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On the mean curvature of a unit vector field

By A. YAMPOLSKY (Kharkov)

Abstract. We present an explicit formula for the mean curvature of a unit vector
field on a Riemannian manifold, using a special but natural frame. As applications, we
treat some known and new examples of minimal unit vector fields. We also give an
example of a vector field of constant mean curvature on the Lobachevsky (n+1) space.

Introduction

Let (M, g) be an n + 1-dimensional Riemannian manifold with met-
ric g. A vector field ξ on it is called holonomic if ξ is a field of normals of
some family of regular hypersurfaces in M and non-holonomic otherwise.
The foundation of the classical geometry of unit vector fields was proposed
by A. Voss at the end of the nineteenth century. The theory includes the
Gaussian and the mean curvature of a vector field and their generalizations
(see [1] for details). Here we will consider a unit vector field from another
point of view. Namely, let T1M be the unit tangent sphere bundle of M

endowed with the Sasaki metric [16]. If ξ is a unit vector field on M , then
one may consider ξ as a mapping ξ : M → T1M so that the image ξ(M)
is a submanifold in T1M with the metric induced from T1M . H. Gluck

and W. Ziller [10] called ξ a minimal vector field if ξ(M) is of minimal
volume with respect to induced metric. They considered the unit vector

field on S3 tangent to the fibers of a Hopf fibration S3 S1

−→ S2 and proved
that these (Hopf) vector fields are unique ones with global minimal vol-
ume. Note that this result is not true for greater dimensions where Hopf
vector fields are still critical points for the volume functional but do not
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provide the global minimum among all unit vector fields [14], [15]. The
local aspect of the problem was considered first in [8]. The authors have
found the necessary and sufficient condition for a unit vector field to gen-
erate locally a minimal submanifold in the tangent sphere bundle. In fact,
that condition implies that the mean curvature of the submanifold ξ(M)
is zero. Using that criterion, a number of examples of local minimal vector
unit fields have been found (see [3], [4], [11], [12], [17], [18]).

In this paper, we give an explicit formula for the mean curvature of
ξ(M) using some special but natural normal frame for ξ(M) and give an
example of a unit vector field of constant mean curvature on a Lobachevsky
space. We shall state the main result after some preliminaries.

Let ∇ denote the Levi–Civita connection on M . Then ∇Xξ is always
orthogonal to ξ and hence, (∇ξ)(X) = ∇Xξ : TpM → ξ⊥p is a linear
operator at each p ∈ M . We define the adjoint operator (∇ξ)∗(X) : ξ⊥p →
TpM by

〈(∇ξ)∗X,Y 〉g = 〈X,∇Y ξ〉g.

Then there is an orthonormal frame e0, e1, . . . , en in TpM and an orthonor-
mal frame f1, . . . , fn in ξ⊥p such that

(∇ξ)(e0) = 0, (∇ξ)(eα) = λαfα, (∇ξ)∗(fα) = λαeα, α = 1, . . . , n,

where λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0 are the singular values of ∇ξ. As we will
see, the vectors

ñσ| =
1√

1 + λ2
σ

(− λσeH
σ + fV

σ

)
, σ = 1, . . . , n,

where H and V are the horizontal and vertical lifts respectively, form an
orthonormal frame in the normal bundle of ξ(M).

Furthermore, we introduce the notation

r(X, Y )ξ = ∇X∇Y ξ −∇∇XY ξ.

Then R(X, Y )ξ = r(X, Y )ξ − r(Y,X)ξ , where R is the Riemannian cur-
vature tensor. Now we are able to state our main result.
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Theorem 2.5. Let Hσ| be the components of the mean curvature
vector of ξ(M) with respect to the orthonormal frame ñσ. Then

(n + 1)Hσ| =
1√

1 + λ2
σ

×
{

〈
r(e0, e0)ξ, fσ

〉
+

n∑
α=1

〈
r(eα, eα)ξ, fσ

〉
+ λσλα

〈
R(eσ, eα)ξ, fα)

〉

1 + λ2
α

}
.

The following very simple example gives a unit vector field of constant
mean curvature.

Proposition 3.6.1. Let M be the Lobachevsky 2-plane with the met-
ric

ds2 = du2 + e2udv2.

Let X1 = {1, 0} and X2 = {0, e−u}. Then ξ = cos ωX1 + sin ωX2, where
ω = au + b, generates a hypersurface ξ(M) ⊂ T1M of constant mean
curvature

H =
a

2
√

2 + a2
.

Index convention. Throughout the paper we take i, j, k, . . . =0, . . . , n
and α, β, . . . = 1, . . . , n.

