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Cesaro means of Vilenkin—Fourier series

By P. SIMON (Budapest)

Abstract. Special Cesaro means with respect to one- and two-parameter Vilenkin
systems will be considered. In both cases we shall investigate a class of weighted max-
imal functions of these (C,1) means depending on a parameter 0 < § < 1 and prove
that the corresponding maximal operators are bounded between some Hardy—Lorentz
and Lorentz spaces. As special case we get the boundedness of these maximal operators
as maps from Hardy space HP into LP for some p. Moreover, the weak type (1,1) of
the maximal operators in question follows in the one dimensional case for all §. By
usual density argument our theorems imply some estimations for growth of the Cesaro
means mentioned above if the Vilenkin group has an unbounded structure. We remark
that in [10] Wade showed similar results but under stronger assumptions. Thus Wade’s
theorems follow from our statements. Moreover, a question stated in [10] will be also
answered.

1. One- and two-parameter Vilenkin systems will be investigated. It
is well-known that there is a sharp distance between the so-called bounded
and unbounded cases, i.e. when the corresponding Vilenkin groups have
a bounded structure or not, resp. For example in the bounded case the
one-parameter Fejér means of the Vilenkin—Fourier series of an integrable
function converge a.e. to the function (see PAL—SIMON [4]), while in the
unbounded case there is a continuous function on the group such that
its Fejér means diverge at a prescribed point (see PRICE [5]). Moreover,
Price also showed that under suitable assumption on the group there is a
continuous function whose Vilenkin-Fourier series is not (C, 1) summable
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on a set which is non-denumerable. However, in [3] GAT proved that
the Vilenkin—Fejér means of a function belonging to L? for some p > 1
converge to the function a.e. even in the unbounded case.

In his paper [10] Wade obtained estimates for the growth of special
Vilenkin—Fejér means for integrable functions under some assumptions on
Vilenkin groups. A large class of Vilenkin groups with unbounded struc-
ture satisfies these assumptions. The main result of Wade’s work is a
maximal theorem which states that a weighted maximal function o, sf
of special Fejér means belongs to Lorentz space LP? if f is from Hardy—
Lorentz HP-? space (for suitable p and ¢). Moreover, the maximal operator
0,5 is bounded from HP9 to LP9.

In this work we shall improve these results. The assumption on the
generating sequence of the Vilenkin group will be weakened. Furthermore,
we modify the definition of the maximal function mentioned above. To this
end we apply weights less than in [10] and prove that the boundedness of
the corresponding maximal operator between Lorentz- and Hardy—Lorentz
spaces remains true. The proof is based (as in [10]) on the atomic structure
of some Hardy spaces. An interpolation theorem of Weisz (see e.g. [11])
plays also an important part.

2. In this section we give a short summary of the basic concepts and
notations used also in the present work. (For more details we refer to the
books SCHIPP-~WADE-SIMON and PAL [6] and WEISz [10].)

If m = (mg,m1,...,mg,...) is a sequence of natural numbers where
mr > 2 (k € N := {0,1,...}) then for all & € N we shall denote
by Z,,, the myth discrete cyclic group. Let every subset A of Z,,, be
measurable with measure a/my where « is the cardinality of A. As-
sume that Z,,, is represented by {0,1,...,my — 1}. G,, will denote
the complete direct product of Z,,,’s, then G,, (the so-called Vilenkin
group) forms a compact Abelian group with Haar measure 1. There-

fore the elements of G,, are sequences of the form (xg,z1,...,Zk,...)
with zp € Z, for every k € N Hence the group operation + in G,
is given by z+y = (w0 + yo mod my,...,xr + yr mod my,..., where

r = (o, s Thy-- )y ¥ = (Y0, Yks--.) € Gp. The inverse of + will
be denoted by —. The topology of G,, is completely determined by the
intervals I,(z) (n € N,z € G,,) where

I, :=1,(0) .= {(zo,21,...,Tk,...) €EGp:2; =0 (j =0,...,n—1)}
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(0#n €N, Iy:= Iy(0) := Gy,) and I,(z) := z+1I,. We shall use the
following notation: if I = I, is an interval for some n € Nandr =0,...,n
then let I" := I,,_,.. Moreover, if N > r > n then define I" by I" := I.

