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Gysin sequence and Euler class of spherical Lie algebroids

By JAN KUBARSKI (Léd#)

Abstract. An n-dimensional Lie algebra g will be called a spherical Lie algebra
if it is cohomologically equivalent to the n-sphere, i.e. H¥(g) = 0 for 1 < i < n—1
and H'(g) = R for i = 0,n. The l-dimensional abelian Lie algebra R and the 3-
dimensional Lie algebras sl(2,R) and sk(3,R) are the only such Lie algebras. This work
deals with the invariantly oriented transitive Lie algebroids having spherical isotropy Lie
algebras. The Lie algebroids of some principal bundles and of some TC-foliations are
such algebroids. The aim of this work is to construct and investigate the Gysin sequence
and the Euler class of such Lie algebroids by generalizing these notions introduced for
R-Lie algebroids in [K5].

1. Introduction

A) Let (E,m,M) be an oriented n-sphere bundle. Then the fibre
integral f : Q*(E) — Q* "(M) has the following important property
[G-H-V]: the space of cohomology of its kernel H (ker f) is isomorphic to
the space of cohomology of M,

(1.1) ™ H(M) = H (ker /) :

Due to this fact, the Gysin sequence and the Euler class of E are easily
defined, see, for example, [G-H-V].

On the other hand, in the theory of Lie algebroids we can observe an
interesting analogy to the theory of sphere bundles, namely, it turns out
that, in some sense, flat connections for Lie algebroids play the same role
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as global cross-sections for sphere bundles. This was observed in [K6] for
regular Lie algebroids with the trivial one-dimensional adjoint bundle of
Lie algebras admitting a non-singular global cross-section invariant with
respect to the adjoint representation (for special cases of Lie algebroids of
Poisson manifolds over R-Lie foliations see [K5]). Among transitive Lie
algebroids fulfilling these properties we find:

o the Lie algebroids of S!-principal bundles,

e the Lie algebroid A(G; H) of the TC-foliation of left cosets of a non-
closed Lie subgroup H in a Lie group G, such that dim H —dim H = 1,

 the Lie algebroid A(M;F) of a TP-foliation F on a compact and
simply connected manifold with 1-dimensional structural Lie algebras.

Among regular non-transitive ones we have:
e the Lie algebroids of Poisson manifolds over R-Lie foliations.

The fact analogous to (1.1) is their fundamental property which en-
ables us to observe the “flat connections — cross-sections” analogy. What
follows appears as common ideas for cross-sections of sphere bundles and
flat connections for Lie algebroids: the Gysin sequence, the notion of the
Euler class as well as the notion of an index at singularity and the theorem
of Euler—Poincaré—Hopf.

It turns out that this analogy — for transitive Lie algebroids — takes
place in a wider class of the so-called spherical Lie algebroids in which (a)
the isotropy Lie algebras g are cohomologically equivalent to the n-sphere
S ie H¥(g) =0for 1 <k <n-—1and H¥(g) = R for k = 0,n, (b)
the n-exterior power A" g of the adjoint bundle g possesses a non-singular
global cross-section ¢ € Sec \" g invariant with respect to the adjoint
representation. Therefore, except for R-Lie algebroids, this analogy holds
for some si(2,R) and sk(3,R)-Lie algebroids as well.

The generalization of the Euler class and the Gysin sequence for
spherical Lie algebroids is the aim of this paper. The Lie algebroids of
G-principal bundles for 3-dimensional Lie groups G such that gl(G) =
sk(3,R) (for example, G = SO(3), O(3), Spin(3)) or gl(G) = sl(2,R) (in
the case G = SL(2)) are the first examples of spherical Lie algebroids
with 3-dimensional structural Lie algebras. The case G = O(3) gives
principal bundles with compact and disconnected fibres, whereas the case
G = SL(2) — with non compact fibres. Therefore the classical theory of
the Gysin sequence and the Euler class for oriented bundles with fibres
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cohomologically equivalent to a sphere [G-H-V, Vol. II, s. 5.23] does not
apply to these two classes of G-principal bundles. In the next paper [K8]
the cohomology theory of flat connections in spherical Lie algebroids is
developed. If the dimension of the base manifold is equal to n+ 1, where n
is the dimension of the isotropy Lie algebras, the index at an isolated sin-
gularity is defined. A version of the Fuler—Poincaré—Hopf theorem joining
the sum of indexes to the Euler class is given. This generalizes the results
from [K5].

The paper is organized as follows. Sections 2 and 3 are devoted to the
fibre integral for Lie algebroids (introduced in [K4]) and its fundamental
properties. In Section 4 we study the Gysin sequence and the Euler classs
of a spherical Lie algebroid A. In Section 5 this class is calculated via
the Chern—Weil homomorphism of A. In Section 6 we prove how one
can calculate the cohomology algebra of A via H (M) and the Euler class
of A. We also show that two Lie algebroids on the same manifold, having
isomorphic cohomology algebras, can possess different Euler classes.

