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A characterization of polynomials through Flett’s MVT

By IWONA PAWLIKOWSKA (Katowice)

Abstract. We consider the following functional equation
n
fla) = Z gr(a —te)(te)* 4 (®(a) — ®(a — ¢))(te)”, a,c€R, t € QN (0,1)
k=0

related to a generalization of the Flett’s Mean Value Theorem [4]. We present the
solutions of the above equation without any regularity assumptions on the functions
fa907~-~a9n7q> RHR

1. Introduction

The Lagrange Mean Value Theorem says that for every function
f i [a,b] — R, continuous on [a, b] and differentiable on (a,b), there exists
a point ¢ € (a,b) such that

f(b) = f(a) = (b= a)f'(c).

It is well known that taking ¢ = “TH’ the above equation characterizes
quadratic polynomials. J. ACZEL in [1] and SH. HARUKI in [3] considered
a more general equation as follows

f(@) —gy) =hz+y)(z—y).

They proved that f, g, h satisfy this equation if and only if f(x) = g(x) =
ax®+br+cand h(z) = ax+b, for some a, b, c € R. Analogously, T. RIEDEL
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and M. SABLIK in [5] solved the functional equation

_ 1h(b) — h(a)

N2
5 b4 (c—a)“.

(1) f(e) = fla) = (¢ —a)h(c)
Their work was motivated by a generalization of Flett’s Mean Value The-
orem due to T. RIEDEL and P. K. SAHOO [6].

Theorem. If f:[a,b] — R is differentiable on [a, b], then there exists
a point ¢ € (a,b) such that

fle) = fla) = (c=a)f'(c) - 5 ————F(c—a)".

T. Riedel and M. Sablik proved that with ¢ = 9£3% (1) characterizes
cubic polynomials.

The following theorem (see [4]) is a generalization of Flett’s Mean
Value Theorem.

Theorem 1.1. Let f : [a,b] — R be an n times differentiable function.
Then there exists a t = t(a,b) € (0,1) such that

"tk fF) (a4 (b — a))

@) fa) =3 - (a—b)F
k=0
(@) — £ 8)) (a— by
(n+1)!

If we define functions gg, ..., gn, ® : [a,b] — R by

@) (g

®) o) =20 e qo oy,
_ ")
) ARk

then (2) implies that (f, go, ..., gn, P) satisfies the equation

k

(5) fla)= ng (a+t(b—a))(tla—10)" + (2(a) — (b)) (t(a — b))n.
k=0

Motivated by [5], [7] we pose two questions about the equation (5).
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(i) Find the unknown functions f, go, ..., gn, ® : R — R satisfying
(5)  fla) =) grla+t(b—a))(t(a—b)* + (2(a) — (b)) (t(a —b)™
k=0

for all a,b € R and for a fized t € (0,1).
(ii) Determine if the relations (3), (4) hold for any solution.
The aim of the paper is to answer these questions.
The formula (2) is asymmetric in a,b. One may ask whether Theo-

rem 1.1 is still true if we interchange a and b. The answer is positive.

Theorem 1.1°. Let f : [a,b] — R be ann times differentiable function.
Then there exists an s = s(a,b) € (0,1) such that

"L sk k) s(a—
(2) DI Pt A UL T

k=0
Sn—i—l

(n+1)!

(f™ (@) = £ (a))(b—a)™.

PROOF. Let us define a transformation 1" : [a,b] — [a, b] by
T(x)=a+b—=x.

Applying Theorem 1.1 to the composition f o T completes the proof.

2. Main results

Now we present answers to the forementioned questions. Firstly, we
prove a theorem which concerns the connection between polynomials and
the set of ¢’s for which (2) is satisfied.

We begin with some lemmas. The first one easily follows from the
binomial formula.

Lemma 2.1. Let n € N, a;,z,y € R for : € {0,...,n}. Then the
following formula holds

St =33 (F)arte -y
=0 =0 k=1

We need also the following lemma (cf. [8]).
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Lemma 2.2. Let N € Nand C; : R — R, i € {0,...,n} be functions
homogeneous of i-th order with respect to k € N, i.e. C;(kz) = k'Cy(2). If

ZC’i(z) =0, then C;(z)=0

for every i € {0,...,N}.