1. Basic concepts from the geometry
of the unit tangent sphere bundle

Let (u0, . . . , un) be a local coordinate system on M and let ∂/∂ui be
the vectors of a natural frame on Mn. The points of the tangent bundle TM
are the pairs Q̃ = (Q, ξ), where Q ∈ M and ξ ∈ TQM . Each point Q̃ ∈ TM
is uniquely determined by the set of parameters (u0, . . . , un; ξ0, . . . , ξn),
where (u0, . . . , un) fix the point Q and {ξ0, . . . , ξn} are the coordinates of
ξ with respect to the frame {∂/∂u0, . . . , ∂/∂un}. The local coordinates
(u0, . . . , un; ξ0, . . . , ξn) are called natural induced coordinates in the tan-
gent bundle. Each smooth tangent vector field ξ = ξ(u0, . . . , un) generates
a smooth submanifold ξ(M) ⊂ TM having a parametric representation of
the form

(1)

{
ui = ui,

ξi = ξi(u0, . . . , un).
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Setting |ξ| = 1, we get a submanifold in the unit tangent sphere bundle
ξ(Mn) ⊂ T1M

n.
A natural Riemannian metric on the tangent bundle has been defined

by S. Sasaki [16]. We describe it in terms of the connection map.
The tangent space T eQTM can be split into vertical and horizontal

parts:
T eQTMn = H eQTMn ⊕ V eQTMn.

The vertical part V eQTM is tangent to the fiber, while the horizontal part

is transversal to it. For X̃ ∈ T eQTMn we have

(2) X̃ = X̃i∂/∂ui + X̃n+i∂/∂ξi

with respect to the natural frame {∂/∂ui, ∂/∂ξi} on TM .
Let π : TM → M be the projection map. It is easy to check that the

differential π∗ : T eQTM → TQM of the mapping π acts on X̃ as follows:

(3) π∗X̃ = X̃i∂/∂ui,

and is a linear isomorphism between V eQTM and TQM .

The connection map K : T eQTM → TQM acts on X̃ by

(4) KX̃ = (X̃n+i + Γi
jkξjX̃k)∂/∂ui

and it is a linear isomorphism between H eQTM and TQM . Moreover, it is

easy to see that V eQTM = kerπ∗, H eQTM = ker K. The images π∗X̃ and

KX̃ are called horizontal and vertical projections of X̃, respectively.
The Sasaki metric on TM is defined by the following scalar product:

if X̃, Ỹ ∈ T eQTM , then

(5)
〈〈X̃, Ỹ 〉〉

S
= 〈π∗X̃, π∗Ỹ 〉g + 〈KX̃,KỸ 〉g

where 〈 , 〉g is the scalar product with respect to the metric g on the ini-
tial manifold (the base space of tangent bundle). Horizontal and vertical
subspaces are mutually orthogonal with respect to Sasaki metric.

The inverse operations of projections (3) and (4) are called lifts.
Namely, if X ∈ TQMn, then

XH = Xi∂/∂ui − Γi
jkξjXk∂/∂ξi
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is in H eQTM and is called the horizontal lift of X, and

XV = Xi∂/∂ξi

is in V eQTM and is called the vertical lift of X.

Among all lifts of various vectors from TQM into T(Q,ξ)TM , one can
naturally distinguish two of them, namely ξH and ξV . The vector field
ξH is the geodesic flow vector field, while ξV (being normalized) is a unit
normal vector field of T1M ⊂ TM .

In the geometry of the unit tangent sphere bundle it appears to be
convenient to introduce the notion of tangential lift [5]:

(6) Xt = XV − 〈X, ξ〉ξV .

In other words, the tangential lift is the projection of the vertical lift onto
the tangent space of T1M .

We denote by ∇̃ the Levi–Civita connection of the Sasaki metric on
T1M . In terms of horizontal and tangential lifts we then have [5]:

(7)
∇̃XH Y H = (∇XY )H− 1

2
(R(X,Y )ξ)t, ∇̃XtY H =

1
2
(R(ξ,X)Y )H ,

∇̃XH Y t = (∇XY )t +
1
2
(R(ξ1, Y )X)H , ∇̃XtY t = −〈

Y, ξ
〉
Xt.

Remark. It is evident that if Z ⊥ ξ, the vertical and tangential lifts
of Z coincide, particulary (∇Xξ)t = (∇Xξ)V for any X. We will use this
fact throughout the paper without special comments.

2. The mean curvature formula for a unit vector field

2.1. The structure of tangent and normal bundles of ξ(M)

Let ξ be the unit tangent vector field on M . We denote by Tξ(M) the
tangent bundle of ξ(M) ⊂ T1M . The structure of Tξ(M) can be described
as follows:
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Lemma 2.1. The vector X̃ ∈ T(Q,ξ)T1M is tangent to ξ(M) at (Q, ξ)
if and only if

(8) X̃ = XH + (∇Xξ)V

where X ∈ TQM .

Proof. Using the local representation (1) of ξ(M), we consider the
coordinate frame of T(Q,ξ)ξ(M):

ẽi =
{

0, . . . , 1, 0, . . . , 0;
∂ξ0

∂ui
, . . . ,

∂ξn

∂ui

}
.

Let X̃ ∈ T(Q,ξ)TM be tangent to ξ(M). Then

X̃ = X̃iẽi.

Applying (3) and (4), we obtain

π∗ẽi = ∂/∂ui, Kẽi = ∇iξ.

From this we get

π∗X̃ = X̃i∂/∂ui, KX̃ = ∇π∗ eXξ.