B) This work (as regards techniques) is based on our work [K4] where
the notion of the fibre integral f, in a regular Lie algebroid (A,[-, -],7)
with respect to a non-singular cross-section € of A" g is introduced (g =
ker v is the adjoint bundle of Lie algebras), n = rankg. The pair (A, ¢)
is called a vertically oriented Lie algebroid and, for the transitive case
(considered in this work), the fibre integral f, : Q% (M) — Q*~"(M) is
defined as follows: f, ® = 0 if deg® < n and v*(f, ®) = (—1)"*..® if
deg® = n+k, k > 0. We recall that Q4(M) denotes the space of A-
differential forms, i.e. the space Sec \ A* of cross-sections of the bundle
N\ A*. In Q4 (M) the exterior derivative d 4 works and gives a cohomology
algebra H4(M). We also add that by a homomorphism of vertically ori-
ented Lie algebroids (T,t) : (A,e) — (A’,€") of the same rank n we mean
a homorphism T': A — A’ (inducing t : M — M) of Lie algebroids [K3],
such that (A" T%)(e,) = €},, * € M, where TT : g — g’ is the restriction
of T to adjoint bundles.

The basic properties of f, are given in the following theorems [K4]:

Theorem 1.1. (a) If (T,t) : (A,e) — (A’,€') is a homomorphism of
vertically oriented Lie algebroids, then t* o fA, = jA o™,

(b) jA O’y* = 07
(¢) fav o N® =1 A f, @ for arbitrary forms ¢ € Q(M) and ® €
Qa(M),

(d) [, @AY= (=1)"*(f, ®) At for & € Q(M), & € Q5" (M),
(e) f, is an epimorphism.
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Theorem 1.2. The operator [ 4 commutes with the exterior deriva-
tives da and dps if and only if

(al) the isotropy Lie algebras g, are unimodular, and

(a2) the cross-section € is invariant with respect to the adjoint representa-
tion of A on \" g.

We recall [K4] that the invariance of ¢ is equivalent to the following
property: for any open subset U C M on which ey = (h1 A ... A hp) v,
h; € Secg, the equality (37, hs A... A&, hi] A ... Ahy)jw = 0 holds for
each £ € Sec A.

Theorem 1.3. The kernel fA is a d 4-stable space if and only if the
g, are unimodular.

Theorem 1.4. For a trivial Lie algebroid A = T'M x g over a connected
manifold M a cross-section € of the vector bundle \"g = M x \"g is
invariant if and only if it is a constant one, e(x) = ¢ for a \" adg-invariant
element ¢y € \" g.

The transitive Lie algebroid A fulfilling properties (al) and (a2) from
Theorem 1.2 is called a transitive unimodular invariantly oriented Lie al-
gebroid (briefly, TUIO-Lie algebroid).

In [K4] and [K7] three sources of such Lie algebroids can be found:

¢ the Lie algebroids of G-principal bundles for a structure Lie group G
not necessarily compact or connected but satisfying det(adg a) = +1,
ac€@,

¢ the Lie algebroid of the TC-foliation of left cosets of a nonclosed Lie
subgroup H in a Lie group G,

e the Lie algebroid A(M, F) of a TP-foliation on a compact and simply
connected manifold.

In [K7] one can find the Poincaré duality theorem for TUIO-Lie al-
gebroids over oriented manifolds establishing an isomorphism H% (M) =
Hf\j;m_p(M)* (n = rankg, m = dim M, HZ:m_p(M) denotes the (n +
m—p)-cohomology space of A-forms with compact support). This theorem
implies the duality between v# : H.(M) — Ha (M) and jf cHa(M) —
H (M) from which we obtain (as a corollary)
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Theorem 1.5. If A is a TUIO-Lie algebroid over an oriented mani-
fold M, then the following conditions are equivalent:

(a) fA " H%(M) — H°(M) is an epimorphism,
(b) v#™: H"(M) — H}' (M) is a monomorphism.

C) Let g be any n-dimensional unimodular Lie algebra. For a tensor
0+#¢e € N'g, take the substitution operator i., : Ag* — R. Then
keri., = EB?:_OI A" g*. Consider the cochain complex (keric,,d)

2 n—1
1 2 n—2
OHRgg*L/\g*é—w--L /\g*&O.

The last arrow is also the Chevalley—Eilenberg differential §”~! since, in
a unimodular Lie algebra g, we have 6"~ = 0 (this can easily be noticed
from the definition or Corollary 3.2 in [K4]). This yields that

HP(g) if 0<p<n,

1.2 HP?(keri. ) =
(1.2) (ker ic,) {O if p=n.

Take now a trivial unimodular Lie algebroid A = TM x g equipped
with a constant cross-section ¢ € Sec(M x A" g), e(z) = €0, 0 £ 0 € \" 0.
gis \" ad a-invariant [K4, Example 3.1]. Consider the integration operator
f 4 corresponding to e. The Kiinneth homomorphism « : Q(M) x A g* —
Qravxg(M), v@p — Y YAT 0, (v: TMxg—TMandm:TMxg—g
are projections) is an isomorphism of graded differential algebras, see [K7,
Lemma 6.1].

Lemma 1.1. The following diagram commutes for a uniquely deter-
mined isomorphism ky of graded differential algebras:

id ®tey
—_

0 — QM)Qkeri,, — QUM)QR Ng* QM) — 0
fTng
0 —  kerfry, —— Qraxg(M) QM) — 0.

