis H(j)2(iii) and (i), we have

U (2)yn(2) — v4(2)y(z) a.e. on {y > 0},
ur (2)yn(z) — v_(2)y(z) a.e. on {y < 0},
(2)yn(z) — 0 a.e. on {y = 0}.

Next, let NV be the Lebesgue-null subset of 7 4 {y # 0}, outside of
which we have z,, — +o00 and u} — vy as n — 4o00. Fix z € Z; \ N
and assume x,(z) — 400, ul(z) — v4(z) as n — +o0o (the analysis of
the other case is similar). For a given 0 < ¢ < 1, via the Lebourg mean
value theorem, we have

3(z,20(2)) = J (2,620 (2)) + va(2)(1 — €)2n(2),

where v,(2) € 0j(z,w,(z)) and wy,(z) = (1 — ty)xn(2) + thex,(2), for
0 < t, < landn > 1. Note that for n > 1 large enough, we have z,,(z) > 0
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and so wy,(2) = xp(2) — th(l — )zn(2) > 2n(z) — (1 — )z (2) = expn(2).
Therefore wy,(2) — +o00 as n — 400 and so, by virtue of hypothesis
H(j)2(iii), we have v, (z) — v4(2) as n — +oo. Let ng = no(e,z) > 1 be
such that, for n > ng, we have x,,(z) > 0 and |v,(z) — v4(2)| < e. So for
n > ng, we have

2j(z,n(2)) _ 2j(ze20(2)) | 20n(2)(1 = &)wn(2)

r,(2) Zn(2) Zn(2)

From the Lebourg mean value theorem, we also get |j(z,ex,(2))| < o +
cslxn(2)| for some ca, ¢35 > 0 (see hypotheses H(j)2(i) and (ii)). Since for
n > ng we have —e +v4(2) < v,(2) < e+wvi(z) and z,(2) > 0, so we can

write

—2c9 — 2c3exn(2)  2(—e+vi(2)(1 —e)zn(2) _ 2j(z,2n(2))
Zn(2) + Tn(2) = Tn(2)
2c0 + 2c3ewn(2)  2(e +v4(2))(1 —€)xn(z)
Tn(2) Tn(2) .

Since z,(z) — +00 as n — +oo and 0 < £ < 1 was arbitrary, we infer
that
2j(z,2n(2))
Tn(2)
As we already mentioned, in a similar way we can show that

2j(2, 2n(2))
Ty (2)

— 2v4(z) a.e.on {y>0}.

— 2v_(z) a.e.on {y <O0}.

Finally for almost all z € {y = 0} we have

'2j(z,xn(z))’ cetalm oL

[ [

Therefore, by passing to the limit in (13), we obtain

/Z (04 (2)X (o0} (2) + v () x(y<0y (2)
— 204 (2)X{y>0y (2) = 20— (2)X{y<0} (2)] y(2) dz = 0

/Z (04 (2)X (03 () + V- ()X gy (2)) w(2) dz = 0
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and

[ ) = -y () dz =0,

so we get a contradiction to hypothesis H (j)2(iv). Thus {x;, },>1 is bound-
ed in H}(Z) and so we may assume that z,, — x weakly in H}(Z) as
n — +o0. Using the Kadec—Klee property and proceeding as in the proof
of Theorem 5 (see Claim #1), we can have that z,, — z in H}(Z). This
proves Claim #1.

Claim #2: Ry(x) — —oo as ||z]| — 400 and x € Vj_1.
For every x € Vj,_1, we know that ||[Vz|3 < M\y_1||z||3 and so we have

1 A )
Ru(@) = 51921 = 3 lal} = [ i(z.a() d:

IN

1 A
(1= FE ) V)3 + el Vel + o5,
2 Ak—1

Ak

for some cq,c5 > 0 (see hypothesis H(j)2(i)). Since 1 — 375 < 0, we

deduce that Ry(x) — —oo as ||z|| — +oo for € Vi_1. This proves the
Claim #2.
Claim #3: There exists > 0 such that inf{Ry(x) : x € 9B,(0)} > 0.