Setting X = π∗X̃ and taking into account the remark, we get (8). ¤
To describe the structure of the normal bundle of ξ(M), we use the

adjoint covariant derivative operator. As ξ is a fixed unit vector field, ∇Xξ
can be considered as a pointwise linear operator (∇ξ) : TQM → ξ⊥, where
ξ⊥ is the orthogonal complement of ξ in TQM , acting as

(∇ξ)(X) = ∇Xξ.

The matrix of this operator is formed by the covariant derivatives ∇iξ
k.

The adjoint covariant derivative linear operator (∇ξ)∗ : ξ⊥ → TQM
can be defined in a standard way:

(9)
〈
(∇ξ)∗X,Y

〉
=

〈
X, (∇ξ)(Y )

〉

for each X ∈ ξ⊥. The matrix of (∇ξ)∗ has the form

[(∇ξ)∗]ij = gim∇mξkgkj .
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As ∇ is the Riemannian connection for g, we obtain for (∇ξ)∗ the
formally transposed matrix

[(∇ξ)∗]ik = ∇iξk.

Now the structure of ξ(M) can be described as follows:

Lemma 2.2. The vector Ñ ∈ T(Q,ξ)T1M is normal to ξ(M) if and

only if

Ñ = − [(∇ξ)∗N ]H + NV

where N ∈ TQM and N ⊥ ξ.

The proof follows easily from (5), (8) and (9).

2.2. Second fundamental form of ξ(M) in T1M

We denote by Ω̃ eN the second fundamental form of ξ(M) in T1M
n

with respect to the normal vector field Ñ defined in Lemma 2.2. Then the
following statement holds.

Lemma 2.3. For X̃, Ỹ being tangent to ξ(M) we have

Ω̃ eN (X̃, Ỹ ) =
1
2
〈
r(X,Y )ξ + r(Y, X)ξ −∇R(ξ,∇Xξ)Y +R(ξ,∇Y ξ)Xξ, N

〉
,

where r(X,Y )ξ = ∇X∇Y ξ −∇∇XY ξ.

Proof. By definition we have

Ω̃ eN (X̃, Ỹ ) =
〈〈∇̃ eX Ỹ , Ñ

〉〉

where X̃, Ỹ ∈ T(Q,ξ)ξ(M). Using Lemma 2.1, we put X̃ = XH + (∇Xξ)V ;
Ỹ = Y H + (∇Y ξ)V . Then applying (7) and (6), we have

∇̃ eX Ỹ = ∇̃XH+(∇Xξ)t(Y H + (∇Y ξ)t)

=
[
∇XY +

1
2
R(ξ,∇Xξ)Y +

1
2
R(ξ,∇Y ξ)X

]H

+
[
∇X∇Y ξ − 1

2
R(X, Y )ξ

]t

=
[
∇XY +

1
2
R(ξ,∇Xξ)Y +

1
2
R(ξ,∇Y ξ)X

]H
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+
[
∇X∇Y ξ − 1

2
R(X, Y )ξ

]V

− 〈∇X∇Y ξ, ξ
〉
ξV .

Let N be orthogonal to ξ. Then Ñ = − [(∇ξ)∗N ]H + NV is normal to
ξ(M). Therefore

Ω̃ eN (X̃, Ỹ ) = −
〈
∇XY +

1
2
R(ξ,∇Xξ)Y +

1
2
R(ξ,∇Y ξ)X, (∇ξ)∗N

〉

+
〈
∇X∇Y ξ − 1

2
R(X,Y )ξ, N

〉
(10)

=
〈
∇X∇Y ξ− 1

2
R(X, Y )ξ−∇∇XY + 1

2 R(ξ,∇Xξ)Y + 1
2 R(ξ,∇Y ξ)Xξ, N

〉
.

To simplify the expression (10), we introduce the following tensor r:

(11) r(X, Y )ξ = ∇X∇Y ξ −∇∇XY ξ.

Then for the Riemannian tensor, we get

R(X, Y )ξ = r(X, Y )ξ − r(Y, X)ξ

and (10) can be rewritten as

Ω̃ eN (X̃, Ỹ ) =
1
2
〈
r(X, Y )ξ + r(Y, X)ξ(12)

−∇R(ξ,∇Xξ)Y +R(ξ,∇Y ξ)Xξ,N
〉
. ¤

Next, we determine the components of Ω̃ with respect to some special
frame.

As (∇ξ) : TQM → ξ⊥ and (∇ξ)∗ : ξ⊥ → TQM are mutually ad-
joint, then in TQM and ξ⊥, respectively, there exist orthonormal frames
{e0, e1, . . . , en} and {f1, . . . , fn} such that





(∇ξ)e0 = 0,

(∇ξ)eα = λαfα,

(∇ξ)∗fα = λαeα,
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where λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0 is a set of singular values (functions) of the
linear operator ∇ξ. Then

(13)

{
ẽ0 = eH

0 ,

ẽα = eH
α + (∇eαξ)V = eH

α + λαfV
α

form an orthogonal frame of the tangent space of T(Q,ξ)ξ(M) while

(14) ñσ =
1√

1 + λ2
σ

(−λσeH
σ + fV

σ

)

form the orthonormal frame in ξ(M)⊥.