It is well-known [9] that the characters of G,, (the so-called Vilenkin
system) form a complete orthonormal system Gy, in L*(Gp,). If

(n €N, o = (z0,21,...) € G, i := +/—1), then r,’s and also their
finite products are evidently characters. Let these products be ordered
in the following sense. We write each n € N uniquely in the form n =
Sooeo ik My, where Mo := 1, My, :=[[}2) (k > 1) and ng € Zp,,, (k € N).
It can easily be seen that the elements of G, are nothing else but the
functions U,, := [[pe o rp*.

The so-called Dirichlet and Fejér kernels with respect to the Vilenkin
system will be denoted by D,, and K; (0 < n,j € N):

J
Z Dy..
k=1

If f € LY(G,,) and 0 < j € N then the j-th Fejér mean of f is given by

n—1
Dp=> T,  Kj:=-
k=0

ojf(x):= /f(t)Kj(:c;t) dt (x € Gn).

The following well-known statement for Dy, (n € N) will be often
used in the further investigations (see e.g. VILENKIN [9]):

M, (x€l,)

W) Dy, (@) = { 0 (z€Gm\I.

We define a sequence of o-algebras as follows:
Frni=0({In(z) 2z € Gp}) (n € N),

where o(A) denotes the o-algebra generated by an arbitrary set system A.
A sequence f = (f,, n € N) of integrable functions is said to be a martin-
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gal if

(i) fn is Fp-measurable for all n € N;

(ii) En(fi) = fnifn,k € Nand n <k,
where E,, (n € N) denotes the conditional expectation operator relative
to Fp. A non-decraising sequence A = (\,, n € N) of functions will be

called a predictable sequence of f if A\, is F,-measurable and |f,+1| < A,
for every n € N.

We remark that the definition of Fejér means can be extended in a
simple way to martingales (see e.g. WEISz [11]).

Hardy spaces can be defined in various manners. For example let the
conditional quadratic variation of a martingal f = (f,, n € N) defined by

- 1/2
S(f) = (Z En—l‘fn - fn—1‘2>

n=0

(f-1 := 0, E_; := Epy). We introduce the martingale Hardy spaces for
0 < p < oo as follows: denote by HP(G,,) the space of martingales for
which

1 lle = Is(HIl, < oo.

The space HP(G,,) (0 < p < o) consists of all LP-predictable mar-
tingales, i.e. of all martingales f = (f,, n € N) such that | f|nr =
inf || sup,, A\n ||, < oo (where the infimum is taken over all predictable se-
quences A of f).

The concept of atoms plays an important part also in the further
investigations. To their definition let 0 < p < oo then the function a €
L>*(G,,) is called an HP-atom if either a is identically equal to 1 or there
exists an interval I for which

i) suppa C I
i) lalla < [1]/271/7
iii) [a=0,
(where |I| stands for the measure of I). The definition of an HP-atom a

is the same only with ||al|eo < [I|7'/? instead of ii). We say in both cases
that a is supported on I.
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The above concepts can be easily defined also in the two-dimensional
case. To this end let us considered two Vilenkin groups (for the sake of
simplicity let both groups generated by the same sequence m). Then G2,
the Cartesian product of two G,,’s is also a compact Abelian group. Let
n € N and

Fon i=0(Fn x Fp).

The conditional expectation operator relative to F, ,, is denoted by E,, .
An integrable sequence f = (f,n; n € N) is said to be a (two-parameter)
martingal if

(1) fa,n is Fp n-measurable for all n € N;

(ii) Enn(fin) = fan for all n,n € N such that n <n.

