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Generalized circles in Weyl spaces
and their conformal mapping

By ABDULKADIR OZDEGER (Istanbul) and ZELIHA SENTURK (Istanbul)

Abstract. In this paper, generalized circles in a Weyl space are defined and the
system of differential equations satisfied by them is obtained. Furthermore, after having
given the necessary and sufficient conditions for generalized circles to be preserved under
a conformal mapping we obtained a covariant tensor of type (0,4) which is invariant
under such a conformal mapping.

1. Introduction

A differentiable manifold of dimension n having a conformal metric
tensor g and a symmetric connection V satisfying the compatibility con-
dition

(1.1) Vg=2T®g)

where T is a 1-form (complementary covector field) is called a Weyl space
which we denote it by W,,(g,T"). After the renormalisation

(1.2) g=Xyg
of the metric tensor g, T' is transformed by the law
(1.3) T=T+dln\

An object A defined on W,,(g,T) is called a satellite of g of weight {p} if it
admits a transformation of the form A = AP A under the renormalization
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(1.2) of g ([1]-[3]). The prolonged derivative and the prolonged covariant
derivative in the direction of the vector X of the satellite A of weight {p}
are, respectively defined by

(1.4) OxA=0xA—pT(X)A
and
(1.5) VxA=VxA—pl(X)A

where 0x A is the derivative of A in the direction of X. By (1.2) and
(1.5) it follows that for every X Vxg = 0. We note that prolonged
differentiation and prolonged covariant differentiation preserve the weights
of the satellites. Let x € U C W,(9,T), X € T,(U), A € x(U), and let
X =30 XM )e, A =30 A2, T = Y, Tidz®. Then (1.5)

gives

(1.6) XEVRAT = XMV AT - pT AT, Vi =V o
dx

A scalar function f defined on W;,(g,T) is called prolonged covariant con-
stant along a curve C, with tangent vector &, if the condition
1

(1.7) v§f:3§f:o

holds true. Circles in Riemannian spaces are extensively studied by K.
YANO [4] and K. Nomizu [5]. The definition of a circle given in a Rie-
mannian space is not applicable in a Weyl space, since the Weyl connection
does not preserve the weights of the satellites of the metric tensor g. In-
stead, we use the prolonged covariant differentiation due to the fact that
it preserves the weight. As far as we know, generalized circles in Weyl
spaces have not yet been studied. Let W,,(g,T) be a subspace of the Weyl
space W,,(g,T) and let V and V be the corresponding connections. Let
peW,(g,T) and let U, U be the special coordinate neighborhoods of p.
Then, the Gauss equation and the Weingarten equation for W, (g,T") are
respectively

(1.8) ViY|y =VxY =VxY +a(X,Y)

(1.9) Viélu = Vx&=—AcX + Vx¢
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where XeT,,(U), Yex(U) and £ is a vector field normal to Wy, (g, T") while
X, Y are extensions of X and Y to U [6]. We now find the expressions
for Gauss and Weingarten equations in terms of prolonged covariant de-
rivative. The prolonged covariant derivative of the vector field Yeyx(U) of
weight {—1} in the direction of X is, according to (1.5)

(1.15) VxY = VY + T(X)Y.

By (1.8), (1.10) becomes VxV = VxY + a(X,Y) + T(X)Y from which
it follows that tan VxY = VxY + T(X)Y = VxY, norVxY = a(X,Y)
and consequently we have

(1.11) ﬁxY:tan@XY—i—nor@XY:VXY—i-a(X,Y).

Similarly, the normal vector field £ of weight {—1} has the prolonged co-
variant derivative

(1.12) Vx& = Vxé+ T(X)E

in the direction of X. By the Weingarten equation (1.9), (1.12) takes the
form ﬁxﬁ = —A X+ V%E+T(X)E. Since tan ﬁxﬁ = —A:X, nor ﬁxf =
V& + T(X)E, (1.12) reduces to éxﬁ = tan ﬁxﬁ + nor éxf = —A: X +
V& +T(X)E, or

(1.13) Vxé=—AX + VL&

We call V)lc the generalized normal connection.