Lemma 2.4. The components of second fundamental form of ξ(M) ⊂
T1M with respect to the frames (13) and (14) are given by

Ω̃σ|00 =
1√

1 + λ2
σ

{〈
r(e0, e0)ξ, fσ

〉}
,

Ω̃σ|α0 =
1
2

1√
1+ λ2

σ

{〈
r(eα, e0)ξ + r(e0, eα)ξ, fσ

〉
+λσλα

〈
R(eσ, e0)ξ, fα

〉}
,

Ω̃σ|αβ =
1

2
√

1 + λ2
σ

{〈
r(eα, eβ)ξ + r(eβ , eα)ξ, fσ

〉

+ λαλσ

〈
R(eσ, eβ)ξ, fα

〉
+ λβλσ

〈
R(eσ, eα)ξ, fβ

〉}
.

Proof. Indeed, with respect to (13) and (14) the components of Ω̃
are

Ω̃σ|ik = Ω̃enσ
(ẽi, ẽk).

Using (12), we have

Ω̃σ|ik =
1
2

1√
1 + λ2

σ

〈
r(ei, ek)ξ + r(ek, ei)ξ −∇R(ξ,∇ei

ξ)ek+R(ξ,∇ek
ξ)ei

ξ, fσ

〉
.

Setting i = k = 0 and applying (13), we get

Ω̃σ|00 =
1√

1 + λ2
σ

{〈
r(e0, e0)ξ, fσ

〉}
.
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Setting i = α, k = 0 and applying (13) again, we obtain

Ω̃σ|α0 =
1
2

1√
1 + λ2

σ

{〈
r(eα, e0)ξ, fσ

〉
+

〈
r(e0, eα)ξ, fσ

〉

− 〈∇R(ξ,(∇ξ)eα)e0ξ, fσ

〉}

=
1
2

1√
1 + λ2

σ

{〈
r(eα, e0)ξ, fσ

〉
+

〈
r(e0, eα)ξ, fσ

〉

+ λσλα

〈
R(eσ, e0)ξ, fα

〉}
.

Finally, setting i = α, k = β applying again (13), we obtain

Ω̃σ|αβ =
1
2

1√
1 + λ2

σ

{〈
r(eα, eβ)ξ + r(eβ , eα)ξ

− ∇R(ξ,(∇ξ)(eα))eβ+R(ξ,(∇ξ)(eβ))eα
ξ, fσ

〉}

=
1
2

1√
1 + λ2

σ

{〈
r(eα, eβ)ξ + r(eβ , eα)ξ, fσ

〉

− 〈
λαR(ξ, fα)eβ + λβR(ξ, fβ)eα, (∇ξ)∗(fσ)

〉}

=
1
2

1√
1 + λ2

σ

{〈
r(eα, eβ)ξ + r(eβ , eα)ξ, fσ

〉

− λαλσ

〈
R(ξ, fα)eβ , eσ

〉− λβλσ

〈
R(ξ, fβ)eα, eσ

〉}

=
1
2

1√
1 + λ2

σ

{〈
r(eα, eβ)ξ, fσ

〉
+

〈
r(eβ , eα)ξ, fσ

〉

+ λαλσ

〈
R(eσ, eβ)ξ, fα

〉
+ λβλσ

〈
R(eσ, eα)ξ, fβ

〉}
.

So, the lemma is proved. ¤
2.3. The mean curvature formula

Now we are able to prove the main result.

Theorem 2.5. The components of the mean curvature vector of
ξ(M) ⊂ T1M with respect to the frames (13) and (14) are given by

(15)

(n + 1)Hσ| =
1√

1 + λ2
σ

×
{
〈
r(e0, e0)ξ, fσ

〉
+

n∑
α=1

〈
r(eα, eα)ξ, fσ

〉
+λσλα

〈
R(eσ, eα)ξ, fα)

〉

1+λ2
α

}
.
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Proof. With respect to the frames (13) and (14) the matrix of the
first fundamental form G̃ of ξ(M) is

(16) G̃ =




1 0 . . . 0
0 1 + λ2

1 . . . 0
...

...
. . .

...
0 0 . . . 1 + λ2

n


 .

For the inverse matrix we have

(17) G̃−1 =




1 0 . . . 0
0 1

1+λ2
1

. . . 0
...

...
. . .

...
0 0 . . . 1

1+λ2
n


 .

So we have

Ω̃σ|00 =
1√

1 + λ2
σ

〈
r(e0, e0)ξ, fσ

〉
,

Ω̃σ|αα =
1√

1 + λ2
σ

[〈
r(eα, eα)ξ, fσ

〉
+ λσλα

〈
R(eσ, eα)ξ, fα

〉]
.

Taking (17) into account, we have:

Hσ| =
1

(n + 1)
G̃iiΩ̃σ|ii =

1
(n + 1)

√
1 + λ2

σ

×
{

〈
r(e0, e0)ξ, fσ

〉
+

n∑
α=1

〈
r(eα, eα)ξ, fσ + λσλαR(eσ, eα)ξ, fα

〉

1 + λ2
α

}
.