PROOF. The right square commutes: (a) if deg® < n, & € QM) ®
A\ g%, then fTng ok(P) =0 =1d ®i., (®). (b)) f P =¢ R, Y € QM),



250 Jan Kubarski

pe Ng-and deg® =n+k, k > 0, we have, for g = hy A...Ahy, (h; € g),

</TMX9 o) (1 @ @) (v1 A .. Ay)

:/ (VY AT ) (o1 AL A vg)
TMxg

= (=)™ (Y AT (R A Ahy AL AL A vg)
= (T e AYY)(hy A ... ANhy Avp AL A o)
Lo,V AL Aug)
= (i[d®tey) (Y @ @) (v1 A ... Avg).
The equality “=” holds independently of the degree of ¢ (if degy < n,
then both sides of “=” are 0). Clearly, there exists a uniquely determined

homomorphism x; of graded differential algebras for which the above dia-
gram commutes, and k1 is an isomorphism. O

Corollary 1.1. The mapping

k1wt HM) ® H (ker 1e,) — H(ker/TMXg)

induced by ki on cohomology (after its composition with the algebraic
Kiinneth isomorphism) is an isomorphism of graded algebras.

It is easy to see that the mapping
P QM) — QM) @ kerte,, ¥ @1,
is a homomorphism of graded differential algebras for which the diagram
QM) —L— QM) @ker .,
s | y
QM) —— ker(fypxq)-

commutes. [The fact that Imy*C ker f, Mxg follows from Theorem 1.1 (b)].
Finally, consider a transitive Lie algebroid A over a manifold M of
dimension m, with the Atiyah sequence 0 — g < A - TM — 0. Let
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e € Sec\" g, n = rankg, be a non-singular cross-section. Denote by
fao 0 (M) — Q"(M) the fibre integral with respect to . In the
present work we examine the short exact sequence of graded spaces

(1.4) 0— ker/A L) 4 o0n —o.

The homomorphism 7 is of degree 0 and f 4 of degree —n. We assume that
(A,e) is a TUIO-Lie algebroid, i.e. that Lie algebras g,, are unimodular
and ¢ is A\" ads-invariant. Due to Theorems 1.2-3, the sequence (1.4) is
a sequence of differential spaces.

2. H(ker f,) for spherical Lie algebroids

Definition 2.1. An n-dimensional real Lie algebra g is called a spher-
ical Lie algebra (s-Lie algebra for short) if it is cohomologically equivalent
to the n-sphere S™, i.e. if

H’“(g>={

0 forl<k<n—1,
R for k=0,n.

Every s-Lie algebra is unimodular.

Ezxample 2.1. The following are examples of s-Lie algebras:
¢ R — the 1-dimensional abelian Lie algebra,
e sl(2,R) — the Lie algebra of real 2 x 2-matrices with trace zero,
e sk(3,R) — the Lie algebra of real 3 x 3 skew symmetric matrices.
The last two Lie algebras are 3-dimensional.

Proposition 2.1. The above are the only s-Lie algebras.
Proor. It is sufficient to check that

efor an arbitrarily taken real Lie algebra g if H'(g) =0 then H3(g) #0.

The assumption H'(g) = g/[g, g] = 0 implies that the Levi factor [ of
g is nontrivial. Let g = [ & m be the Levi decomposition of g. The rest
trivially follows from the facts that H3(I) # 0 and H%(m)? = R and the
HocHSCHILD-SERRE formula [H-S, Theorem 13] (for a = 3):

H*(g) = @ H'(1) © H* " (m)®. 0
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Definition 2.2. A TUIO-Lie algebroid is called a spherical Lie alge-
broid (s-Lie algebroid for short) if its isotropy Lie algebras g, are s-Lie
algebras.

Example 2.2. (1) Lie algebroids of S'-, SL(2)-, SO(3)-, O(3)- or
Spin(3)-principal bundles are s-Lie algebroids. (2) The Lie algebroid of the
TC-foliation of left-cosets of a nonclosed Lie subgroup H in a Lie group G,
such that dim H — dim H = 1, is an s-Lie algebroid ([K4, Theorem 3.5]).

Theorem 2.1. For any s-Lie algebroid (A, €) over a manifold M,

7#:H(M)—>H<ker/A)

is an isomorphism of graded algebras.

PROOF. M (paracompact and not necessarily connected) can be cov-
ered by a finite family of open (not necessarily connected) subsets {Uy, ...
..., Ug} such that Ay, is isomorphic to a trivial Lie algebroid. Indeed,
each point has a neighbourhood on which A is isomorphic to a trivial Lie
algebroid [A-M], [M], next we need to use Th.I from [G-H-V, Vol. I, p. 17].

Our theorem will be proved inductively with respect to k.

Step 1. k = 1. In this situation, A = TM x g. According to
(1.3), the theorem follows from the assumption that g is an s-Lie alge-
bra: H(keri.,) = R.

