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The natural operators transforming affinors
to tensor fields of type (4,4)

By JACEK DEBECKI (Krakéw)

Abstract. We give a complete classification of natural operators transforming
affinors to tensor fields of type (4,4).

The affinors on a smooth manifold M are, by definition, the tensor
fields of type (1,1) on M. All natural operators transforming affinors to
tensor fields of type (r,r) for » = 0 and r = 1 are classified in [2], for
r = 2 1in [3], for r = 3 in [4]. Unfortunately, the methods used in these
cases are inadequate to investigate the cases r > 4. In this paper we give
a modification of the method presented in [4]. It enables us to receive a
full characterization of natural operators transforming affinors to tensor
fields of type (4,4). Since they form a module over the ring consisting of
the known natural operators transforming affinors to functions, we prove
that this module is free and finite-dimensional, and we find a basis of it.

Let p, ¢ be non-negative integers. We will use the symbol XPM to
denote the vector space of all smooth tensor fields of type (p, ¢) on a smooth
manifold M. If V' is a vector space then we will write TPV for

Ve VeV -eV”

p times q times

and if f: V — W is an isomorphism between two vector spaces we will
write 17 f for

f@ - ®@fQf"® - f TPV — TPW.

p times q times
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If p: M — N is an immersion between two smooth manifolds of the
same dimension then two tensor fields ¢ € XPM and v € XPN are said to
be -related, if u(p(x)) = TP (Typ)t(x) for every z € M.

Let n, p, ¢, r, s be non-negative integers. A family of maps A, :
XPM — XM, where M is an arbitrary n-dimensional smooth manifold,
is called the natural operator transforming tensor fields of type (p,q) to
tensor fields of type (r,s) if for every injective immersion ¢ : M — N
between two n-dimensional smooth manifolds, for every ¢ € XPM and
every u € XPN the tensor fields Ay (t) and Ay (u) are p-related whenever
t and u are p-related. (This is a special case of a general definition of
natural operators, see [5].)

Let k be a non-negative integer. A natural operator A transforming
tensor fields of type (p,q) to tensor fields of type (r,s) is said to be of
order k if for any n-dimensional smooth manifold M, any x € M and all
t,u € XPM the following implication

Jat = jru = An(t)(x) = Apr(u)(2)

holds (here j¥t denotes the k-jet of ¢ at z). It is known (see [2]) that if
p = q and r = s then every natural operator transforming tensor fields of
type (p,q) to tensor fields of type (r,s) has order zero. This reduces the
problem of finding natural operators to determining equivariant maps (see
[5], [6])-

We racall that the group GL(n, K), where K is a field, acts on T} K"
in the following way: if t € TP K™ and A € GL(n, K) then

(b= A = (AT (AT Al A
q P

Iy
“bg jl.“ Jq
for all iq,...,ip, j1,...,Jq € {1,...,n}.

Definition. A map a : TPR™ — T{R" is called to be equivariant if
a(t-A) = a(t) - Afor all t € TPR", A € GL(n,R), and if a o b is smooth
for every smooth map b : R" — TPR". (The latter condition forces the
smoothness of a, but a proof of this is not simple, see [1].)

The set of all such equivariant maps will be denoted by E(, ¢) (r,s),n-
Using standard methods (see [5], [6], [2]) we can show that there is a one-to-
one correspondence between natural operators of order zero transforming
tensor fields of type (p,q) to tensor fields of type (r,s) and equivariant
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maps from E, o) (rs),n- Namely, if A is a natural operator then the corre-
sponding equivariant map a is defied by

a(t(0)) = Ar~(t)(0)

for any t € XPR™ (since A has order zero, the definition is independent of a
choice of t). Conversely, if a € E, ) (r,s),» then the corresponding natural
operator is for every n-dimensional smooth manifold M, every ¢ € XPM
and every x € M defined by

Au(t)(2) = T (Top) " a(T] (Top)t(2)),

where ¢ is a chart on M.

Since we have established the relation between all natural operators
and equivariant maps for p = ¢ and r = s, from now on we will study
equivariant maps instead of natural operators.

We first observe that E, ) (0,0),n is aring and E(, 4) (r.s),n is @ module
over K, o) (0,0),n- In the paper [2] it is given a classification of equivariant
maps transforming tensors of type (1,1) to tensors of type (0,0). Namely,
for every a € E(11),(0,0),n there is a uniquely determined smooth function
f :R™ — R such that

(1) a(t) = fleit), .-, ca(t))

for every t € TLR"™, where ¢; : T{R®™ — R for i € {1,...,n} are the
coefficients of the characteristic polynomial of a linear endomorphism i.e.