So we get the result. ¤

2.3.1. Simplified formula for the mean curvature of a unit vector field

It is possible to simplify the formula (15). To do this, we introduce
the following notations:

Ei|jk =
〈∇eiej , ek

〉
, Fi|jk =

〈∇eifj , fk

〉
,
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where f0 is supposed to be zero. Evidently, Ei|jk = −Ei|kj and Fi|jk =
−Fi|kj . Then it is simple to check that

〈
r(ei, ej)ξ, fk

〉
= ei(λj)δjk + λjFi|jk − λkEi|jk.

Therefore,
〈
r(ej , ej)ξ, fi

〉
= ej(λj)δij + λjFj|ji − λiEj|ji,

〈
r(ei, ej)ξ, fj

〉
= ei(λj),

〈
r(ei, ej)ξ, fi

〉
= ei(λj)δij + λjFi|ji − λiEi|ji.

From this it follows that

〈
R(ei, ej)ξ, fj

〉
=

〈
r(ei, ej)ξ, fj

〉− 〈
r(ej , ei)ξ, fj

〉

= ei(λj)− ei(λj)δij − λjFi|ji + λiEi|ji

= ei(λj)− ej(λj)δij − λjFj|ji

+ λiEj|ji + (λi + λj)(Ej|ij − Fj|ij)

= ei(λj)−
〈
r(ej , ej)ξ, fi

〉− (λi + λj)(Ej|ji − Fj|ji).

So, we see that

〈
r(ej , ej)ξ, fi

〉
= ei(λj)− (λi + λj)(Ej|ji − Fj|ji)−

〈
R(ei, ej)ξ, fj

〉
.

Finally, introducing the matrix Gi|j with the components

Gi|j = Ei|ij − Fi|ij ,

we can rewrite the mean curvature formula as follows

(n + 1)Hσ|(18)

=
1√

1 + λ2
σ

n∑

i=0

eσ(λi)− (λi + λσ)Gi|σ + (λiλσ − 1)
〈
R(eσ, ei)ξ, fi

〉

1 + λ2
i

,

where λ0 = 0 and f0 = 0 is supposed.
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3. Some special cases and examples

3.1. Normal vector field of a Riemannian foliation

We consider an important special case of a unit geodesic vector field ξ

such that the orthogonal distribution ξ⊥ is integrable. In other words, sup-
pose that a given Riemannian manifold admits a Riemannian transversally
orientable hyperfoliation. Then the following holds.

Theorem 3.1. Let Mn+1 admit a Riemannian transversally orienta-

ble hyperfoliation. Let ξ be a unit normal vector field of the foliation.

Then the components of the mean curvature vector of ξ(M) are

Hσ| =
1

(n + 1)
√

1 + k2
σ

n∑
α=1

{
−eσ(kα) + (1− kαkσ)

〈
R(ξ, eα)eα, eσ

〉

1 + k2
α

}

where eα determine the principal directions and kα are the principal cur-

vatures of the fibers.

Remark 3.2. The analogous problem was treated in [3], where the
authors considered the minimality condition for the vector field. The cor-
responding conditions in [3] differ from the mean curvature components
by a factor. We refer to [6] for applications of this conditions.

Proof. For the given situation, the singular frame is simple. As ξ

is geodesic vector field, we have e0 = ξ, while the others are principal
vectors of the second fundamental form of the fibers. If we denote the
corresponding shape operator by Aξ, then

∇eαξ = −Aξeα = −kαeα.

So, neglecting the condition on the λα to be positive (in fact, we never
used this condition in proof of the formula (18)), we may put fα = eα and
λα = −kα. Therefore, in (18) we obtain Gi|j = 0 and the result follows
immediately. ¤

3.2. Strongly normal vector field

A unit vector field ξ is called normal if R(X, Y )ξ = αξ and strongly
normal if r(X, Y )ξ = αξ for all X, Y ∈ ξ⊥. Our result (15) allows to prove
easily [11]:

Every unit strongly normal geodesic vector field is minimal.
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Indeed, since ξ is geodesic, ∇ξξ = 0 and therefore e0 = ξ. Hence,
r(e0, e0)ξ = 0 and e1, . . . , en ∈ ξ⊥, f1, . . . , fn ∈ ξ⊥. Evidently, a strongly
normal vector field is always normal. So, each term in (15) vanishes.

3.3. Geodesic vector fields on 2-dimensional manifolds

For dim M = 2 the mean curvature of ξ(M) ⊂ T1M equals

H =
1

2
√

1 + λ2

{〈
r(e0, e0)ξ +

r(e1, e1)ξ
1 + λ2

, f1

〉}
(19)

or

H =
1

2
√

1 + λ2

{
−〈∇e0e0, e1

〉
λ +

e1(λ)
1 + λ2

}
.

The above formula allows to prove the following statement.

A unit geodesic vector field on a 2-dimensional manifold is minimal if

and only if it is strongly normal (see [11]).