2. Generalized circles in weyl spaces

Let C be a smooth curve belonging to the Weyl space W,,(¢g,T") and
let & be the tangent vector to C' at the point P normalized by the condition

1
g(&,¢) = 1.
11

Definition 1. A curve in W, (g, T) is called a generalized circle if there
exist a vector field £, normalized by the condition ¢g(§,¢) = 1, along C' and
2 2 2
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a positive prolonged covariant constant scalar function x of weight {—1}
such that

(2.1) Vel = k€
11 2

(2.2) Ve€ = —kE.
12 1

We note that the equations (2.1) and (2.2) are invariant under a gauge
transformation. Concerning generalized circles in W, (g,7") we have the
following two theorems.

Theorem 1. A generalized circle C satisfies the third order differential
equation

; ; ; i dx®
(2.3) Ve +9(Vel, VeE =0, &= y
11 11 11 1 1 S

where z* are the coordinates of a current point belonging to C' and s is the
parameter of C'. Conversely, if the curve C satisfies the above differential
equation, then it is either a generalized circle or a geodesic.

PROOF. Suppose that C'is a generalized circle. Then we have

(2-4) ng =0.

1

Taking the prolonged covariant derivative of (2.1) in the direction of £ and
using (2.2) and (2.4) we find that

(2.5) VEE = (Ver)E + r(Vel) = r(—rE) = —(r%)E.

On the other hand,

(2.6) 9(Ve€, Ve€) = g(rE, k€) = k2g(£,€) = K
11 11 2 2 2 2

so that the equation (2.5) becomes

(2.7) VEE + g(Ve&, Veb)E = 0.
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Conversely, suppose that a smooth curve C satisfies the equation (2.3).
If ¢ is the tangent vector to C, normalized by the condition ¢(§,&) = 1,
11

1
then

(2.8) 9(&,Vel) = 0.

111
The derivative of (2.8) in the direction of £ is, by (2.3),
1
§9(Ve€, Ve€) = 29(VEE, V&) = =29(g(Ved, Ve, Vet)

1 11

(2.9)

(2.10) k= /9(Ve&, Vek) .

If £k = 0, then ng = 0 so that C becomes a geodesic [7]. Suppose
i1
that k& # 0 and define the vector field £ along C' by
2

Ve
2.11 =1
(2.11) g 5

Iy

which is normalized by the condition ¢g(§,&) = 1. Then we have
2 2
(2.12) Ve = k€.

Taking the prolonged covariant derivative of (2.11) in the direction of &
and using (2.3) and (2.11) we obtain !

‘ Vek ) Vek
213) Vel = ——L Vb4 V2 =——1 - Zg(Ve£,V
(2.13) £ pz Vet Ved S 7 9(Ved Ved)s

= —(Velnk)é — k¢,
1 2 1
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Since, by (2.9),

e VeV Ve
(2.14) Velnk = -Velng(Vel, V) = - ——————— =0,

1 2 3 11 11 2 g(v§§7v§§)
k is a prolonged covariant constant along C. From (2.13) it follows that

ng = —k& showing that C is a generalized circle. O
i2 1

Theorem 2. A smooth curve C considered as a 1-dimensional sub-
space of the Weyl space W,,(g,T) will be a generalized circle if and only if

it has a non-zero parallel mean curvature vector.

PROOF. Let C be a generalized circle in W, (g, T) and « be the second
fundamental form of C'. Then, from equations (1.11) and (2.1) we find

(2.15) a(§,8) = K¢
11 2

from which it follows that Tra = n = a(,€) = Then, by using the
1

KE.
.1 1. 1 2 .
Weingarten equation (1.13) we get Vi1 = V¢ (k€) = Ve(kE) + Al =
1 1 2 12 21
kVe€+ kA& = 0 showing that 7 is parallel with respect to the generalized
192 31

normal connection V. Conversely, suppose that a smooth curve C' has a

non-zero parallel mean curvature vector, say 7. Then

(2.16) n=a(g).
11
Define the vector field £ by
2
n
2.1 =2
(217) =1

where £ is a positive prolonged covariant constant of weight {—1}. From
(1.11) and (2.17) we have

(2.18) Ve = KE.
11 2
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On the other hand, by using the Weingarten equation we obtain

a1 a1 B
Ven=V; (Kg) = V§(/€§) + A”§§ = K(V§) + IQAg?