Step 2. Assume the theorem is true for positive numbers < k. We
prove this theorem for the number k£ + 1. Let M = Uy U ... U Uy (the
Lie algebroid A over U; is isomorphic to a trivial one). Put U = Uy,
V=UZU. ThenUUV =M, UNV = U5, U,nU;. Of course,
Ay, v, too is isomorphic to a trivial one. Consider the Mayer—Vietoris
sequence for the covering {U, V'} [K7, Section 3]

0— Qa(M) 5 Qa, (V) D, (V) L Qay (UNV) =0

and the following diagram in which ©; := QA‘U, Qy = QAW, Qo =
Q Ajyny and the integration operators are determined with respect to the
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restrictions of e:

The bottom rows and all columns are exact. Therefore, by the nine-lemma,
the top row is exact, too. This yields the following diagram with exact
TOWS:

0 — QM) —  QU)BAV) —— QUUV) — 0

lﬁ” lvé@w Jvfmv

0 —— kel“jA E— ker.[Aw @kerfAW ker!Awmv 0.

By the induction assumptions, ’y# , ’yf/ﬁ and ’Yﬁmv are isomorphisms. Writ-
ing the long cohomology sequences and using the five-lemma, we assert
that ’yﬁ[ is an isomorphism, too. O

3. Gysin sequence and Euler class of s-Lie algebroids

Let us come back to the sequence (1.4) of graded differential spaces for
an arbitrary s-Lie algebroid (A, e) and consider the corresponding canoni-
cal long exact sequence in cohomology

a0 2 vy ﬂﬂ(ker[) s Ha(M) — -
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with the connecting homomorphism 9 of degree n + 1. In the following
diagram

HM) s Ha(M)

gT’Y#_l H

Hiker f,) —*— Ha(M)

[o |
My T,

the bottom square commutes. Define the operator D : H(M) — H(M) as
the composition

D:HM) S HM) 2 Hker f,) 2 H(M)

where @ is the involution @(¢) = (—1)48¥+14). D is a homomorphism of
degree n + 1, giving the exactness of the triangle

(3.1) DT Ha(M).

Definition 3.1. D is called the Gysin homomorphism of the s-Lie al-
gebroid (A, e). The long exact sequence

_ #k #k—0
...ﬂH’“(M)LHI’f‘(M)LO%--- (0< k<n)
n y#m n 2 0 D°
e 0 H(M) 2 (M) 5 o) 2
P jA# pr+i

Hp(M) i Hp+n+1<M) i) H£+n+1(M) Ja Hp+1(M) RN

(p=>0)
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corresponding to (3.1) is called the Gysin sequence of (A,e). The coho-
mology class

xa = D(1) =~4*7H0(-1)) € H"" (M)

is called the Euler class of (A, ¢).

Remark 3.1. The construction of the Gysin homomorphism and the
FEuler class. Take a closed form ¢ € Q(M). There exists a form ® €
Q4 (M) such that f, ® =1 (see Theorem 1.1 (e)). Then, by Theorem 1.2,
da® € ker f, and 9[Y] = [da®]ye, p, - Therefore

DWJ] = (_1)degw+17#il[dA¢)]kerfA'

In particular, for » = 1 € H°(M) and an n-form ® such that qu} =
—tp = —1, we have [ds®],., = v#xa. For any representative ¥ of y 4,
x4 = [¥], there exists a form ® € Q7 (M) such that

/<I>:—1 and da® =~"V.
A

Indeed, [dA(i)]kerfA = [v*V], 80 da® — v*¥ = d 4O for a form O € ker f,.
Thus 7*¥ = d4(® — ©), and & := & — O is the looked-for form.

Proposition 3.1. D(a A ) = a A D(f) for arbitrary classes
a,f € HM).

PROOF. Take a form Q € Q7% (M) such that f, Q = 1. Let a = [¢],
= [¢]. By Theorem 1.1 (c), we have f,(v*(¢ A1) AQ =@ A1, so this
equality gives

D(aAf) = (=1)d#raes vy #=1(9[p A 4))

N
Y HAA( (0 A ) A Q)ker g,

(_1)(188; ptdegyp+1

= (=)%Y F T (RO A [da(v e A Q)]kerjA>

= [p] A (=1)4BVHIA# 1 (O]y])
= [p] AD[Y] = anDg. O
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Corollary 3.1. D(a) =a A xa.

From this and the Gysin sequence we easily obtain

Proposition 3.2. For an s-Lie algebroid (A,¢), the following condi-
tions are equivalent:

(1) f7" Hy(M) — H°(M) is an epimorphism,

(2) xa =0,

(3) fA# : Hy(M) — H(M) is an epimorphism,

(4) y#n+l . grY(M) — HY (M) is a monomorphism,

(5) v# : H(M) — H4(M) is a monomorphism.

In particular, if H"*(M) = 0, then x4 = 0.
If additionally M is oriented, then according to Theorem 1.5 the above
conditions are equivalent to

(6) y#™ is a monomorphism.
Corollary 3.2. If an s-Lie algebroid (A, ¢) is flat, then x4 = 0.

PRrROOF. Let A : TM — A be a flat connection. Then yo A = id
and A is a homomorphism of Lie algebroids. This implies the relation
M o ~# = id”, which yields the monomorphy of 4#. The proposition
above gives the equality x4 = 0. O

In particular, the trivial Lie algebroid T'M x g has the vanishing Euler
class.
From the Gysin sequence we immediately have

Corollary 3.3. If x4 = 0, then the following short sequences are

exact:

o7 7 A#

(3.2) 00— H""P(M) ~— H}""(M) > HY(M) — 0, p=0.