(2) det(Midpn —t) = A"+ ¢;(H)A"

i=1

for every A € R and t € T{R™. Of course, the converse statement also is
true: for every smooth map f : R”™ — R formula (1) defines an equivariant
map a € E(171)7(0’0)’n.

We can also construct examples of equivariant maps from E; 1) (r,r),n
for each non-negative integer 7.

Ezample. Suppose that ¢ : {1,...,r} — N and ¢ € S,, where N is
the set of all non-negative integers and S, denotes the set of all permuta-
tions of the set {1,...,7}. Put

®) g (D) = (P20 ()
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for every t € T{R™ and all iy,...,4p, j1,...,Jr € {1,...,n}. Here t*,
where k is a non-negative integer, stands for

to.---0ot.
—_——

k times
It is immediate that ey o € E(1,1),(rr),n-
We are now in a position to formulate our main result.

Theorem. The equivariant maps e, , for
v :{1,2,3,4} — {0,...,n— 1}
and o € Sy satisfying one out of the following ten conditions:
1. (1) =n—1 and
_ (1234
9=\1234)"
2. Y1) <n—2,9%(2) =n—1 and o is an element of the following set
1234 1234 1234 1234
1234)> \2134)> \3124)° \a123)[>

3. (1) =n—-2,¢(2) <n-—2,¢9(3) =n—1 and o is an element of one
out of the following two sets

1234 1234 1234 1234

1234)° 2134)° 3124)° 4123 ’
1234 1234 1234 1234 1234
1324)7 1423)7 2314)° 2413)° 3412 ’

4. (1) <n—3,9¥(2) <n—2,9(3) =n—1 and o is an element of one
out of the following three sets

1234 1234 1234 1234
1234)° 2134)° 3124)° 4123 ’
1234 1234 1234 1234 1234
1324)7 1423)7 2314)° 2413)° 3412 ’
1234 1234 1234
3214)° 4213)7 4312 ’
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5. ¢9(1)=n—-2,9%(2) <n—-2,¢9(3) <n—2 and o is an element of one
out of the following three sets

1234 1234 1234 1234
1234)° 2134)° 3124)° 4123 ’
1234 1234 1234 1234 1234
1324 )7 1423)7 2314)° 2413)° 3412 ’
1234 1234 1234
1243)7 1342)° 2341 ’

6. ¥(1) <n—3,9¥((2)=n—2,¢¥(3) <n—2 and o is an element of one
out of the following five sets

1234 1234 1234 1234
1234)° 2134)° 3124)° 4123 ’
1234 1234 1234 1234 1234
1324)7 1423)7 2314)° 2413)"° 3412 ’
1234 1234 1234
1243 1342 2341 ’
1234
’ 4312 ’
1234 1234 1234 1234 1234
2143 3142 3241 4132)° 4231 ’

7. ¢9(1)=n—-3,¢¥(2) <n-3,¥(3) <n—2and o is an element of one
out of the following six sets

{(1339). G139)- (i) Gy
{(320). (230)- Gand)s (G2 vt
(33 D}
G2 9
(3131 ).

1234
3241

1234
4132

1) (1382). (G2
D) (an). (3
(G G () ( (i230)}
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{G35)- Gin) Gish))
(1) <n—4,4(2)<n-3,¢3) <n-2,
(1)=n—-2,9(2) =0, 9¥(3) <n—2 and

o= 1234
“\3142)°

10. (1) =n—2,9%(2) =0, ¥(3) < n—2 and
o=(3113)

form a basis of the module Ey 1) (4,4),n-

8. 1
9. 1

We must give a lemma before we start to prove our theorem. Let us de-
note by M, ,, the set of all pairs (o, 3) of maps o : {1,...,7} — {1,...,n}
and B : {1,...,7} — {1,...,n} such that for every i € {1,...,n} the
numbers of elements of the sets a~1({i}) and 3~1({i}) are equal. The
number of elements of M,.,, will be denoted by m(r,n).

Lemma. Let t € TIR™ be a linear endomorphism of R"™ with n dif-
ferent complex eingenvalues. Then there is a vector subspace V. C T/R"
such that dimV < m(r,n) and that for every a € Eq 1y (rr),n We have
a(t) e V.