(2.19)

so that the vector field € is parallel with respect to the generalized normal
2

connection. Since 7 and £ are parallel vector fields, the vector @55 is
2 12

tangent to C. Taking the prolonged covariant derivative of g(£,£) = 0 in
12
the direction of ¢ and using (2.18) we find that g(V¢&, &) = —g(€, V&) =
1 12 1 2 11

—k from which it follows that @55 = —k&. Consequently, C is a generalized
12 1

circle. O

3. Conformal mapping of Weyl spaces preserving
generalized circles

Let 7 be a conformal mapping of W,,(g,T) onto W, (g,T). Then, at
the corresponding points of these spaces we can make [2]

(3.1) 9=
The covariant vector P defined by
(3.2) P=T-T

is called the vector of the conformal mapping. Clearly P has zero weight.
Let V and V be the Weyl connections of W, (g, T) and W,,(g,T) and let
the connection coefficients be denoted by I‘;k and f’;k respectively, then
by (3.1) and (3.2) we have

L =T = 3" (Gmi Tk + Gmi Ty — GixTm)
33 ={ -0 P+ T~ )~ (T~ o)

’%:rﬁ+@&+%g—¢%mam
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Let C be a smooth curve in W, (g,T) and let C' be its image under the
conformal mapping 7. Denote the parameters of C' and C by s and 3
respectively. Denote the coordinates of a current point p on C by z¢ and
those of the corresponding point p by z'. Then, for the tangent vectors 8
and 5 at corresponding points we have

P i i_dxi
(3.4 e-e. (¢=7)

We assume ¢ to be normalized by the condition g(&,§) = 1.
1 11

If generalized circles in W, (g, T') are transformed into generalized cir-
cles in W,,(g, T) under the conformal mapping 7, then 7 is called a gener-
alized concircular mapping. Concerning generalized concircular mappings
we have the

Theorem 3. The conformal mapping 7 : Wy,(g9,T) — W, (g, T) will
be generalized concircular if and only if

1
Py = ¢gri, Pri= Vi Py — PP+ §gklg”PrPs

where ¢ is a scalar smooth function of weight {—2} defined on W,,(g,T).

PrOOF. Connections of W, (g,T) and W, (g,T) are related to each
other by the equation

(3.5) vzék = Vzék + ’ijgj, V55 = Pi6f + Pioy — gijg™' P

Remembering that the weight of§ is {—1} and using (3.2), (3.4) and (3.5)
we find that

I
g

z?k + (P;oF — gz‘jgklﬂ)§j-
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The prolonged covariant derivative of € in its direction is found to be
1

gzvzg = V" + (P (88" — (9F'P) g €'€, 9,6 =1
11 1 1 1 11 11

EVE = evieh + (PE)ek — gkip.
1 1 1 1 1 1

L sek ¢k
By setting g’vig’f = ==, evek = —- the equation (3.7) becomes
11 11
& e
1 1 iNek ki
. — = —+(P&)E" —¢"'P,.

The equation (3.7) may be written in the form

(3.9)

=

1= =k i ;
Ve =&V +2(Pel)er — gt p.
1 1 1 1 1

Remembering that the weight of £ szk = 5= is {2} we find that
11

Sggk (5 5§k L
7 5§ GV
§2€"
5o =& V(€ Vil") + 2T (€' Vi)
(310) S 1 1 1 1 1
§2€*
L M Vatdh 42T — Po)ut], WF = E'VE"
oS 1 11
§2&"
}2 ="V uf + 2T, u* — 2P, €™ u".
05 1 1 1

Since, by (3.9) £V, u* = "V, uF + 2(Pi& )u* — g" P the equation
1 1 1
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(3.10) takes the form

=

vzﬁk) —gklpl

(3.11) = gmvm(??i?) + 267 Py €
)