The Hardy spaces HP(G2,) (0 < p < 00) of two-parameter LP-predicta-
ble martingales will be defined in analogous way as in the one-dimensional
case. Furthermore, the definition of a two-dimensional HP-atom (0<p<oo)
is formally the same as in the one-dimensional case only we assume that
in this case a € L>(G?)) is supported on a square I = I,,(x) x I,,(y) with
suitable x,y € G, n € N.

The two-parameter Vilenkin system is defined as the Kronecker prod-
ucts of the functions ¥; and Wy, i.e. for j,k € N let

Ujk(z,y) = V;(x)Uk(y) (2,9 € Gpn).

If 0 < k,I € N then the (k,l)-th Fejér kernel with respect to the two-
parameter Vilenkin system is given by

Kii(z,y) = Kip(2)Ki(y) (2,9 € Gn).

Let f € L'(G?)) then

o f(x,y) = //f(u,v)Kk,l(xiu,yiv) du dv (x,y € Gp)

is the (k,[)-th (two-parameter) Fejér mean of f.

If0<p, qg<ooand X = G,, or X = G2 then the Lorentz spaces
LP9(X) with norms or quasi-norms ||.|,, are defined in a usual way.
The Hardy—Lorentz spaces HP4(G,,), HP4(G,,) or HP*9(G?2,) consist of all
one- or two-parameter martingales f such that || f|| gr.a == ||s(f)/p,q < o0



208 P. Simon

or || fllxp.a := inf | sup, An|lpq < 00, respectively, where the last infi-
mum is taken over all predictable sequences of f again. We remark that
in the special cases p = ¢ we get LPP(X) = LP(X) and HPP(G,,) =
H?(Gp), HPP(Gy) = HP(Gr), HPP(G2,) = HP(G?2,)). (For details see
e.g. WEISsz [11].)

3. The sequence m will be called quasi-bounded if there exists a con-
stant C' > 0 independent on n € N such that

n—1
1
(2) Mo ZMjHlogmj < C'logmy, (0 <neN).
n =0

It is clear that every bounded sequence m is also quasi-bounded. Further-
more, there are unbounded sequences m with this property, for example
all monotone increasing sequences are trivially quasi-bounded. However,
there is m which does not has the property of the quasi-boundedness.
Namely, let maon_1 := 2 (n € N), while for other indices k € N let my, := k.
Then

n—1
1 M,logm,_1 logm.,_1
M;yqlogm; > = .
]\4n+1j.z::0 i ! M1 My,

Hence, the property (2) implies that logm,,—1 < Cmy,logm, (n =1,2,...)
which is obviously not true for m in question.
In [10] Wade considered m’s with property

n—1

(3) Z(mf'mnfgcg 0<neN)

S\MG

(and called m in this case J-quasi-bounded), where 0 < § < 1 is fixed
and Cs depends only on d. (From now on C, C, (p > 0) will denote a
positive constants depending at most on p, not always the same in different
occurences.) It can be shown in a simple way that (3) with some 0 < § < 1
implies the same property for § = 1. Furthermore, our assumption (2)
follows evidently from Wade’s condition (3). On the other hand there is
quasi-bounded m such that (3) is not true. Indeed, let mon = n + 2
(n € N) and my, := k + 2 for 2" # k € N. Then (3) fails to hold, namely

(3) with 2" (n € N) instead of n leads to
QZ_:I m; > Man_1 2" +1
mjiy1-... Man - mon n+2

§=0
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However, m is quasi-bounded. Indeed, if 1 < n € N and n # 2V (IV € N)
then the left hand side of (2) can be estimated as follows:

n—1

1 .1 2)
E ogmj <C g og]—i— <Clogn§C‘logmn.
=0 M1 2n

Furthermore, when 2" (1 < n € N) stands in (2) instead of n then

2m 1 2m 1
= M1 .. Man n—+ 2 = M1 ... Maon_1
2" —1

< Z 22,_] 1 < C < Clogman.

If 0 < § <1 is given then we shall call the sequence m strong d-quasi-
bounded if

(4)

n—1
Z MfHaj(é) < 0o
5=0

where the coefficients a;(d) (j € N) are defined by

0<n Mn+1

[ logm; (6=1)
@j(0) := { mi= (5 <1).