This follows from hypothesis H(j)2(v) as in the proof of Theorem 4
(see Claim #3).

Since Ry is even, Claims #1, #2 and #3 permit the use of Theorem 3
with V = Vi1 (dimV =k — 1) and Y = H}(Z) (codimY = 0), which
gives us k — 1 pairs {*z; f:_f of nontrivial critical points of Rx. We can
easily check that these functions solve (RHI}). O

4. Resonant problems at )\

In this section we consider semilinear hemivariational inequalities at
resonance at A\; > 0. So we deal with the following problem

(RHI) { —Az(z) — Mx(z) € 0j(2,2(2)) a.e. on Z,

x‘r =0.

We will show that problem (RHI;) has at least three nontrivial solu-
tions, when we assume that the potential j(z,() has a finite limit for
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almost all z € Z as ( — do0. Such problems were called by Bartolo—
Benci-Fortunato “strongly resonant” (see [6]). Besides Bartolo-Benci—
Fortunato, such “smooth” strongly resonant problems were also studied
by K. THEWS [25] and J. WARD [26]. In all these papers we have exis-
tence but no multiplicity results.
Our hypotheses on j are the following
H(j)s j:Z xR+ Ris alocally Lipschitz integrand, such that:
(i) for almost all z € Z, all ( € R and all v(z,() € 9j(z,(), we
have |v(z, ()| < a(z) with a € L>®(Z);

(i) j(-,0) € L>(Z) and [, j(2,0) dz > 0;

(iii) j(z,¢) — j+(2) as ¢ — oo uniformly for almost all z € Z,
j+ € L*(Z), [,j+(z) dz > 0 and v(2,{) — 0 as [¢| —
+oo, for almost all z € Z and all v(z,() € 9j(z,(), with
U('aC) S Lz(Z)v

(iv) there exist Y_ < 0 < ¥4 such that [, j(z,91w1(2))dz >
[, 3+ (2)dz (here w is the first eigenfunction corresponding
to the first eigenvalue A\; > 0; recall wy(z) > 0 for all z € Z),
and there exists ¥ # 0, such that [, j(z, Jw1(z)) dz < 0;

2j(2,¢)
42

(v) there exists g > A; such that limsup,_, < —p uni-

formly for almost all z € Z;
(vi) for almost all z € Z and all { € R, we have 2j(z,() <
(A2 — A\p)C2
Theorem 7. If hypotheses H(j)s hold, then problem (RH1I,) has at
least three nontrivial solutions.

PROOF. We introduce the energy functional Ry : H}(Z) — R de-

fined by
1 A1 .
Ra(o) = 319al - Pl ~ [ s(za(2)) da
Z

Claim #1: R; is bounded below.
By virtue of hypothesis H(j)s(iii), we can find M; > 0 such that for
almost all z € Z, we have
§(2,C) = j_(2)| <1 forall ¢ < —M; and
(50 —ds(x)| <1 forall ¢ > M.
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Also from hypotheses H(j)3(i) and (ii) and the Lebourg mean value the-
orem, for almost all z € Z and all ¢ such that |¢| < M;, we get that
l7(2,¢)|<a1(z), where a1 €L>(Z), namely a1(z)=Mia(z)+|[5(-,0)||L~(z)-
Then for all z € H}(Z), we have

1 A .
Ri(x) = S| Val2 — 2 a2 - / i(za(2)) dz
2 2 {Jzl<M1}

- /{IS_Ml}j(z,x(z)) dz — /{wZMl}j(z,x(z)) dz

> =llavlly = g+ llx = ll3-1lr = 2[Z]

(recall ||[Vz||2 > Ai||z||3 for all z € H}(Z)). This proves Claim #1.

Next consider the following splitting for H}(Z). Let H} (Z) = Vi, @
Vi, , with Vi, = span{w;} and Y, = V..
Claim #2: R1(v) > 0 for all v € Yy,,,.