™€V
1 1

+2(T) — Pp) ",

=y

Taking the equation (3.7) into account, (3.11) can be written as

52"
(312) <& = €"Vnl(EVi") + (Pug")e" — g™ P
S 1 1 1 1 1
+2(80P)) 6V + Peher — gM )
1 1 1 11
+ 2(T — Prn)E™ (V6" + Pue"e® — g*' ) — g™ Py
1 1 1 11
52"
5o = " V(E'Vi") + €7V (PE"E" — g P)
S 1 1 1 1 11
+ 2T, 6™ (Pe"er — gM P — "' Py
1 11
re e

where we have used the property that P,&"¢¥ — gL P, is of weight {-2}.
11
With the help of (3.4), (3.8) and (3.12) we get
e i 5251‘
(313) ——5 + G5 5=E = w5 + V(P —g"P) - ¢ P
] 05 051 11

1

ok o¢’ |
t g | o + P NP | S+ Pl — Py | €
ds 11 s 11 1

52¢' ok o¢7
1 11 g my hei  ihp \_ ik
= | 5az T 95, 5S§ +§ Vm(Ph§§ 9" Pn)—g" Py,
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5e* ‘
— |2p, —51 + (Pue"? — g™ PP, | €.
S 1 1

Therefore, generalized circles in W, (g, T') will be transformed into gener-
alized circles in W, (g, T) under 7, if and only if the condition

Seh
"V Pa (" —g™) =g Pu— 2Py | == | + (Pa&")> = ¢ PP | £'=0
1 11 0s 1 1
or, after simplification
(314) (§kvkph)(§2§h o gih) 4 (?hph)Pngl _ (Ph§h)2§i — 0

is satisfied. Introducing the notation Pnr = Vi P, — P Pr + %ghkg’"sPTPs
we can transform (3.14) into the form

(3.15) ¢ — Prg™eF =0, ¢ = Ppuge".
1 1 11

Transvecting (3.15) by gi; and remembering that g;;¢"" = 6!, by a suitable
change of indices, (3.15) can be reduced to the form

(16) (Prk; — ¢ghk)§k = 0.

In order that the system of homogeneous linear equations (3.16) be satisfied
for any vector £* (i.e. for any generalized circle) it is necessary that Ppj —
¢gnk = 0. Corllversely, it is clear that if Pyr = ¢gnr then the condition

(3.14) is identically satisfied. This completes the proof of the theorem.
O

4. Generalized concircular curvature tensor
of a Weyl space

Let 7 be the generalized concircular mapping of W,,(g,T") onto
Wi(g,T).
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Theorem 4. Let R, and R be respectively the components of the
covariant curvature tensor and the scalar curvature of W,(g,T). Then
the covariant tensor Z with components
(4.1) Zpjkt = Rpjri —

m(gjkgpl - gpkgjl)

is invariant under 7.

PROOF. Let the components of the mixed tensor of W,,(g,T) be Ré’kl
and let R? 1, be their images under 7. Then we have

where Pj, = V. P; —Pij+% 9;k9"° P, Ps. Since 7 is generalized concircular
we have Pj, = ¢g,, so that (4.2) transforms into

If contraction on the indices p and [ in (4.3) is performed (4.3) becomes

(4.4) Rji = Rji +2¢(n — 1)g

where R]-k = R?kp and Rj, = R?kp are, respectively, the Ricci tensors of

W, (g,T) and W,,(g,T). Since we can make g = g at corresponding points
of W,,(9,T) and W,,(g,T), transvecting (4.4) by g/* = ¢g/* we find that

R = R+ 2¢n(n — 1) from which we obtain

R—R

(4.5) 29 = m7

(n#1)

where R ve R are respectively the scalar curvatures of Wy(g,T) and
W, (g, T). Substitution of ¢ in (4.3) gives R?kl = R, + %(ﬁugﬂg —

6% gji) or

R

(4.6) RE, — (07 Gk — 03 Gs1) = Ry — m@f%‘k — 03951)-

n(n —1)
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Multiplying (4.6) by grp = grp and summing for p we get Z,jk1 = Zyjki SO
that the proof of the theorem is completed. O
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