A proof of the lemma can be found in [4].

PROOF of the theorem. We will assume that the set
Kpm ={0,...,n—1}{1rh 0 g

is equiped with the following order: for ¢,w : {1,...,7} — {0,...,n—1}
and o,7 € S, we have (¢,0) < (w,7) if and only if

(¥(1),0(1),...,9(r),o(r)) < (w(1),7(1),...,w(r),7(r))

with respect to the lexicographic order i.e.

(¥, 0) < (W, 7) <= Tneqr,ry Vieqr,..p—1y (1) =w(l) Ao(l) = 7(1))
A (T,Z)(k:) <w(k)V (Q,Z)(k:) =w(k)No(k) < T(k))) .
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For z € R™ the linear endomorphism ¢, : R® — R" is defined by imposing
the following conditions: ¢,(e;) = e;41 for : € {1,...,n— 1} and t.(e,) =

—z"e; —---—z'e,, where ey, ..., e, denotes the canonical basis of R”, i.e.
0 —z"
1 :
(4) t: =
0 —22
1 —2!

in the canonical basis. Finally, let us denote by L, ,, the set consisting of
all pairs (¢,0) € K, , with the property that there exists any standard
coordinate on 77 R™ such that this coordinate of e, ,(¢.) equals 1 for every
z € R™ and that (¢,0) is the minimal element of K, , for which this
coordinate of ey »(t.) does not vanish for some z € R™ i.e.

Lrn ={($,0) € Krn : 3y iy duveogoe{tnm) (Vacmn €y o (L) = 1)
AV wmyek . (@,7) < (1,0) = (Vacrn e (t:)5070 = 0))}.
By (4),
(k<n—jAk#i—j) = (t5);=0,
k=i—j= (t5);=1

for every z € R™, every non-negative integer k and all 4,5 € {1,...,n}.
Therefore from (3) we see that

(5) G 1,y (k) S =G AY(R) o) = i) = 9.0 (£)75, =0,
(6) (Ve (1, V(R) = i) — k) = epo(ts) 00 =1

for every (¢,0) € K,,, every z € R™ and all i1,...,%,71,...,jr €
{1,...,n}.

Fix 1, ... 0, j1,---,Jr € {1,...,n}. We now describe an algorithm
for finding the minimal pair (¢, o) € K,.,, such that ew,a(tz);"ll’,'.'.::;: # 0 for
some z € R™. The construction of (¢, 0) is by induction. Our algorithm
does not work for arbitrary i1,...,%,j1,...,7» € {1,...,n}. Necessary

conditions will be formulated in the course of the construction.
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Algorithm. Suppose that¢(1),0(1),...,9(k—1),0(k—1) are defined,
where k € {1,...,r}. We will define ¢(k) and o(k). Let

Gk = {Z S {1, - ,n} : Elue{l,‘..,r} (vve{l,.‘.,k—l} U 75 a(v))/\i EX W\ ]k}

If the set Gy, is empty, then our algorithm breaks down. If not, we define
gr = min Gy, and put ¥ (k) = g — ji. Let

Hy={ue{l,....r}: (Voequ,.. k—13 U # 0(V)) Ny = g}

We define hy, = min Hy, and put o(k) = hy.

Of course, since g, € Gj whenever gy is defined, Hy # () whenever
Hj, is defined. It is also seen at once that if it is possible to continue the
construction to the very end (i.e. if Gy # 0 for every k € {1,...,7}), then
we obtain (¢,0) € K,,. We now show that such (¢, 0) is the minimal

il ----- ir n
Ao # 0 for some z € R™.

From (6) we have %,a(tz);-ll’,f,’z = 1 for every z € R", as h, € Hj, for

every k € {1,...,r}. Suppose that (w,7) € K, ,, and that (w,7) < (¢,0).
Thus there is k € {1,...,r} such that w(l) = ¥(l) and 7(I) = o(I) for every
le{l,....,k—1} and w(k) < ¥(k) or w(k) = ¥ (k) and (k) < o(k). We
have to prove that ewyT(tz);ll’,'."::;: = 0 for every z € R". If w(k) < ¢ (k)
then w(k) < g — ji. Since 7(1) = o(l) for every [ € {1,...,k — 1}, it must
be either i) < jr or i;(x) € Gg. Since gx = min Gy, the last condition
implies gx < i,(y). Therefore ew,T(tz)i-l"”.’i-T = 0 for every z € R"™ as
follows from (5). If w(k) = ¢ (k) and 7(k) < o(k) then w(k) = gr — jr and
7(k) < hy. Since hy = min Hy, the last inequality implies that 7(k) ¢ Hy,
and since 7(I) = o(l) for every I € {1,...,k — 1}, it must be i ) # g-
St
the desired conclusion. Actually, we have proved that (¢,0) € Ly .

pair from K, , with the property that ey »(t.)