In particular,

H™" (M) = H™ (M) @ H (M), p>0.
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Corollary 3.4. The Euler class x 4 vanishes for any R-s-Lie algebroid
A over a noncompact 2-manifold M and for any sl(2,R) or sk(3,R)-s-Lie
algebroid A over a noncompact 4-manifold M.

The comparison with principal bundles having a structure Lie group
cohomologically equivalent to a sphere is given in the following theorem
(we recall that each bundle with the fibre cohomologically equivalent to a
sphere possesses the Euler class defined analogously as for sphere bundles
[G-H-V, Vol. 11, 5.23)).

Theorem 3.1. Let P be a principal bundle with the structure Lie
group G cohomologically equivalent to a sphere, invariantly oriented by
g0 € \" g (g is the Lie algebra of G, n = dim G), such that fG Ar =1 and
AR is the right-invariant n-form on G equalling €¢ at the unit. Then the
Euler classes of the bundle P and the invariantly oriented Lie algebroid
A(P) are equal to each other:

XA(P) = XP-

The Gysin homomorphisms are identical and the Gysin sequences are
“equivalent”:

CHE N B

CHOM) —2 5y - gy L

H(M) -

PRrROOF. Let x4(p)y = [V]. Take an n-form ® € Q% (M) such that
fA ® = —1 and d4® = v*¥. Denote by ® the right-invariant n-form on
P corresponding to ®, ® = 7p(®P), where 7p : Qapy(M) = QF(P) is
the canonical isomorphism (see [K2], [K4, (1.6)]). Then, by the definition
of fibre integrals, jP@ = —1 and VU = da7p'® = 75 d®. Therefore
W = 7py*U = d®, which implies that xyp = [¥] = Xa(py and the
commutativity of diagram (3.3) follows. O

Remark 3.2. The last theorem does not refer to the non-compact case
G =SL(2).
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Theorem 3.2 (Naturality of the Gysin sequence). A homomorphism
(T,t) : (A,e) — (A’,€") of s-Lie algebroids induces a homomorphism of
the long exact Gysin sequences

, #
.. Hk(M/) 7' HZ/(M,) fA’ Hk—n(M/) D 4 Hk+1(M/) .

e @ e e
124

#
- H¥M) —— HY(M) Da

kan(M) ch+1(M)

PROOF. The commutativity of (1) follows immediately from the equal-
ity t,oy=+v"0T.

(2) — immediately from the equality t*o f,, = f, oT* in Theorem 1.1
(a) (passing to cohomology).

(3) From the general fact [G-H-V, Vol. I] we have the commuting
diagram

H(M') —— H(ker f})

lt# lf#

H(M) —2— H(ker f,)

where T : ker f,, — H(ker f,) is the restriction of 7*. Hence it appears
that in the diagram below all small squares commute:

~ ’ 1N —1
Da: HMY) —2 HM)) —2 % Hker f,) 22 H(M
A

lt# lt# lf# lt#

- #y—1
Da: HM) —2— H(M) —2— H(ker f,) 22— H(M),
which easily implies the commutativity of (3). O

As a consequence we obtain

Corollary 3.5 (Naturality of the Euler class). If (T,t) : (A,e) —
(A’,¢") is a homomorphism of s-Lie algebroids over manifolds M, M’ then
XA =tFxar.



Gysin sequence and Euler class of spherical Lie algebroids 259

4. Euler class via the Chern—Weil homomorphism

In [K3], the Chern—Weil homomorphism h 4 for any regular Lie alge-
broid A is constructed. We use this homomorphism for an s-Lie algebroid
(A, ¢e) (therefore for a transitive one):

ha: é <Sec\k/g*> — H(M)

IO

1

F,Qb\/...\/Qb>]
——————

k times

where (Sec\/* g*)70 denotes the space of invariant cross-sections of the
bundle \/IC g* with respect to the adjoint representation ad’y of A on \/k g*
and Q, € Q2(M; g) is the curvature form of any connection A : TM — A in
the Lie algebroid A, (X,Y) = —w([AX,\Y]), X, Y € X(M) (w: A—g
is the connection form of A). We recall that I" € Sec \/k g” is invariant if
and only if for any £ € Sec A and hq,... , hy € Secg,

k
(’705)(<F,h1\/...\/hk>):Z<F,h1\/...\/[[§,hi]]\/...\/hk>.

i=1

Theorem 4.1. Let 0 — g — A - TM — 0 be the Atiyah sequence
of A. The form v*(T, V. ..VQ,) for invariant T € (Sec \/* g*) o is closed,
more precisely,

’)/*<F,Qb\/...\/Qb> =da®
—_———
k times

for

(41) =k 3 kij<f‘,w\/i1!(d14w)i\/j1!<—;[[w,w}]>>.

itj=k—1

[Remark: This is a generalization of the standard formula [G-H-V, Vol. II].
In the standard formula concerning principal bundles, the sign “~”’ does
not occur because there is a left Lie algebra of a structure Lie group there,
not a right one].