J

A strong 1-quasi-bounded sequence will be called strong quasi-bounded.
Let 0 < 6 < <1 and m be strong §-quasi-bounded. Then m is evidently
also strong p-quasi-bounded. Especially, m is strong quasi-bounded. Of
course, if m is strong quasi-bounded then it is also quasi-bounded. We
remark that the strong quasi-bounded sequences play an important part
also in the work [2] of GAT.

It is clear that for § = 1/2 the concept of the strong 1/2-quasi-
boundedness is the same as Wade’s 1/2-quasi-boundedness. On the other
hand, if 1/2 < § <1 then (4) is a weaker assumption on m than (3) while
for 0 < 0 < 1/2 the converse is true.

The following estimation for the L'-norms of special Fejér-kernels is
a crucial part of our investigations.
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Lemma. Assume that m is quasi-bounded. Then
K, |1 < Clogmy,—1 (0 <neN),
where the constant C > 0 is independent on n.

PROOF. It is known (see e.g. PAL-SIMON [4]) that
1 1
6) K@) =51+ 57) Dun @)
M; k
ZE Z mi Z *(le;) D, (z+ej)

(n €N, z € Gy,), where le; € Gy, is determined by (le;); =1, (le;)r =0

(j # k € N). Therefore we have for all 2 <n € N, z € G,,, that

n—1 mj_l mj—l )
M. 1 2milk .
LSTRCIES SYRCED DEv Diesl I DR IACETS)
j=0 """ =1 mit 4
D ()+1§Mjmil L p (z+le;)
- )T 5 Ve z+le
" 2]‘—0 My = SinnﬂTl- o !
- J

Taking into account (1) the last estimation leads to

mjl

n—1 )
HKMnHl Sc(l"‘z% Z ) Z% jlogmj

j=0 """ =1 j=0

1
C(logmn 1 —|— — ZM]Hlogm]) < Clogmyp_1,
] =0
which was to be proved.
Let 0 < 6 <1 and define A\, (0) (0 < n € N) as follows:

max{log mg,...,logm,_1} (6=

0] { 1= mloh (0<1).

max{mg °,...,m,_9
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By means of A, (d)’s we consider the weighted maximal operator o4 in
the following way:

oy M ] 1
Ol Gy RO

Therefore if 6 = 1 then

oo f = sup o, f]
M n>1 max{logmo,...,logm,_1}’
while for 0 < § < 1 we have
U((S)f = sup ‘O-Mnf‘ )
n>1 (max{mg, ceey mnfl})l/é_l

For the maximal operator o(s5) we prove

Theorem 1. Assume that m is quasi-bounded and 0 < § < 1. Then
o(s) is of weak type (1,1) and o) : H?(Gp,) — LP(Gy,) is bounded for
every 6 < p < pg := 2. Moreover, o5y : L"(Gp) — L"(Gp) (1 <7 < 00)
is bounded. If § < p < pg and 0 < q < oo, then there is a constant Cp, ,
depending at most on p, q such that

lo) fllpg < Cpallfllara  (f € HP(Gm)).

The same statements remain true for pyo = oo if we replace the symbol H
by H.

PRrROOF. First we remark that by Lemma o) is trivially bounded
from L>®(G,,) to L>®(G,y,). Therefore the (L”, L™)-boundedness (1<r<oo)
of o(5) will follow from its weak type (1,1) by the well-known theorem
of Marcinkiewicz on interpolation (see e.g. SCHIPP—-WADE—SIMON and
PAL [6]).