N .
Let us denote by py a polynomial of N-th degree, i.e. py = Y d;z*, d;,
i=0
x€R,i€{0,...,N}, dy # 0. We have the following

Theorem 2.3. Let n € N and f = py for some N € {0,...,n+ 2}.
If N <n+1 then (2) (resp. (2")) holds for every a,b € R, a < b with any

t € (0,1) (resp. s € (0,1)). If N = n+ 2 then (2) (resp. (2')) holds for

n+2 n+2

every a,b € R, a < b, if and only if t = TR rs)-

(resp. s =

PROOF. Putting c:=a—b, fixn € Nand N € {0,...,n+2}. It is
obvious that the k-th derivative of py has the following form

(6) P (@) =D k(k—1)- ...« (k =i+ 1)da" ",
k=1

For f = py and N < n using (6) we get from (2) the following

N N N o
Z dia' = ( ,)dk(a — te)" " (te)".
' i=0 k=i \'

The application of Lemma 2.1 ends the proof in this case.
Applying Lemma 2.1 and (6) for N = n + 1 in (2) we have for every
te(0,1)

N

N
Z (k> d(a —te) =i (te) + %(N!dNa — Nldy(a—c))cV !
k=i '

,>dk(a —te) i (te)!
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+—§: ( )dN(I—t@N te)' 4+ dn (te)N
N—1 N
= Z diai + dNaN = Zdiai,
i=0 i=0
which means that (2) holds with any ¢ € (0,1) if f = pp41.
Finally, if N = n + 2 the equality (2) yields
N N-2 N (N-1
— k—1
=0 =0 k=i
x (N =1)ldy_1c+3- ... - Ndy(a® — (a— 6)2))CN_2
N-2 N .
-y < >dk (a—te)*i(te)i+ dy—1 (te)N 14 Ndy (te) N1 (a 5)
1=0 k=i
N—2 N-2 N—2 _q o
= Z Z < )dk (a—te) =i (te) i+ Z ( , )dN_l(a—tC)le(tC)l
=0 k=i 1=
N—2 .
+ ( >Ma—@N%wH%Nﬂmwl+N@ﬁ@N1@ 5)
=0

Using Lemma 2.1 and the binomial formula we get therefore

N N-2
E d;a' = E d;a* + dN_laNil
1=0 1=0

+dya — Ndy(a — te)(te)N =1 — dy(te)N + Ndy (te)N 1 (a . g)

N
= Zdiai — Ndy(a — te)(te)N ™! —dn(te)N + Ndy (te)V 1 (a - %) ,
i=0
whence .
N(a—tc)+tc:N(a— 5)
and finally

. N _n—|—2
2N -2 2n+2’
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which ends the proof, since the case of (2’) may be treated similarly.

So we have got that polynomials of degree n + 2 satisfy (2) with a
unique ¢t = 27;‘:22 while for polynomials of lower degree (2) holds for any ¢
from (0,1). In Theorems 1.1 and 1.1’ t = ¢(a,b) and s = s(a, b) usually are
not equal. The above result shows that for polynomials of degree at most
n+2, t and s may (or have to, if N = n+2) be equal and do not depend on
a and b. Now the question is whether (2) is satisfied only by polynomials
if we fix a ¢t € (0,1). Observe that in view of the above remarks we admit
that (2) holds for any a,b € R, not necessarily a < b.

Putting ¢ := a — b in (5) we obtain the related functional equation in
the following form

(1) fla) = grla—to)(te)" + (2(a) — ®(a —c))(te)", a,c€R.
k=0

Let us introduce a notation. For any n € N denote by SA"(R,R) the
family of all n-additive and symmetric mappings from R™ into R. If B €
SA™(R,R) then B will stand for the diagonalization of B. By B(y!, z2/=7)
we mean a value of B at any [-tuple in which [ entries are equal to y and
the remaining ones to z.

We are going now to apply Lemma 2.3 from [8] to infer that ® is a
polynomial function. First, observe that any function v : R — R generates
a mapping from R into SA*(R,R), (k € N) given by

V(@) (Y1 ye) =Y (@)Y - Yk,

for every z,y1,...,yr € R. Therefore any v : R — R can be identified
with a mapping from R into SA*(R,R) which will be denoted by v as
well. Taking this into account, let us put = a, y = tc and rewrite (7) in
the following, equivalent form

(™) @) - f@) =D —gnle —p)") + @ (- ¥) "),

t
k=0

Now (7’) is a particular case of the equation (4) from Lemma 2.3 in [8].
To see it let us admit (cf. the notation in [8]) N =n, pn = @, on_1 =
=01 =0,p0=—f, Ip =+ = In_1 = {(id, —id)}, In = {(id, —id),
(id,—%z’d)}, Ui, (id,—id) = —Ik> k € {0,...,N} and T/JN,(id,—%z’d) = o
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Because ¢ # 0 we have —1id(R) = R, and thus all the assumptions of
Lemma 2.3 from [8] are satisfied. In view of the Lemma we see therefore
that ® = ¢y is a polynomial function. It is a well known fact [9] that ®
can be represented in form

(8) ®=B{+- -+ B

where B; € SAYR,R), i € {0,...,s}. Then assuming some regular-
ity on function ® (e.g. continuity, boundedness on a nonvoid open set,
measurability) we conclude that ® is a polynomial, i.e. ® has the form
O(x) = by + bz + - - + bsz® for some b; € R, i € {0,...,s}. Our aim is
to show that this is true even with no regularity assumption. However, we
will assume that the fixed ¢ with which (7) holds, is rational.