Let v € Y, . Using hypothesis H(j)s(vi), we obtain

1 A .
Rafo) = 3190l = 513 = [ o) d:

1 A1 1
> §||VU||§ - §HU||§ - §(>\2 — A1) lvl3

A

1 1 A1
> 290l — 2ol — 5 IVl + 2l =0,

(recall that ||Vv||3 > X2||v||3 for all v € Y,,, ), which proves the Claim #2.

Claim #3: R, satisfies the nonsmooth (PS)-condition at level
c# —fzji(z) dz.

Let {zp}n>1 C Hy(Z) be a sequence such that Ry (x,) — ¢ with ¢ #
— [, j+(2) dz and m(z,) — 0 as n — 4oco0. We will show that {2, }n>1
is bounded in H}(Z). Suppose that it is not true. Then, passing to a
subsequence if necessary, we may assume that ||z, || — 400 as n — +oc.

Let us set y, = 2T for n > 1. By passing to a subsequence if necessary,
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we may assume that
Yn — Y weakly in Hj(Z),
Yn — Y in L*(Z),
yn(2) — y(z) a.e.on Z as n — +oo,

and |y,(2)] < h(z) a.e. on Z with h € L?*(Z). From the choice of the
sequence {x,,},>1, we know that there exists My > 0, such that

|R1(z5)] < Ma,
SO
1 s M .
—My < SIVanlls = G llanlld = | iz an(2) dz < My
and so
Mo ALy o 3(z,20(2)) M,
(14) < 5 1V5all3 = Hlynllf - / dr< M2
e nH2 2 oz "2 Nzl (E2I

Using hypothesis H(j)3(i) and the Lebourg mean value theorem, it follows
that [, % dz — 0 as n — +oo. Passing to the limit in (14) as
n — 400, we obtain

(15) hm IVynll3 = Mllyll3,

n—

so from the weak lower semicontinuity of the norm functional, we get
IVyl3 < liminf [ Vy, |3 = Mlly]3.
n—-+oo

But from the Rayleigh quotient, we know that ||[Vy||3 > Ai||y||3, so finally,
we have that

(16) IVylls = Allyll3.

Moreover, from (15) and (16), we get that ||Vy,|l2 — ||[Vyll2, so, using
Kadec—Klee property, we also have y, — y in H}(Z) as n — +o0, and
so y # 0. Thus, from (16), we deduce that y = +w;. Without any

loss of generality we may assume that y = w; (the analysis is similar if
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y = —wi). Since wy(z) > 0 for all z € Z, we have that z,,(2) — +o0, for
all z € Z,asn — +o0. Forn > 1, let ), € OR1(x,,) be such that m(z,,) =
llz% ||l«. We know that =¥, = Az, — Mz, —u}, with A € L(HE(Z), H 1 (Z))
being defined by (Az,y) = [,(Va(z), Vy(z))r~ dz for x,y € Hj(Z) and
u: € OvY(z,), where in this case ¢ : Hi(Z) — R is defined by ¥(z) =
[, i(z,x(x)) dz. So u}(z) € 9j(z,x,(2)) ae. on Z. In particular we have
that

[(z%,0)| < enllv]| Vo€ HYZ) with e, \,0,

SO

(Axn,v)—Al(xn,v)—/zu;(z)v(z) dz| < enllo|

for all v € H}(Z), with &, \, 0. Let =, = t,w; + v, with ¢, € R (i.e.

tpwy € Vi, ) and v, € V- =Y,,. Taking v = v,,, we have

170 l12 = A ffonll? — / Wi (2)un(2) dz < enllonll
7

SO

A1 N
(1= 32) I90nl = caluz ol Vnllz < 410, e

for some c3 > 0 and with &/, N\, 0 (recall that |Vv||3 > Aa|jv||3 for all
v € Yy, ).