PrOOF. Each point © € M has a connected neighbourhood U such
that Ay is the Lie algebroid of a trivial principal bundle 7 : U x G — U
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for some connected Lie group G, Ay = A(U x G). Let H C T(U x G)
be the connection in U x G corresponding to the restriction of A to U,
A TU — Ay, and let Qu € Q%(U,g) be the curvature form of H.
Clearly, I'iy € Sec \/k g|*U is adxw—invariant. By the connectedness of
U x G, we have the isomorphism of vector spaces

v (Vo) — (secVai),

[K3, p. 43], where (\/* g*); denotes the space of Adg-invariant vectors from
\/* g*. v is defined by the formula v(w)(z) = \/*(2)"*(w), z € (U x G) o
Z:g — g, is an isomorphism of the right Lie algebra g of G onto the Lie
isotropy Lie algebra g at = [K2; p. 11]. Therefore I'|; = v(w) for some
Adg-invariant element w € (\/* g*);. Let @ be the connection form of H.
By equality (15) from [K3] and the standard formula [G-H-V, Vol. II], we

have

7T*<F|U>Qb|U V... \/Qb|U> = <’U),QU V...V Qu)=dd

for
_ 1 IS DV B T
i+j=k—1
1 1, o101 7
=k > — <w OV = (do) vV = <—[[w w]]R> >
. ) | | )

it k+j 2! J! 2

([-, -]¥ and [-, -]¥ denote the left and right structures of a Lie algebra g of

the Lie group G). On the other hand, the real form 7 (I, Qpr V. . . VQy17)
on P =U x @G is right-invariant and

PY|*U <F|U7 Qb|U V...V Qb\U> = TI;17T* <F‘U, Qb\U V...V Qb|U>

for the canonical isomorphism 7p : Q4(py(U) = QF(P) [K2]. Since 7p

commutes with exterior derivatives, we have

’}/|*U <F|U7 Qb|U V...V Qb\U> = TEl(d(i)) = dA‘U(TI;I(i)).
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@ is Adg-equivariant, therefore dw and [w,w]® are Adg-equivariant too.

Considering the adjoint representations ad 4(py and Adg, we have the ana-
logous isomorphism

™ :de(p)(M;\79> iQAd<P§\S/9)

between the spaces of equivariant forms [M, App.A, Proposition 4.12] (see

also [K1] for the language of differential groupoids). The following obser-

vations hold:

(1) 7p(w) = (i.e. 2(@:(v)) = wa[v]), see, for example [K2, p. 39],

(2) 7p commutes with exterior derivatives, in particular, 74(daw) = do,

(3) Tl el = 3,87,

(4) Tp(v(w), ) = (w, () for any invariant vector w € (\/*g), and
equivariant form ¢ € Qf’f(P)( :Vig).

From this we have

Yo (Do, Qo V-V Qo) = da,, (75 ®)
1 1 1/ 1 J
i+j=k—1
The arbitrariness of x yields the assertion of our theorem. O

As a corollary we get
(4.2) YT, Q) = da(T, w), I' € (Secg™)jo

(4.3) (0,0 V Q) = da <<r, WV daw) — %(F,w V [, w]])) ,

re (Sec\Z/g*)IO

Problem: Prove formula (4.1) using only the category of Lie alge-
broids.

4.1. s-Lie algebroids of rank 1

Consider an s-Lie algebroid (A4, ) of rank 1. Then g is a trivial rank 1
LAB with global ad 4-invariant cross-section € € Secg, i.e. one satisfying
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the relation [£,e] = 0 for each £ € Sec A. Take
(4.4) e* € Secg”

such that
tee* = 1.

Then e* is adi‘—invariant, ie. adil(f)(a*) = 0 for £ € Sec A. Indeed, since
rankg = 1 and ¢, # 0 for each x € M, it is enough to notice the equality

ad’, (€)(e")(e) = (0 &) (e*,€) — (e*, [€.]) = 0.

Therefore £* belongs to the domain of the Chern—Weil homomorphism A 4
of A.

Theorem 4.2. Under the above assumptions,
2
xa =Y (—e*).

PROOF. According to the definition of hy, we have hy(—¢*) =
[(—e*, Q)]. To prove our theorem, let us take the 1-form ® = (—e*,w) €
QL (M). According to (4.2), da® = y*(—e*,Qp), therefore it is sufficient
to check that f 4 ® = —1. Clearly, this follows from the equalities

’Y*</Aq’> =1.P = (—e",w(e)) = (—c*,¢e) = —1. O

Corollary 4.1. There exist nonintegrable s-Lie algebroids (A,e) of
rank 1 having nonzero Euler class x 4.

Indeed, take the s-Lie algebroid of rank 1 of the TC-foliation of
left cosets of a nonclosed Lie subgroup H in a Lie group G, such that
dim H —dim H = 1, (Example 2.2 and [K4, Theorem 3.5.3]). The invariant
cross-section € € Secg corresponds via the isomorphism ¢ to an element
0 # g0 = [w] € h/h. Assume G to be a compact, connected and semisimple
Lie group. According to the proof of Theorem 7.4.3 from [K3], hf) £ 0.

Since the domain of hf), (Sec g*) o, is a 1-dimensional vector space (more
exactly, (Secg*)jo is canonically isomorphic to (h/h)*, see [K3, Proposi-
tion 7.4.1 and the next remarks], and via this isomorphism the invariant
cross-section e* € (Sec g*)jo is mapped into an element ¢ € (h/h)* such
that 1,65 = —1), we have h(j)(s*) # 0. Adding the simple connectedness
to the properties of G, we obtain the looked-for objects.
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4.2. s-Lie algebroids of rank 3.