Therefore e, (t,) = 0 for every z € R" as follows from (5). This is

Our next goal is to show that all pairs (¢, 0) € Ky, specified in the
theorem can be obtain as a result of applying our algorithm.

We first observe that if (¢,0) € K, ,,, if my,...,m, € {1,...,n} are
such that m; < --- < m, and if we set i1 = mgy-1(1),..., % = Me-1(y),
j1 = mq —¢Y(1),...,5, = m, — (r), then our algorithm applying to
W1yeeeylpyj1--.,Jr yields (¢, 0), whenever

Viieqt,..ry (B <IAmp=my) = o(k) <o(l)



The natural operators transforming affinors ... 371

and whenever ji,...,j, € {1,...,n}. This remark facilitate us to produce
(¢, 0) from items 1-8 of the theorem.

1.

In order to obtain by our algorithm any (¢,0) from item 1 of the
theorem it suffices to take mq =n, mo =n, mg =n, myg = n.

. Suppose 9 is as in item 2 of the theorem. If o is an element of the set

from item 2 of the theorem then in order to obtain by our algorithm
(v, 0) it suffices to take m; =n — 1, mg =n, mg =n, my = n.
Suppose ) is as in item 3 of the theorem.

If o is an element of the first set from item 3 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my; =n—1,
mo =nn, M3 ="n, Mg = N.

If o is an element of the second set from item 3 of the theorem then in
order to obtain by our algorithm (1, o) it suffices to take m; = n —1,
me =n—1, mg=n, mgy =n.

. Suppose ¥ is as in item 4 of the theorem.

If o is an element of the first set from item 4 of the theorem then in
order to obtain by our algorithm (1, o) it suffices to take m; = n—1,
mo =nN, M3 =N, My = N.

If o is an element of the second set from item 4 of the theorem then in
order to obtain by our algorithm (1, o) it suffices to take my =n—1,
me =n—1, mg=n, mgy =n.

If o is an element of the third set from item 4 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take m; = n —2,
me =n—1, mg=n, my =n.

. Suppose ¥ is as in item 5 of the theorem.

If o is an element of the first set from item 5 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my =n—1,
mo =n, M3 =N, My = N.

If o is an element of the second set from item 5 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my =n—1,
me =n—1, mg =n, my =n.

If o is an element of the third set from item 5 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my =n—1,
meo=n—1,mg=n—1, my =n.

Suppose ¥ is as in item 6 of the theorem.

If 0 is an element of the first set from item 6 of the theorem then in
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order to obtain by our algorithm (1, o) it suffices to take my =n—1,
mo =nN, M3 =N, My = N.

If o is an element of the second set from item 6 of the theorem then in
order to obtain by our algorithm (1, o) it suffices to take m; = n —1,
me =n—1, mg=n, my =n.

If 0 is an element of the third set from item 6 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my; =n—1,
meo=n—1,mg=n—1, my =n.

If 0 is an element of the fourth set from item 6 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my; = n —2,
me =n—1, mg=n, my =n.

If o is an element of the fifth set from item 6 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my = n —2,
meo=n—1,mg=n—1, mgy =n.

Suppose ¥ is as in item 7 of the theorem.

If o is an element of the first set from item 7 of the theorem then in
order to obtain by our algorithm (1, o) it suffices to take m; = n —1,
mo =nn, M3 =N, Mg = N.

If o is an element of the second set from item 7 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my =n —1,
me =n—1, mg =n, my =n.

If o is an element of the third set from item 7 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my =n—1,
mo=n—1,mg=n—1, my =n.

If 0 is an element of the fourth set from item 7 of the theorem then in
order to obtain by our algorithm (1, o) it suffices to take my = n —2,
me =n—1, mg=n, mgy =n.

If o is an element of the fifth set from item 7 of the theorem then in
order to obtain by our algorithm (1, o) it suffices to take m; = n — 2,
meo=n—1,mg=n—1, my =n.