Note that by virtue of hypothesis H(j)3(iii) and the fact that x,,(z)—
+ 00 as n — +oo for all z € Z, we have u (z) — 0 for almost all z € Z
as n — +oo. This, together with hypothesis H(j)s(i) and the Lebesgue
dominated convergence theorem, implies that ||uf | — 0 as n — +oo.

Thus we have

A
<1 - A) IVolls < &,

with €/ N\, 0 (namely €/ = ¢/ + c3||u||~). So we have that v, — 0 in

H}(Z) as n — +o0. Using this convergence, we see that for a given & > 0,
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we can find ng = ng(e) such that for n > ny we have

1 A1 .
Rifan) = 5IVal3 = el = [ iCeiaa(z) ds
1 1 A1 A1
= SNV I+ Vel — e lenl3 — S ol

—/Zj(z,xn(z)) dz

1 A1 .
= D902 = 2 o2 - / §(2,2n(2) dz
2 2 2

<e- /Z J(2,0n(2) dz,

so from Fatou lemma, we have

(17) limsup Ry (z,) <& — /Zj+(z) dz.

n—-+oo

On the other hand, since ||Vz, |3 > \i||z,]|3, we have

(18) limsup Ry (z,,) > — /Zj+(z) dz.

n——+oo

From (17), (18) and since € > 0 was arbitrary, we infer that

limsup R (z,) = - [ 72() dz.
Z

n——+oo

which is a contradiction to our assumption. This proves that the sequence
{Zn}n>1 C HY(Z) is bounded. Then, as in the proof of Theorem 5,

Claim #1, via the Kadec—Klee property, we can show that x, — x in

H}(Z), which proves Claim #3.

Claim #4: There exists 1o > 0 such that inf{R;(x) : x € 9B,(0)} > 0 for

all r € (0,79).

From hypothesis H(j)(v), we can find ¢ > 0 such that for almost all

z € Z and all ¢ such that |¢| < J, we have

A
j(z0) < - (—’” ) 1%

=2 2
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(recall that ¢ > A; and so —%’\1 > —pu). On the other hand, from the
hypothesis H(j)s(i) and the Lebourg mean value theorem, for almost all
z € Z and all ¢ such that |¢| > J, we obtain

13 (2, Q)] < ea + esc],
with some ¢4, c5 > 0. Thus for almost all z € Z and all ( € R, we have

0 < 3 (<252 I+ ol

with ¢g = (c4 +¢50)07 7 + 4 (—%’“) 6%V and 2 <9 < 2* = 2. Using

2
this we obtain that

1 A .
Rala) = 5Vl = 2ol = [ i(e.a(e) d:

1 A1 Lipth
> 319alE = el + 5 (A5 ) ol - calel

p— A1
4

1 1
= 5|Vl + 2 = cslllls = SIV]3 = csllz]y-

From the Sobolev embedding theorem, we have that H}(Z) is embedded
continuously in LY(Z). So using the Poincaré inequality, it follows that

Ri(z) > crl|z|? — s,

with some ¢7,cg > 0 and all z € H}(Z), and so
¢ _
(e > erlal? (1= 2a172).

1
Let 7 g (Cﬁ) "™ Now, for r € (0,79), we have

c7

inf Ry (l‘) > 0,
lzll=r
and this proves Claim #4.
Now, let U* 4 {r e HN(Z) : x = £twy +v, t >0, v € Yy, }. We will
show that R attains its infimum on both open sets U™ and U~. To this
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end let my 4 inf{Ry(x) : x € UT}. Since R; is locally Lipschitz, we have
that m, = inf{R;(z): x € Ut}. Let

! +o00 otherwise.