Let us observe that (7) may be written equivalently with new variables
z::tc,y::a—zanduzzl—%intheform

0 )= égk@)z’“ @y +2) — By +us)e
Putting y := 0 in (9) we infer

(10) £(2) = kfjogkw)z’f +(8(2) - B(uz))"
Taking (8) into account w; see that

(1) £ = gakz’f+<Af<z>+---+A;l<z>>z",

where A; € SAY(R,R), i € {1,...,s}, while a, € R, k € {0,...,n} are
some constants. Inserting (8) and (11) into (9) and using rational homo-
geneity of ® (note that ¢ hence u are rational) we get

() (oo

=0 i

=y <l,>(1—uj)Bl(yl_j,zj)]z”.

s l

SEGIEe.

=0 =0
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Suitably arranging terms on both sides of (12) we get the following

n+s n+s

Lo(y) + Z Li(y,z) = Ro(y) + Z Ri(y,2),

where L; and R; are those terms on the left and right hand side of (12),
respectively, which are homogeneous of degree i in the variable z for every
y,z € Rand i € {0,...,n+ s}. Lemma 2.2 yields L;(y, 2) = R;(y, z) for
y,z € Rand i € {0,...,n+ s}. In particular we have

Lyis(y,z) = Ag(2%)2"

and

Rnps(y,2) = (1 —w”)Bs(2°)2",
whence
(130) Ad(2)2" = (1 — u®)BY(2)2".

It is easy to check that for every k € {1,...,s — 1}

bt =Y % (§) (1At

I=1 (i,j)€Dx, J

- l —S S— S— n
AR o ( )Bl<yl R — s,
k

s—k
l=s—

where Dy; = {(i,j) € {0,...,n} x{0,...,l} : i+ j=n+s—k}. Ob-
viously the righthand sides of the above formulas are sums of functions
N-homogeneous with respect to y. Applying Lemma 2.2 gives in particu-
lar the equality of terms which are homogeneous of k-th order with respect
toy, k€ {l,...,s—1}. An easy computation shows that

I O [ R () (B LRV o
o AN s—k

(Zvj)EDk,s

Putting y := 2 in the above we get

2 (j) (?) Ai(2)2" = <s ° k) (1 —u*~")BI(z)2",

(,3) €Dk, s
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The sum in the above equation may be written equivalently

= ()= 2 () ()

(4,4) €Dy, s i=n—k
-2 (a2 00 -0

where the last equality follows from the combinatorial meaning of the
binomial coefficients. So we have

s(s=1)-...-(s—k+1)
(n+s)n+s—1)- ... - (n+s—k+1)
x (1 —u*""B(2)z"

(13k) A(2)2" =

for k € {1,...,s —1}. Let us note that the above formula holds also for
k = 0, if we admit the convention that Hg:pi =1 for ¢ < p (cf. (13p)
above). This convention will be used also in the proof of the following
lemma.

Lemma 2.4. Let f,go,...,9n,®: R — R and ¢t € QN (0,1) be such
that (f,g0,--.,9n,®) is a solution of (7). Then ® and f are polynomial
functions of degrees at most 2 and n + 2, respectively.

PROOF. Suppose that contrary to our claim s > 3 and consider the
equalities (135_3), (135_2) and (135_1). Assuming By # 0 we get

s(s=1)-...-2 . os(s—=1)-...-3 9
S I R A Al ey vy v A Gl
o s(s—=1)-... -4 2
_(n+s)~...~(n+4)(1 )
(14) 0 -3 (1+u) =1+u+u’

(n+2)(n+3) (n+3)

A simple calculation shows that (14) implies u? < 0 which contradicts our
assumption on s and ends the proof. O
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We have proved therefore that (cf. (8) and (10))
®(2) = Bo + Bi(2) + B3(2)
and

(15) f(2) =) axz" + (1 —u)Bi(2)2" + (1 — u®) B (2)2"
k=0

for z € R. In view of Lemma 2.4 and (13p) we can rewrite (12) in the
following way

= ng(y)zk + (1 —u)By(2)2" 4 2(1 — u)Ba(y, 2)2" + (1 — u?)Bd(2) 2"
k=0

for y, z € R. We can arrange terms on both sides of (16) to get sums of N-
homogeneous functions with respect to z. Taking into account summands
which are homogeneous of (n+1)-th order in (16) and applying Lemma 2.2
yields