If o is an element of the sixth set from item 7 of the theorem then in
order to obtain by our algorithm (1), o) it suffices to take my; = n —2,
meo=n—2, mg=n—1, my =n.

Suppose ¥ is as in item 8 of the theorem. If ¢ is an arbitrary per-
mutation from S4 then in order to obtain by our algorithm (v, o) it
suffices to take m; =n—-3, me=n—2, mg=n—1, my =n.
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9. In order to obtain any (1, o) from item 9 of the theorem it suffices to
apply our algorithm to i1 =n, i =n,i3=n—1,i4,=n—1, j; =1,
J2=mn, s =n—1-=9(3), ja=n—y(4).

10. In order to obtain any (1, o) from item 10 of the theorem it suffices to
apply our algorithm to ¢1 =n,ic =n—1,i3=n, iy =n—1, j;1 =1,
J2=mn,js=n—1-9(3), ja=n—y(4).

It is easy to check that ten conditions formulated in the theorem
exclude each other and that the sets specified in each item are pairwise
disjoint.

Let P,, denote the set consisting of all pairs (¢, 0) € K4, specified in
the theorem. The set of the sequences of integers (i1, 2, i3, 14, j1, J2, j3, Ja),
which we used above to obtain by our algorithm the elements of P,,, will
be denoted by Qn We will write (il,ig,i37i47j1,j2,j3,j4) = 7T(’L/J,O') if
(¢,0) € P, is the result of our algorithm applied to
(i1,12,13,%4, J1, J2,J3,Ja) € Qpn. Therefore m : P, — @, is a bijection.
We have proved that P, C Ly ,. The definition of L4, makes it obvious
that there is an injection p : Ly, — {1,...,n}® such that p|P, = =
and that if (il,ig,’ig,i4,j1,j2,j3,j4) = p(d}, O') for any (¢,J) S L47n then
ew,o(t2)§11322333?4 = 1 for every z € R™ and ew,T(tz)ﬁz?;i = 0 for every
(w,T) € K4, such that (w,7) < (¢, 0) and for every z € R™.

Let z € R". We now show that the vectors ey ,(t,) € T{R™ for
(0,%) € Ly, are linearly independent. Suppose that Ay, € R for (¢,0) €
Ly, are such that

Z )‘ﬂ%aew,a(tz) =0.

(w7U)EL4,n
We have to prove that Ay, , = 0 for (¢, 0) € Ly4,,. The proof is by induction
on (¢,0). Fix (¢,0) € Ly, and assume A, » = 0 for (w,7) € L4, such
that (va) > (’(7[)70-)' Taklng (Z.lai27i3>i47j1aj27j37j4) = p(d)aa) we get

Moo= D Aveepo(t) 250 =0,
(waU)EL4,n

which is our claim.

If z € R™ is such that ¢, has n different complex eingenvalues then,
by our lemma, there is a subspace V' C T}R™ such that dim V' < m(4,n)
and a(t.) € V for every a € E(11),(4,4),n- Consequently ey o(t.) € V
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for every (¢,0) € Ls,. A trivial computation shows that m(4,n) =
24n* — 72n3 + 82n? — 33n. Since ten conditions formulated in the theorem
exclude each other and the sets specified in each item are pairwise disjoint,
we see that the number of elements of P, equals n3+4n?(n—1)+9n(n—1) +
12n(n—1)(n—2) 4+ 12n(n — 1) 4+ 20n(n — 1)(n — 2) + 23n(n — 1)(n — 2) +
24n(n—1)(n—2)(n —3) +n(n—1) +n(n—1) = 24n*— 72n3+ 82n*— 33n,
which is equal to m(4,n). Since P, C L4, and the vectors ey ,(t.)
for (¢,0) € Ly, are linearly independent, we deduce that ey ,(t.) for
(,0) € P, form a basis of V. Furthermore, we see that P, = Ly,
which is worth pointing out. We now prove that if x € V is such that
;1132221’344 = 0 for every (i1,1i2,13,14J1,J2,J3,74) € Qn, then £ = 0. The
vector z is a linear combination of the vectors of our basis of V, i.e.