Evidently R; is lower semicontinuous and bounded below (see Claim #1).
Thus we can apply the Ekeland variational principle (see Theorem 4) and
obtain a sequence {z,},>1 C U™ such that Ry(z,) \, my as n — +00
and o o

R (zn) < R{ (y) +enllzn —yll,

for all y € HY(Z), y # x,, with g, \, 0. So
R1($n) < Rl(y) + Eonn - y”

forally € U+, y # x,,. This means that z,, € Ut minimizes the functional
y — Ri(y)+en|ly—xn| on UT. Since U™ is open, we have 0 € ORy (z,,)+
enB,, where B] 4 {* € HY(Z) : ||a*]|, < 1} (recall that 3| - || = Bj;
see e.g. S. HU and N. S. PAPAGEORGIOU [16]). Hence, we can find z} €
OR;y(zy,) such that ||z} ||« < e, for n > 1. If follows that m(x,,) < ||z} |. <

e, — 0. Using hypothesis H(j)3(iv), we obtain

my = inf Ry(x) < Ry(Y4w)
xeU+

= —/ J(z, 95w (2)) dz < —/ J+(z) dz.
z z

Since Ry (xn) — m4 # — [, j+(2) dz, so from Claim #3, we infer that,
by passing to a subsequence if necessary, we may assume that z,, — 11
in H}(Z) with y; € Ut. We will show that y; € UF. Let us assume
that y; € OUT = Yw,. Then from Claim #2, we have 0 < Ry(y1). On
the other hand, from hypotheses H(j)s(iv) and (iii), we get m4 < 0. But
Ri(y1) = my, so we get a contradiction. Hence y; € U™, y; # 0 and
0 € OR1(y1). Similarly we obtain yo € U™, y2 # 0 such that 0 € OR;(y2).
Clearly y1 # yo.

Finally from Claim #4, we know that we can find 0 < r < min{ro, |9|}
(compare hypothesis H(j)3(iv)) such that inf{R;(z) : = € 9B.(0)} > 0.
From hypothesis H(j)s(iv), we also have that max{R;(0), Ry (Jw1)} < 0.
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These facts combined with Claim #3, permit the use of Theorem 2, with
y = w (note that ¢ # — [, ji(2) dz, because

= inf, max Ri(2(7)) = Fa(0) = 0> = [ ju() do),

which gives us y3 € H}(Z) such that 0 € R (y3) and

Ri(ys) = ¢ > —/mz) dz > ma,
Z

so clearly y3 # 0 and y3 # y1, y3 # yo. Finally we can easily check that
Y1, Y2, ys satisfy (RHI;) and so are three different, nontrivial solutions.
O

Remark. Tt will be interesting to have such mutliplicity result for
quasilinear hemivariational inequalities, like the one studied by L. GASINS-
KI and N. S. PAPAGEORGIOU [12].

References

[1] A. AMBROSETTI, Critical points and nonlinear variational problems, Bull. Societé
Math. de France (Suplément), Memoire no. 49 (1992).

[2] A. AMBROSETTI and M. BADIALE, The dual variational principle and elliptic prob-
lems with discontinuous nonlinearities, J. Math. Anal. Appl. 140 (1989), 363—-373.

[3] A. AMBROSETTI and R. TURNER, Some discontinuous variational problems, Diff.
Integral Eqns. 1 (1988), 341-350.

[4] A. AMBROSETTI and P. H. RABINOWITZ, Dual variational methods in critical point
theory and applications, J. Funct. Anal. 14 (1973), 349-381.

[5] J. P. AuBIN and F. H. CLARKE, Shadow prices and duality for a class of optimal
control problems, SIAM J. Control and Optimization 17 (1979), 567-586.

[6] P. BARTOLO, V. BENCI and D. FORTUNATO, Abstract critical point theorems and
applications to nonlinear problems with strong resonance at infinity, Nonl. Anal.
TMA 7 (1983), 981-1012.

[7] H. BrEzIS, Analyse fonctionnelle, Théorie et applications, Masson, Paris, 1983.

[8] G. CERAMI, Un criteria di esistenza per i punti critici su varietd illuminate, Rend.
Ist. Lombardo Sci. Lett. 112 (1978), 332-336.