(1 —u)B1(2)2" +2(1 — u?)Bay(y, 2)2" + (1 — u?) Bd(2)nyz"""
=1 —u)By(2)z" +2(1 — u)Ba(y, 2)z"
for all ¢,z € R. Hence we get
(17) n(1 +u)BY(2)y = —2uBs(y, 2)z
for z # 0. Replacing y by z we get
n(1+ u)BY(2)z = —2uBZ(z2)z
for z # 0. Taking z € R such that B$(z) # 0 we have

n(l+u) =—2u
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hence
B n
N _n+2
or
_ n+2
2(n+1)

For t = 2(’};21) we get from (17) for z # 0

B3 (2)y = Ba(y, 2)z.
Dividing by y2? and using the symmetry of Bs(y, z) yields

Bg(z) _ Ba(y,2) _ Ba(zy) _ Bi(y)

22 Yz 2y y?
for y,z # 0. It follows that % is a constant, which we denote by bs.
Thus we get
(18) BY(2) = by2?

and this holds for all z € R because B¢(0) = 0. Now we consider terms
which are homogeneous of n-th order with respect to z in (16). By Lem-
ma 2.2 and (18) we get

anz™ 4+ (1 —u)Bi(y)z" +n(l — u)Bl(z)yz"_1 +(1- uz)bngZ"

+2n(1 — u?)boy®2"™ + ( )(1 —u®)bay?2" = gn(y)2"

n

n—2

for all z € R, whence for z # 0

Bi(2)y
z

)(1 — u?)boy?.

+(1- u2)b2y2

gn(y) = an + (1 —u)Bi(y) + n(l —u)

2n(1 — u?)byy?
+2n(1 — u)bay +(n_2

Hence for y, z # 0 we have

(1= 0P = 2 o) — o0 — (1= 0BL) - (1 - )bay?

n

—2n(1 — u?)byy® —
n(l —u)byy (n—Z

>(1 —u?)boy?|.



12 Iwona Pawlikowska

It is clear that the righthand side does not depend on z. Thus Bj(z) is
linear, say

(19) Bl(Z) = blz

for all z € R. Inserting (18) and (19) in (15) we get

n
1 2t -1 n+2
k n+1 n+2 : _
E -b b ft=
agz +t 1% + 2 0z, 1 2nt 1)
k=0
(20) flz)=14 1 ;
k n+1 . n —+
-b ft# ——>-+
kzoakz e 7 )

Theorem 2.5. Let (f,go,...,9n, ®) be a solution of (7), where t €
QnN(0,1) is fixed. Ift # 2’::32 then ® and f are polynomials of degrees at

. . _ n+2
most 1 and n+ 1, respectively. If t = 515
less than or equal to 2 and to n + 2. Moreover, if f(x) = Z;:OQ a;r’ and
®(x) = by + by + byx? then

then the respective degrees are

(21) b1 = tan+1
and
2
0, if £ %
n
22 by =
n + . n +
(22) > (22 o .
An+1) "> T o+ 2
In particular
t
(23 B(z) = 0+ o S @)

for some constant cq.

PROOF. It remains to prove the last part of the assertion. Defining
(pa1 = %bl and a0 1= 2@;1b2 and by (20) we get (22). It is now matter

of a straightforward calculation to show that (23) holds. O
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Now we can present the solution of the equation (7). First however
let us prove the following

Lemma 2.6. Let f,go,...,9,,® : R — R and t € QN (0,1) be such
that (f,go, ..., gn,®) is a solution of (7). Then

(&) (g
gi(z) = ! z'!( )a

fori e {0,...,n}.

PROOF. From the equation (7) and Theorem 2.5 we infer that g is
n+2

also a polynomial. Indeed, if f(x) = Z a;xz' then comparing terms with
i=0
(tc)t for i € {0,...,n} on both sides of (7) we get

1 141 1+ 2
gi(y)=<i>ai+< . )ai+1y+< . >ai+zy2+...
n n—i n+]‘ n+1l—1e n+2 n+2—1
+<Z>any +< i >an+1y 1 +< i >Gn+2y +2 P

whence we have the following

and (cf. (6))
ilgi(y) = 1 (y)
which completes the proof. O
Summarizing, our results can be collected in the following

Theorem 2.7. Let t € QN (0,1) be fixed. The functions f,go,...
.oy 9n, ® : R — R satisfy the equation

(7 fla)= ng(a —te)(te)* + (®(a) — ®(a —¢))(te)”, a,c€R
k=0

if and only if

n+2
2
E a; 1ftz2n—:_2,
n ,
i=0 f9 ()
fy =4 7 e =1
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for i € {0,...,n}, and

t
b(z) = )
@) =+ oy /@,
where a;, i € {0,...,n+ 2} and ¢y are arbitrary constants.
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