Indeed, in this case we can set e0 = ξ, f1 = ±e1. So, up to a sign,

H =
1

2(1 + λ2)3/2

〈
r(e1, e1)ξ, e1

〉

and the statement follows immediately.
In [11], the authors give an example of a geodesic but not strongly

normal vector field and hence not minimal. Here we can easily find the
mean curvature of that field. Namely, consider the 2-dimensional manifold
of non-positive curvature with metric

ds2 = du2 + e2uvdv2.

Set ξ = {1, 0}. Then, up to a sign, the singular frame is

e0 = ξ and e1 = {0, e−uv} = f1.

It is easy to see that
∇e1ξ = ve1.

Hence λ = v and e1(λ) = e−uv. So, the mean curvature of ξ(M) is given
by

H =
e−uv

2(1 + v2)3/2
.
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3.4. Examples of non-geodesic minimal vector fields on some

2-dimensional Riemannian manifolds

Next, we consider a Riemannian 2-manifold M with the metric

ds2 = du2 + e2g(u)dv2.

As it was shown in [11] for the general situation, the vector field ∂/∂u is
minimal. Here we shall consider the vector field which makes a constant
angle with ∂/∂u along each u-geodesic.

Proposition 3.4.1. Up to a sign, the mean curvature of the vector

field ξ on a 2-dimensional Riemannian manifold with metric ds2 = du2 +
e2g(u)dv2 which is parallel along each u-geodesic, is

H =
e−2gωvv

2
(
1 + (e−gωv + g′)2

)3/2
,

where ω(v) is the angle function of ξ with respect to the direction of u-

geodesics.

Proof. Consider the mutually orthogonal unit vector fields X1 =
{1, 0} and X2 = {0, e−g}. A direct calculation gives

∇X1X1 = 0, ∇X1X2 = 0,

∇X2X1 = g′X2, ∇X2X2 = −g′X1.

Let ω(u, v) be the angle function defining the vector field ξ by

ξ = cos ωX1 + sin ωX2.

Let η be a unit vector field orthogonal to ξ:

η = − sin ωX1 + cos ωX2.

Then
∇X1ξ = X1(ω)η, ∇X2ξ = −(X2(ω) + g′)η.
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Now, suppose ξ to be parallel along a u-geodesic, that is, set X1(ω)=0.
Then the singular frame is: e0 = X1 and e1 = X2. The singular function
is λ = −(X2(ω) + g′) and we see that, up to a sign, f1 coincides with η.
So

H =
e1(λ)

2(1 + λ2)3/2
.

For e1(λ) we obtain

e1(λ) = X2(−X2(ω) + g′) = −X2(X2(ω)) + X2(g′) = −e−2gωvv

since g does not depend on v. Therefore

H =
e−2gωvv

2
(
1 + (e−gωv + g′)2

)3/2
,

what was claimed. ¤

From the above formula we conclude:

On a 2-dimensional manifold with metric ds2 = du2 + e2g(u)dv2 the

unit vector field ξwhich is parallel along u-geodesics, is minimal if its angle

increment along v-curves is not higher then the linear one.

Particularly, if ω = const, then ξ is minimal.

3.5. The mean curvature of a general unit vector field

on 2-dimensional manifolds

In the case of dim M = 2, the mean curvature of a unit vector field
can be expressed in terms of the geodesic curvature of integral curves of
the given field and their orthogonal trajectories.

Proposition 3.5.1. Let ξ and η be unit mutually orthogonal vector

fields on a 2-dimensional Riemannian manifold. Denote by k and κ the

geodesic curvatures of the integral curves of the field ξ and η, respectively.

The mean curvature H of the vector field ξ is given, up to a sign, by

H =
1
2

[
ξ

(
k√

1 + k2 + κ2

)
− η

(
κ√

1 + k2 + κ2

)]
.
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Remark 3.3. The analogous expression can be found in [8] as a con-
dition of minimality of the unit vector field on 2-dimensional manifolds.

Proof. From (19) one can see that after the replacement ξ → −ξ

the mean curvature H just changes its sign. Therefore, we may choose the
direction of ξ in such a way that it will be the field of principal normals
of the η-curves. The same arguments allow us to consider η as the field
of principal normals of the ξ-curves. Denote by ω an angle between ξ and
the field e0 of the singular frame. Then

e0 = cos ωξ + sin ωη.

As ∇e0ξ = 0, we have

cosω∇ξξ + sin ω∇ηξ = 0.

The Frenet formulas give

∇ξξ = kη, ∇ηξ = −κη.

Therefore, we obtain

(20) k cos ω − κ sin ω = 0.

Denote by e1 and f1 the other vectors of the singular frame. It is easy to
check that the change of directions of these vectors induces a sign change
of H. Therefore, we can always set f1 = η and e1 = ± sinωξ ∓ cos ωη

to satisfy the equation ∇e1ξ = λf1 with λ ≥ 0. Taking all of this into
account, set

e0 = cos ωξ + sin ωη,

e1 = sin ωξ − cos ωη.

Then we have

∇e0ξ = cos ω∇ξξ + sin ω∇ηξ = 0,

∇e1ξ = sin ω∇ξξ − cos ω∇ηξ = λη.