T = Z Top oo (tz),

(,0)EP,

where x4 » € R for (¢,0) € P,. Thus it is sufficient to show that z, , = 0
for every (¢, 0) € P,. The proof is by induction on (¢, o). Fix (¢, 0) € P,
and assume z, , = 0 for (w,7) € P, such that (w,7) > (¢,0). Taking
(41,142,143, 14, J1, J2, J3, Ja) = 7(Y, o) we get

Tpo= D, Tpolypolts)jiind =0,
(Y,0)EP,

which is our claim.
111293%4 __

We next prove that if a,b € E(; 1) (4,4),, are such that a(tz)j1j2j3j4 =

b(tz)ﬁﬁﬁzﬁ for every (i1,12,13,14, j1,J2,73,J4) € Qn and every z € R",
then a = b. Clearly, it suffices to show that if a € E(y 1) (4,4),n is such
that a(tﬁﬁﬁ?&i = 0 for every (i1,12,13,14,J1,72,J3,74) € Qn and every
2z € R", then a = 0. Let u € T{R". We have to prove that a(u) = 0.
We first consider the case that u has n different complex eingenvalues.
An easy computation shows that for every z € R™ the coefficients of the

characteristic polynomial of ¢, coincide with the coordinates of z, i.e.

A 2"
-1 . LI .
(7) det ‘ = AT Y AT
s i=1

-1 A4zt
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for every X € R, where (2!,...,2") = 2. Thus, writing c¢(u) for the vector
(ci(u),...,cn(u)) € R™, where ¢1(u),...,cn(u) are the coeflicients of the
characteristic polynomial of u, we see that the characteristic polynomial
of u is the same as that of t.(,). Combining this with the fact that both
u and t.) have n different complex eingenvalues we conclude, by Jor-
dan’s theorem, that there is A € GL(n,R) such that u = ¢, - A. Since
a(tc(u)) =0, which is due to the fact proved in the previous paragraph, we
have a(u) = a(tew) - A) = a(te)) - A =0-A = 0 as desired. We now
turn to the case of an arbitrary u. Let v € T{R" be an arbitrary matrix
with n different complex eingenvalues and let R be an n-dimensional affine
subspace in T{ R™ such that u € R and v € R. Suppose that D(Z) denotes
the discriminant of the characteristic polynomial of a matrix Z € T{'R™.
Then D : T{R™ — R is a polynomial and D(Z) # 0 if and only if Z has
n different complex eingenvalues. Of course, D|R # 0, because D(v) # 0.
Therefore S = {Z € R: D(Z) # 0} is a dense subset of R. We known that
a|S = 0. Suppose that P : R® — T} R" is an affine parametrization of R.
By the definition of equivariant maps, the composition ao P is smooth and
so is a|R = (ao P) o P~1. Since each continous map vanishing on a dense
subset vanishes everywhere, we have a|R = 0. In particular a(u) = 0 as
required.

Fix a € E(1,1),(4,4),n- Our next goal is to determine smoth functions
fup,o : R" — R for (¢,0) € P, such that

(8) a(t ;132333244 - Z f?,b o ew a( );1132233;]44
(¥,0)EP,

for every (iy,i2,13,%4,71,J2,73,J4) € Qn and every z € R™. The defi-
nition is by induction on (¢,0) € P,. Suppose that (¢¥,0) € P, and
that f, , for (w,7) € P, such that (w,7) > (¢,0) are defined. We take
(i1,12,13, 14, 1, 2, J3, j4) = (3, 0) and put

O feo@=altiERL - D fer(@ear

(w,T)EP,
(w,T)>(¥,0)

for every z € R™. It is easily seen that, by the smoothness of the map
R" > z — a(t,) € T{R™, we obtain smooth functions which satisfy the
claimed conditions (8). Write

QTR 3t — > fyola(t),... cn(t))eyo(t) € TIR™,
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where ¢y, ..., c, are given by (2). Clearly, a € E(1,1),(4,4),n- By (7) and (8),
we have E(tz)i»li?i?if4 = a(tﬁ%ﬁ?g}@i for every (iy,12,13,14,J1, j2, 3, Ja) € Qn
and every z € R". Hence a = a, which is due to the fact proved in
the previous paragraph. Therefore ey, for (¢,0) € P, are generators
of E(1 1),(4,4),n, because for every smooth map f : R” — R formula (1)
defines an equivariant map from F( 1), (0,0),n-