Consider an s-Lie algebroid (A, ) of rank 3, ¢ € (Sec \* g)0. Ac-
cording to the remark after Theorem 1.2, after writting ¢ = hy A ho A h3
(locally), h; € Sec g, we have

[[f,hl]]/\hz/\hg‘f—hl/\[[f,hz]]/\hg—l—hl/\hz/\[[f,hg]] =0, gESGCA.

Analogously as in the previous section, take €* € Sec /\3 g* such that
te€* = 1. Then €* is /\3 adhA—invariant. Indeed, it is enough to notice that

(’Y O§)<€*,h1 A h2 A h3> — <6*, [[5, hl]] A\ hg A hg
+ hy A Hg,hgﬂ Ahs + hy Aha A [[£,h3]]> =0.

Since the first and the second cohomology groups of the Lie algebra
g are 0, we have the canonical isomorphism [G-H-V, Vol. I1]]

2 3
pa (\/g*m) — N
I
(each element of A® g7, is invariant here) given by the formula
(px(W),x Ny A z) = (¥, [2,y] V 2).

We recall that U € \/* g* is invariant if and only if (U, [z, y]Vz)+ (U, [z, 2]V
y) = 0 for any x,y,z € g,,. By this and the fact that g is an LAB,
the sum (\/*g*); := UIE]\/[(\/2 g:)r € \/>g* is a smooth subbundle of
\/*g*. Of course, any \/* adi‘—invariant cross-section I' € (Sec\/* g*) o
is a cross-section of this subbundle. All the isomorphisms p, induce the
linear smooth homomorphism

2 3
p: (\/g*)I — Ng*
of vector bundles.

Proposition 4.1. The homomorphism Sec p induced by p on invariant
crosssections is an isomorphism

Secp : (Sec\?g*)lo = <Sec/3\g*)10.
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PrROOF. Let I' € Sec\/?g*. Then po I is invariant if and only if T’
is. Indeed, since g is an LAB and g,, = g2, each cross-section h € Secg
is locally a sum of cross-sections of the form [hq,hg]. The rest follows
trivially from the Jacobi identity in Sec A. U

Take T € (Sec\/* g*) o such that
p(l') =€
Theorem 4.3. Under the above assumptions,

xa = A (=21).

PROOF. According to the definition of h 4 we have
hY (—2r) = [(-T,Q, v Q
a (20) = [(=T, Q2 v )]

To prove our theorem, let us take the 3-form ® € Q3 (M) defined by
1
¢ =(—TwVdaw) — g(—I‘,w V [w,w]).

According to (4.3),
’}/*<*F, Qp VvV Qb> =ds?.

Therefore it suffices to check that f, ® = —1, i.e. y*(f, ®) = 1@ = —1.
Since daw(h;, hj) = [hi, hj] and [w,w](hi, hj) = 2[h;, h;] and w(h;) = h;,

we obtain

1 1
le <w\/dAw - gw\/ [[w,w]]) = (w\/dAw - gw\/ Hw,wﬂ) (h1 A hg A hs)

(hl V [ha, hs] — ha V [h1, hs] + hs V [hq, hz]).

Wl

Therefore

1
Ls‘p = <_F’L£ (w \ dAw - gw \% [[W,WH>>

1
- §<—F, [hQ, hg] \/ hl - [hl,hg] \/ hz —|— [hl,hg] \/ h3>
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1
= 3(=p(T), ha Ay Ny = ha Ahg N ho + iy A by Ahg)

= <—€*,h1/\h2/\h3> =—1. O

5. Computation of the algebra H (M)

For an arbitrarily taken element 2 ¢ R to which we assign the de-
gree n, we form the anticommutative graded algebra (A Q,A) = H(S™)
as the exterior algebra over the 1-dimensional graded vector space Lin 2
(homogeneous of degree n) spanned by (2.

Below, n =1 or n = 3, therefore n is odd (see Proposition 2.1).

Theorem 5.1. Let (A,e) be any s-Lie algebroid of rank n and let
U € Q"TY(M) be a representative of the Euler class xa = [¥]. According
to Remark 3.1, we can take an n-form Q € Q% (M) such that f, Q= —1
and doQ) = v*U. Consider the skew tensor product Q(M)Q A\ of anti-
commutative graded algebras and define the operator d : Q(M) @ N\ Q —
QM) Q@ A\ Q by the formulae

dy®1)=dyyp®1
A @ Q) = (=1)9Y (Y AV) @ 1+ dprtp @ Q.

Then d is an antiderivation and (Q2(M) Q) A\ Q,d) is a graded differential
algebra.