From these equations we derive

∇ξξ = λ sin ω η,

∇ηξ = −λ cos ω η.
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Comparing this with the Frenet formulas, we conclude that k = λ sin ω,
κ = λ cosω. Therefore,

(21) λ2 = k2 + κ2, sin ω =
k

λ
, cosω =

κ

λ
.

To use the formula (19), we should find e1(λ) and
〈∇e0e0, e1

〉
. Now,

keeping in mind (20), we have

e1(λ) =
k

λ
ξ(λ)− κ

λ
η(λ)

and

∇e0e0 = cos ω∇ξ(cos ω ξ + sin ω η) + sin ω∇η(cos ω ξ + sin ω η)

= −(ξ(ω) cos ω + η(ω) sin ω)e1 − (k cos ω − κ sin ω)e1

= −(
ξ(sinω)− η(cosω)

)
e1.

Therefore, using (21), we get

−〈∇e0e0, e1

〉
= ξ

(
k

λ

)
− η

(κ

λ

)
.

Substituting these expressions into (21), we obtain

H =
1
2

1√
1 + λ2

[(
ξ
(k

λ

)
− η

(κ

λ

))
λ +

1
1 + λ2

(
k

λ
ξ(λ)− κ

λ
η(λ)

)]

=
1
2

1
(1 + λ2)3/2

[(
(1 + λ2) ξ(k)− kλ ξ(λ)

)− (
(1 + λ2) η(κ)− κλ η(λ)

)]

=
1
2

[
ξ

(
k√

1 + λ2

)
− η

(
κ√

1 + λ2

)]
.

Taking into account (21), we get what was claimed. ¤

Corollary. If ξ is a geodesic vector field then

H = −1
2

∂

∂σ

(
κ√

1 + κ2

)

where σ is the arc-length parameter of the orthogonal trajectories of the

field ξ and κ is their geodesic curvature.
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A unit geodesic vector field is said to be radial if it is a tangent
vector field of geodesics starting at a fixed point. Now we can confirm the
following statement [3].

Proposition 3.5.2. If each radial vector field on a 2-dimensional Rie-

mannian manifold M is minimal, then M has constant curvature.

Proof. Indeed, if such a vector field is minimal, then its orthogonal
trajectories are Gauss circles of constant geodesic curvature, which means
that those circles are Darboux ones. Therefore, M is of constant Gaussian
curvature (see [2]).

3.6. Some examples of vector fields of constant mean curvature

3.6.1. The example on the Lobachevsky 2-space

Consider the Lobachevsky plane L2 with the metric

ds2 = du2 + e2udv2.

The coordinate lines of L2 are u-geodesics and their orthogonal trajecto-
ries.

Proposition 3.6.1. The unit vector field on L2 whose angle function

with respect to u-geodesics is ω = au + b (a, b = const) has constant mean

curvature

H =
a

2
√

2 + a2
.

Proof. Indeed, consider the field ξ = cos ωX1 + sin ωX2 where ω =
au + b and X1 = {1, 0}, X2 = {0, e−u}. Then

∇X1X1 = 0, ∇X1X2 = 0,

∇X2X1 = X2, ∇X2X2 = −X1.

Now we define the singular frame for ξ. To do this, we introduce the vector
field η = − sin ωX1 + cos ωX2. Then

∇X1ξ =
∂ω

∂u
η = aη, ∇X2ξ = η.
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Therefore, setting

e0 =
1√

1 + a2
(X1 − aX2), e1 =

1√
1 + a2

(aX1 + X2),

we have
∇e0ξ = 0, ∇e1ξ =

√
1 + a2 η.

Hence, f1 = η and λ =
√

1 + a2 = const. So, e1(λ) = 0. Moreover,

∇e0e0 = − a√
1 + a2

e1.

Substituting this into (19), we have

H =
a

2
√

2 + a2
.

So, the statement is proved. ¤

3.6.2. The generalized examples on the Lobachevsky (n + 1)-space

Consider the (n + 1)-dimensional Lobachevsky space endowed with
horospherical coordinates (u, v1, . . . , vn). Then

ds2 = du2 + e2u[(dv1)2 + · · ·+ (dvn)2].

Consider the unit vector fields

(22) X0 = {1, 0, . . . , 0}, X1 = {0, e−u, . . . , 0}, . . . , Xn = {0, 0, . . . , e−u}.

It is easy to check that

∇X0X0 = 0, ∇X0Xα = 0,

∇XαX0 = Xα ∇XαXα = −X0.

Define the unit vector field ξ as follows:

(23) ξ = cos θX0 + sin θ cosuX1 + sin θ sin uX2,

where θ ∈ [0, π/2] is constant.
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Proposition 3.6.2. The unit vector field which is given by (23) with

respect to the frame (22) on Lobachevsky (n + 1)-space with the metric

ds2 = du2 + e2u[(dv1)2 + · · ·+ (dvn)2],

is a field of constant mean curvature. Namely, we have

H1| =
n− 2
n + 1

√
2 sin θ cos θ

1 + cos2 θ
,

H2| =
n
√

2 sin θ

2(n + 1)
,

Hσ| = 0 σ ≥ 3.