Now, let § < 1 and § < p < 1. First we shall prove the HP-quasi-
locality of the maximal operator in question. (For the HP-quasi-locality
of operators see e.g. WEISz [13].) This means that for every HP-atom a
supported on the interval I the uniformly boundedness

/ (0@a)” <G,
G\
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holds. Here it can be assumed evidently that I = Iy for some N € N. Since
a is a p-atom we have a(k) = 0 for every k = 0,..., My — 1. Therefore
om,a = 0 when N 3 n < N. Thus we assume n > N then for every
x € Gy \ Iy and t € Iy it follows that z—t ¢ Iy. Therefore by (1)
fIN a(t)Dyy, (x—t)dt = 0 thus (1) and (5) imply by Hélder’s inequality

the next estimation:

n—1 M. mj—1
oar,0(@)| < Clala ﬁf >
=0 n —

1/2
/ D3y (w+le;—t) dt)

SlIl —

<CM1/p 1/2 1/2

/DM (ztle;— )dt)

Tl

If j > N then by (1) Dy, (z+lej—t) = 0 for every I = 1,...,m; — 1
and t € In. Moreover, applying again (1) we get for j = 0,...,N — 1
and t € Iy that Dy, (z+le;—t) is non-zero if and only if for some v =
0,...,N —1and kK = 1,...,m, — 1 the element x has the next form:
x=(0,...,0,m,—k,0,...,0,zn,...)and j = v, | = k. Letusdenotedthe
set of such x’s by Jlfk. It is clear that the measure of J,f\fk = |JIN | = My
Hence, for = € Jlf\fk (v=0,....,N=-1;k=1,....,my, — 1) we have

MYPY 2 N 1
ou. a(z)] < O—X Y <CM/p_M,/ .
loas, a(@)] < VM,  sinZE T N sin 7~
Since § < 1 the last inequality implies that
_ 1 1
osa < CMYP "m,—
04 = N sin Tk m1/5—1
my v
We recall that p < 1 and so
N—-1m,—1 N-1m,—1
C 1 . M2 mP
as a / (s a S C l/_ v
/Gm\IN © JZOIQZ:l © pM%;;mﬁ/épkp
N-1 N-1
1 M., 1
<Chorp Z VEL, m, " < Gy M5+1m11/_p/6-
MN v=0 mg/ b MN v=0
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Our assumption 6 < p yields 1 —p/§ < 0 therefore

(0(5)a Corrm Z b1 <
Go\In M

This means that o) is HP-quasi-local if § < p < 1. Thus by the
(L?, L?)-boundedness of o(s) a theorem on interpolation of WEIsz [11]
can be applied to conclude that o(s) is bounded from H"(Gy,) to L™ (Gp)
(0 <r <2). Moreover, o4 : H*%(Gp) — L*9(Gp,) is bounded for every
d<s<2and0<qg< 0.

We prove for o5 (0 < 0 < 1) a stronger property than H L_quasi-
locality, namely that o4 is strong 1-quasi-local (see SIMON [8]). To this
end let f € L'(G,,) such that supp f C Iy for some N € Nand [ f =0.
We need to show that

/ o6 f < Cillf Il
G \IN

As above, n > N can be assumed and for = € Jlf\fk (v=0,...,N — 1,
k=1,...,m, — 1) it follows by (5) and (1) that

M, 1 . .
lom, f(z)] < Cﬁ £ / |f ()| Dar, (x+ke,—t) dt
n Sin In
1
< CHleMVSj

Thus we can write in the case § < 1 that

N—-1m,—1

o f < C|fll My
/Gm\IN Q e Z Y

v=0 k=1 v

N—-1
1 M,
< Cllflly > log m,.
My 2= 151

From the assumption 6 < 1 it follows that 1/6 — 1 > 0 which implies

logm, < Csmy/° (v=0,...,N —1). Therefore

N-1

1
o) f < Csllfllizr— > My < Cs| fl1-
/Gm\IN @ My Vz:;) "
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If 6 = 1 then we need only to write log m, instead of 77111,/5_1 and the
same conclusion follows, i.e. that o(y) is strong 1-quasi-local. Of course,
o) (0 <9 < 1)is also H I_quasi-local. Therefore Weisz’s interpola-
tion theorem cited above guaranties the boundedness of o(s) stated in our
theorem also for 6 = 1. Since the strong 1-quasi-locality with (L, L>°)-
boundedness implies the weak type (1,1) (see e.g. SCHIPP—~WADE—SIMON
and PAL [6] or SIMON [8]), 0(y) is also of weak type (1,1).