[9] K. C. CHANG, Variational methods for nondifferentiable functionals and their ap-
plications to partial differential equations, J. Math. Anal. Appl. 80 (1981), 102-129.

[10] F. H. CLARKE, Optimization and Nonsmooth Analysis, Wiley, New York, 1983.

[11] D. DE FiGUEIREDO, The Ekeland Variational Principle with Applications and De-
tours, Springer-Verlag, Berlin, 1989.

[12] L. GasiNskI and N. S. PAPAGEORIOU, Nonlinear Hemivariational Inequalities at
Resonance, Bull. Austral. Math. Soc. 60 (1999), 353-364.



146 L. Gasinski and N. S. Papageorgiou : Resonant hemivariational ...

[13] L. GasiNskl and N. S. PAPAGEORIOU, Existence of Solutions and of Multiple
Solutions for Eigenvalue Problems of Hemivariational Inequalities (to appear in
Advances in Math. Sciences and Applications).

[14] D. GOELEVEN, D. MOTREANU and P. D. PANAGIOTOPOULOS, Multiple solutions
for a class of eigenvalue problems in hemivariational inequalities, Nonlin. Anal. 29
(1997), 9-26.

[15] D. GOELEVEN, D. MOTREANU and P. D. PANAGIOTOPOULOS, Eigenvalue problems
for variational-hemivariational inequalities at resonance, Nonlin. Anal. TMA, 33
(1998), 161-180.

[16] S. Hu and N. S. PaArpaGEORGIOU, Handbook of Multivalued Analysis, Volume I:
Theory, Kluwer, Dordrecht, The Netherlands, 1997.

[17] S. KEsavaN, Topics in Functional Analysis and Applications, Wiley, New York,
1989.

[18] I. MassaBoO, Elliptic boundary value problems at resonance with discontinuous
nonlinearities, Boll. UMI 17-B (1980), 1308-1320.

[19] J. J. MoREAU, La notion de sur-potentiel et les liaisons unilaterales en elas-
tostaiques, CRAS Paris 267 (1968), 954-957.

[20] Z. NaniEwICZ and P. D. PANAGIOTOPOULOS, Mathematical Theory of Hemivari-
ational Inequalities and Applications, Marcel-Dekker, New York, 1995.

[21] P. D. PANAGIOTOPOULOS, Hemivariational Inequalities: Applications in Mechanics
and Engineering, Springer-Verlag, Berlin, 1993.

[22] P. H. RABINOWITZ, Minimax Methods in Critical Point Theory with Applications
to Differential Equations, CBMS, Regional Conf. Series in Math, Vol. 65, AMS,
Providence, R.I., 1986.

[23] C. STUART, Maximal and minimal solutions of elliptic differential equations with
discontinuous nonlinearities, Math. Z. 163 (1978), 239-249.

[24] A. SzuLKIN, Minimax principles for lower semicontinuous functions and applica-
tions to nonlinear boundary value problems, Ann. Inst. H. Poincaré. Anal. Non
Lineaire 3 (1986), 77-109.

[25] K. THEWS, Nontrivial solutions of elliptic equations at resonance, Proc. Royal Soc.
Edindurgh 85A (1980), 119-129.

[26] J. WARD, Applications of critical point theory to weakly nonlinear boundary value
problems at resonance, Houston J. Math. 10 (1984), 291-305.

LESZEK GASINSKI

JAGELLONIAN UNIVERSITY
INSTITUTE OF COMPUTER SCIENCE
UL. NAWOJKI 11

30072 CRACOW

POLAND

E-mail: gasinski@softlab.ii.uj.edu.pl

NIKOLAOS S. PAPAGEORGIOU
NATIONAL TECHNICAL UNIVERSITY
DEPARTMENT OF MATHEMATICS
ZOGRAFOU CAMPUS

ATHENS 15780

GREECE

E-mail: npapg@math.ntua.gr

(Received June 6, 2000; file obtained March 8, 2001)