Proof. With respect to the frame {X0, X1, . . . , Xn}, the matrix
(∇ξ) has the form




0 − sin θ cosu − sin θ sin u 0 . . . 0

− sin θ sin u cos θ 0 0 . . . 0

sin θ cos u 0 cos θ 0 . . . 0

0 0 0 cos θ . . . 0
...

...
... 0

. . . 0

0 0 0 0 . . . cos θ




.

It is easy to find that the matrix (∇ξ)t(∇ξ) has the following expression

[
A 0

0 B

]
,

where A is the 3× 3 matrix



sin2 θ − sin θ cos θ sin u sin θ cos θ cos u

− sin θ cos θ sin u cos2 θ + sin2 θ cos2 u sin2 θ sin u cosu

sin θ cos θ cosu sin2θ sin u cos u cos2 θ + sin2 θ sin2(u)



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and B is the diagonal (n− 2)× (n− 2) matrix of the form



cos2 θ . . . 0
...

. . .
...

0 . . . cos2 θ


 .

The eigenvalues of the matrix (∇ξ)t(∇ξ) are

λ2
0 = 0, λ2

1 = λ2
2 = 1, λ3 = · · · = λ2

n = cos2θ.

Now it is easy to find the vectors of the singular frame. We get

e0 = cos θX0 + sin θ sinuX1 − sin θ cosuX2,

e1 = cos uX1 + sin uX2,

e2 = sin θX0 − cos θ sinuX1 + cos θ cosuX2,

e3 = X3, . . . , en = Xn

and

f1 = − sin θX0 + cos θ cos uX1 + cos θ sin uX2,

f2 = − sin uX1 + cos uX2,

f3 = e3, . . . , fn = en.

So, we have

∇e0ξ = 0, ∇e1ξ = f1, ∇e2ξ = f2,

∇e3ξ = cos θf3, . . . ∇enξ = cos θfn.

Straightforward computation gives the following components for the ma-
trix Gi|j : 



0 sin θ cos θ − sin θ 0 . . . 0
− cos θ 0 − sin θ 0 . . . 0
− cos θ − sin θ cos θ 0 0 . . . 0
− cos θ − sin θ − sin θ 0 . . . 0

...
...

...
...

...
...

− cos θ − sin θ − sin θ 0 . . . 0




.
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As all λi are constants, we have

H1| =
1

(n + 1)
√

1 + λ2
1

n∑

i=0

−(λ1 + λi)Gi|1 + (λi − λ1)
〈
R(e1, ei)ξ, fi

〉

1 + λ2
i

=
1

(n + 1)
√

2

[
2∑

i=0

(−Gi|1) +
n∑

i=3

−(1 + λi)Gi|1 + (λi − 1)
〈
ξ, e1

〉

1 + cos2 θ

]

=
1

(n + 1)
√

2

[
0 + (n− 2)

(1 + cos θ sin θ + (cos θ − 1) sin θ

1 + cos2 θ

]

=
n− 2
n + 1

√
2 sin θ cos θ

1 + cos2 θ
.

Analogously, we get

H2| =
1

(n + 1)
√

1 + λ2
2

n∑

i=0

−(λ2 + λi)Gi|2 + (λi − λ2)
〈
R(e2, ei)ξ, fi

〉

1 + λ2
2

=
1

(n + 1)
√

2

[
2∑

i=0

(−Gi|2) +
n∑

i=3

−(1 + λi)Gi|2 + (λi − 1)
〈
ξ, e2

〉

1 + cos2 θ

]

=
√

2
2(n + 1)

[
2 sin θ + (n− 2)

(1 + cos θ) sin θ + (cos θ − 1) sin θ cos θ

1 + cos2 θ

]

=
√

2
2(n + 1)

[
2 sin θ + (n− 2)

sin θ + sin θ cos2 θ

1 + cos2 θ

]

=
n
√

2 sin θ

2(n + 1)

and Hσ| = 0 for all σ ≥ 3. ¤

A similar but more complicated computation shows that there exist
a family of vector fields of constant mean curvature on the Lobachevsky
space. Namely, let ξ be a vector field given by

(24) ξ = cos θX0 + sin θ cos auX1 + sin θ sin auX2,
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where a and θ are constants and the frame X0, X1, . . . , Xn is chosen as
above. Then the following statement is true.

Proposition 3.6.3. The unit vector field which is given by (24) with

respect to the frame (22) on the Lobachevsky (n+1)-space with the metric

ds2 = du2 + e2u[(dv1)2 + · · ·+ (dvn)2],

is a field of constant mean curvature. Namely, we have

H1| =
√

2 sin θ cos θ

n + 1

(
1− a2

1 + cos2 θ + a2 sin2 θ
+

n− 2
1 + cos2 θ

)
,

H2| =
an sin θ

(n + 1)
√

1 + cos2 θ + a2 sin2 θ
,

Hσ| = 0 σ ≥ 3.

The proof is based on the fact that the singular values of (∇ξ) are the
following constants:

λ1 = 1, λ2 =
√

cos2 θ + a2 sin2 θ, λ3 = . . . = λn = cos θ.
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