It is clear that the same proof with a little modification leads to the
HP-quasi-locality of o(s) from which we get by interpolation the rest state-
ments and the proof of Theorem 1 is complete. OJ

We remark that by the proof o5 (0 < § < 1) is HP(HP)-quasi-local
(6 <p <1) and strong 1-quasi-local for all m independently on the quasi-
boundedness of m.

Since the Vilenkin polynomials, i.e. the linear hull of ém is dense in
LY (G,,), from the weak type (1,1) part of Theorem 1 we get an estimation
for growth of special Cesaro means by usual density argument. Namely,
the following corollary is true.

Corollary 1. Assume that m is quasi-bounded and 0 < § < 1. Then
for all f € LY(Gy,)

ou, 1) = f() = o((Wn®)") (0 — o)
for almost every x € G,,.

It is obvious that for bounded m Theorem 1 remains true if we omit
the factors ()\(5)")1/5 (n € N) in the definition of the maximal operator.
In other words, then all statements of Theorem 1 hold for the unweighted
maximal operator f — sup, |0, f| instead of o). (In this case we have
H?(G,,) = LP(G,,) (p > 1).) Moreover, if m is bounded then f —
o*f := sup, |onf| is bounded from H'(G,,) to L'(G,,) (see Fuji [1]
and SIMON [7]). Furthermore, in the bounded case this “full” maximal
operator is of weak type (1,1) and for every 1 < r < oo is bounded from
L"(Gp) to L (G,,) (see PAL and SIMON [4]). Of course, then we can write
in Corollary 1 n and 1 instead of M, and ()\n(5))1/ 6, respectively. The
(H', L')-boundedness of o* was generalized to (HP-¢, L?*7)-boundedness

(with some p, ¢q) for bounded m by WEISZ in [11].
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In [10] WADE considered a maximal operator (5 (0 < d < 1) analo-

gous to o(5) but with weights (max{mo, . ,mn,l})l/(s instead of
1/5
()\n(5)) :
~ L ‘O—M'nf‘ Ll G
G(s).f :==sup 75 (fE ( m))
n>1 (max{mo,...,mp_1})

He proved that &5 is bounded from L*>(G),) to L*°(G ) and ‘HP-quasi-
local for every § < p < 1 assumed that m satisfies the assumption (3).
Therefore Weisz’s interpolation theorem cited above implies the bound-
edness of G5y : HP(Gy,) — LP9(Gr) if 6 < p < 00, 0 < g < o0,
Unfortunatly, from this cannot be deduced that &) is of weak type (1,1).
Theorem 1 is evidently an improving of Wade’s result.

To the formulation of the analogous result in the two-dimensional
case let > 0 and define r € Nby r — 1 < a < r. It is clear that » > 1.
Furthermore, let

pi,j = max{mo,...,ms_1}, A ;= max{logmy,...,logms_1},

where s := max{k,j} (0 < j,k € N). Now, we consider the two-parameter
maximal operator o, 5 for every 0 < ¢ <1 by
‘O—MlmMj f‘

Oasf = sup N (f € Ll(an)).
k=3l<e Ak ity jtr

Then the two-dimensional analogue of Theorem 1 reads as follows.

Theorem 2. Let us supposed that 0 < § < 1 and m is strong 6-
quasi-bounded. Then for every 6 < p < oo the maximal operator o, s :
HP(G2,) — LP(G2)) is bounded. Moreover, if § < p < oo and 0 < q < oo
then we have

loasf|

pa < Cpqll fllrra (f € Hp’q(ng))-

PROOF. As in the one-dimensional case Lemma implies that o, :
L>®(G?,) — L>°(G?)) is bounded. Then, taking into account again Weisz’s
theorem on interpolation (see the proof of Theorem 1), we need only to
show that o, s is HP-quasi-local for all 6 < p < 1. To this end let a be a
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(two-parameter) HP-atom with support I. Clearly it can be assumed that
I = Iy x Iy for some N € N. To the HP-quasi-locality it is enough to
prove that

(6) / (0a5a)" < Cp.
G2 \I

m

Let Al = (Gm \IN—r) X IN—ra A2 = IN—r X (Gm \ IN—’I’) and Ag =
(G \ IN—r) X (G, \ IN—,). We shall show that

/A (dasa)’ <C,  (1=1,2,3),
l

from which (6) follows evidently.