It remains to prove that they are linearly independent. Assume that

S gueler(®), . en(t)epo(t) =0

(d)ﬁ)GPn

for every t € T{R"™, where gy, : R® — R for (¢,0) € P, are smooth

functions and ¢y, ..., ¢, are given by (2). Hence, according to (7),
> guol(2)eyo(t:) =0
(WU)EPn

for every z € R™. We have to prove that g, , = 0 for (¢,0) € P,.
The proof will be by induction on (¢,0). Suppose that (¢,0) € P,
and that g, . = 0 for (w,7) € P, such that (w,7) > (¢,0). We take
(il,iz, i3, i4,j1,j2,j3,j4) = 7T('¢,O’). Then

0= Y gur(@)ewr(t)it280 = g, ,(2)
(w,T)EP,

for every z € R", and so gy - = 0. This proves the theorem. (|

It is worth pointing out that the final part of the proof (formula (9))
yields a method of calculating the coordinates of an arbitrary equivariant
map (for instance ey, with an arbitrary ¢ : {1,2,3,4} — N and an
arbitrary o € S4) in our basis.

Recall that we have proved the equality P, = L4 ,. It enables us to
write our theorem in the following equivalent form.

Theorem. The equivariant maps ey, , for (¢,0) € Ly, form a basis
of the module E(171)7(4,4),n-

Moreover, the proof of our theorem leads to the following corollary.

Corollary. E(; 1) (4,4)n is a free module of dimension 24n* — 7203 +
82n? — 33n.
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Remark. Using the same arguments we can obtain the classification
of equivariant maps from E(g o), (r,r),n for 7 = 1,2,3, as it is described in
[4]. On the other hand the method presented here is essentialy stronger
than that from [4], because applying the algorithm from [4] in the case
r = 4 we can obtain only the pairs (¢,0) € K4, specified in items 1-8
of our theorem, omitting those from items 9-10. Unfortunately, for » > 5
also the new method brakes down. For instance, applying our algorithm
in the case » = 5 and n = 3 we can obtain only 4644 equivariant maps,
while m(5,3) = 4653.

We are ending off the paper with some remarks about possibile ap-
plications of our result. Generally, it seems that classifications of the nat-
ural operators transforming affinors to tensor fields of type (r,r), where r
is a non-negative integer, can be applied to investigate other type natu-
ral operators transforming affinors. For instance, in [3] a classification of
the natural operators transforming affinors to tensor fields of type (2,2)
enabled us to find a classification of the natural operators transforming
affinors to tensor fields of type (0,1). If we try to use the same meth-
ods for the natural operators transforming affinors to tensor fields of type
(r—2,r—1), where r is a non-negative integer and r > 2, there will appear
just natural operators transforming affinors to tensor fields of type (r,7).

As a more complicated example we consider natural operators lifting
affinors to the cotangent bundle. Such a natural operator is, by definition,
a family of maps Ay : XiM — X{(T*M), where M is an arbitrary n-
dimensional smooth manifold and 7™ denotes the functor of the cotangent
bundle, such that for every injective imersion ¢ : M — N between two n-
dimensional smooth manifolds, for every ¢t € X{ M and every u € X{ N the
affinors Aps(t) and Ay (u) are T*p-related whenever ¢ and u are p-related.
(This is a special case of a general definition of natural operators, see [5].)
For such A and all t € X{R", p € TgR"™ put a(j§°t,p) = Ag-(t)(0,p).
It can be proved that a is well defined. Suppose a(j5°t,p) depends on
a finite jet only and a is smooth. Then, by the homogeneous function
theorem (see [5]), we have

b(t(0) 0

aUa™tP) = | izt p) d((0)) |
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where
) 8t33
¢332 (158, ) = €513, (HO)Pi iy + £33 (H0)) 52 (O0)pig
o2t o ot ot

+ 9515 (H0)) 5o (0) + B RE (10)) 52 (0) 52 (0)

for all ji,jo € {1,....n}, t € XIR™, p € T¢R™. Of course, we may

G211 __ 1102 119392 __ 111213
assume that el 6]1] for i1,1492,71,72 € {1,...,n}, Gjroin = i1 inis for
L. igigitiz 1900304 LT .
Zla227237]17j2a]3 € {1,,7’1,} hJ1]2]4]3 h]1]2]3]4 for ’Lla227237147j17327]37

Ja€{l,...,n}. Now a standard computation shows that b,d € E1 1),1,1),n,
ec E(1’1)7(272),n, f, gc E(l,l),(3,3),n7 he E(l,l),(4,4),n- Therefore b, d, e, f, g,
h are elements of the modules we have described in this paper. This may
be helpful in further studying the natural operators lifting affinors to the
cotangent bundle.
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