PROOF. Clearly, d is a differential of degree +1, such that d(z Ay) =
de Ny + (=1)4ez Ady for x =y ® 1, y = o ® 1 or for x = ¢ ® 1,
y = 1o ® . The remaining third case: x = ¥ ® Q, y = 12 ® Q holds (n is
odd), giving zero on both sides of this equality:

Ay @ QA Py @ Q) = d((—1)”'deg¢2¢1 Aty @ QA Q) — d(0) =0,

A1 @ Q) Ay @ Q4 (—1)18 V14 @ QA d(Y2 @ Q)
= (=1)3BV1 () ATV) @1 Athy @ Q
+ (_1)deg¢l+degw2+nwl ® Q A 7!}2 A \1} ® 1

= (=)%Y (14 (=1)" )y AT Ay © Q= 0. 0
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Theorem 5.2. The mapping

M) Q) N\ — Qa(M)

defined by u(¥®1) = v*, u(p Q) = YA, is a degree 0 homomorphism
of graded algebras.

PRrROOF. The homogeneity of p and the commutativity of p with the
differentials d4 and d, as well as the condition p(z Ay) = p(z) A pu(y) for
=1L, y=vs@1orx =11 ®N and y = 3 R ( is easy to see. For
=19 ®Q and y = Yo ®  this condition follows from the observation
that QAQ =0in AQ, and QAQ =0 in Q(M) (n is odd). O

Theorem 5.3. For an s-Lie algebroid (A, e) over a manifold M, the
mapping induced by p on the cohomology

[y : H(Q(M) ®/\Q> — Ha(M)

is an isomorphism of graded algebras.

ProoOF. Consider the short exact sequence
0 — QM) - QM) R) \ 22 Q1) — 0,

() = Y1, p(hv ® 1 + 1 ® Q) = —1hg; i and p commute with the
differentials. The following diagram

0 —— QM) —— QMQQAQY —2— QM) —— 0

5 J» H

0 —— ker f, ——  Qu(M) /NN QM) —— 0,

is commutative; indeed,
/ op(yr @ 1+ 1y ® Q) —/ (Y1 + 7 1y A Q)
A A
—0+uah | Q= o = plr © 1+ ba @ D),
A

o i) = u(t ®1) = 14
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Passing to the long exact sequences, we get from the five-lemma (since #
is an isomorphism [Theorem 2.1]) that p14 is an isomorphism. O

Corollary 5.1. If x4 =0, then Ho(M) = H(M)Q H(S™) as graded
algebras.

PRrROOF. Let x4 = 0. Then we can choose ¥ = ( as a representative
of the Euler class x 4, which gives d(11 @ 1 + 12 ® Q) = dip; ® 1 4+ dipa @ 2,
i.e. d is equal to the tensor product of the differentials dy; and 0p o [G].
The Kiinneth theorem yields the isomorphism of graded algebras

H(en) @ A\Q) = HQM) @ H( Q) = H(M) Q) H(S™).

This result and Theorem 5.3 imply that Ha(M) = HQM)Q A\ Q) =
H(M)Q@ H(S™) as graded algebras. O

Theorem 5.4. If dimM = n + 1 and M is compact, connected and
oriented, then for arbitrary s-Lie algebroids A and A’ over M of rank n
with nonzero Euler classes xa # 0 # x4/, there exists an isomorphism of
cohomology algebras H (M) = H 4/ (M).

PROOF. Take the orientation class [A] € H"™*(M) of M. Then x4 =
k-[A] =[k-A] and x4 = k' - [A] = [k’ - A] for some reals k, k" € R\{0}.
Therefore ¥ = k- A and ¥’ = k' - A are representatives of the Euler
classes. According to Remark 3.1, there exist n-forms Q € Q7 (M) and
Q' € Q% (M) such that f, Q= -1, f,, Q' = -1 and daQ ="V, ds QY =
7*Q. Theorem 5.3 says that Ha(M) = H(QM) Q@ A\ Q) and Ha (M) =
H(Q(M)Q A ) provided that in Q(M)Q AQ and Q(M)Q A Q' the
following differentials dy and dys are defined:

d(p®1) =dyyp @1
A (Y © Q) = dyp ® Q+ (=1)4EY (P AT) @ 1

_{de®Q, degvy > 0,
W) @l4+dyt ®Q, degy =0,

and analogously for dy.
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Put

oM@ N\e—aonnR A,

Ypol—yal,

k
1@9»—&@?9’,

Y RV—PpRQ, degyp > 0.

Of course, [ is an isomorphism of graded vector spaces. We check the
commutativity of I with differentials:

e dpol(p®1)=dp(YvR1)=dp @1 =Todp(¢p®1),
¢ dyol(1®Q)=dp(1@ £Q) =L Vel1=Ugl=I0d,(1®Q),
° 1fdegw > 0, then dk/OI(ib@Q) = dk/ (¢®Q/) = diﬂ@Q, = IOdk(TZJ(X)Q)

Therefore Iy : H(Q(M)Q A Q) = H(QM)Q N\Q) is an isomor-
phism of cohomology algebras which implies that Ha (M) = Hy (M), O

Remark 5.1. According to the above theorem, the Euler class x4 is
not — in general — an invariant of the cohomology algebra of A and ac-
cording to [K7, Proposition 7.6.] it has nothing in common with the
Euler—Poincaré characteristic of A; the last, when considered for TUIO-Lie
algebroids (dim M + rank g is odd), is always 0.

Acknowledgments. I would like to thank MARTIN BORDEMANN (Frei-
burg) for assistance, advice and some interesting, helpful discussions, es-
pecially concerning Proposition 2.1 (more precisely, for pointing out to me
the Hochschild—Serre formula to prove this proposition).
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