First we deal with the case [ = 1. As in the proof of Theorem 1
we get opr,,m,a = 0 if both n and s are less or equal than N. Thus we
may suppose that either n or s is greater than N. If |n — s| < « then
n>N-—-r+1ors>N—r+1. Therefore

|oag,, v S|

Oq 5f S sup
) 2r/8
n,s2N-r+l )‘n,sl“n+r,s+r

Let (z,y) € Ay and N —r+1 <n, s € N then

rasan el = | [ atu o) 0 Ko, (o) dudo
N N

< llallool| Kz,

1 / | K1, ()| du.
In

Similarly to the proof of Theorem 1 we get

N—r—1 mj;—1
M; 4 1

IO v
M, in =L
= noo Sino-

o, (2, 9)] < oo [ K,

X / Dy, (z+lej—u) du.
In

Analogously to the one-dimensional case we may suppose that = € Jlit]l_r
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forsomev =0,..., N—r—1land!=1,...,m,—1in which case by Lemma

M, 1 2/ M, 1
o a(z,y)| < llafloo || K Ve CMy " logm,—
o .00 ol R, I o < BN L
M, 1
< CMPlogm,_ z
= N 108 1MN_r+1 sin;;—l
My \2/p M, MP
§C< N ) logms_1 —— N
Mny_, sin - My —rq1

2r/p

<Cu A
— n—+r,s+r'\n,s . Tl 7‘1 ‘
Sll’liy N—r+1

Taking into consideration the definition of o, s we have by 2r/p < 2r/d

that )
Ml/ MN/fr

Ua75a($7y) < C . 7l M ’
Sin ™y N—r+1

from which by the strong d-quasi-boundedness of m

—1m,—
/ L Z Z / / (0u50)"
A JNT IN_»

N—r—1m,— 2
<O 3 3 e e
B M]2V—r v=0 — Ip M]I\)f—r—i-l

1 N—r—1
T Z M, y1logm, (p=1)

My—ry1 00

= Cp 1 N—r—1
>, Ml m;?  (p<1)
MN r4+1 v=0

<C,

follows. (We recall that the strong d-quasi-boundedness implies the strong

p-quasi-boundedness. )
The proof of the estimation ng (Ja75a)p < () is the same as above

for A; instead of As. Finally, for (z,y) € A3 and n,s € N we get

o, . a(z, )] < CHaHoo/ IKMN(LULU)IdU/ | Kar, (y—v)| dv.
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Thus applying the same method as above it follows that

N—r=1my—1 3p 1 2
p v+1
(0usa)’ < C, —) <0,
/A?’ uzz;) lg; i MJ% —r+1
which completes the proof of Theorem 2. O

We do not know whether o, is of weak type (1,1) or not. In

WADE [10] an analogous statement to Theorem 2 is proved for a maxi-
/6
Vj
assumed (3). Of course, Wade’s theorem follows from Theorem 2.

2r/é

k+r,j+r
be omitted in the definition of our maximal operator and all statements of
Theorem 2 follow for f — sup|,,_g<q oM, 0, f| (see WEIsZ [12]). More-

over, Weisz proved analogous theorems also for the maximal operators

f - Supn,g |O-Mn,M5f|7 f — SupZ_O‘Sn/sSQQ Un,sf’v f - Supn,s |0'n,sf’ (fOI‘
details see WEISZ [12]).

mal operator which is defined as 0,5 but with u,lc instead of Ay ; and

If m is bounded then — as in Theorem 1 — the weights A ;u can
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