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Functions (j, k)-symmetrical and functional
equations
with iterates of the unknown function

By PIOTR LICZBERSKI (Léd7%) and JERZY POLUBINSKI (L6dz)

Abstract. In the present paper we give a method of obtaining some solutions
for functional equations in which the unknown function occurs in the form of its own
iterates. We reduce the equation to one of the type we have solved in [2] using properties
of (j, k)-symmetrical functions, which are collected in [1].

1. Introduction

Let D C C be a nonempty set. For a function ¢ : D — D and every
integer n from the set N of all positive integers, by ¢(™ we will denote the
n-th iterate of the function ¢ on the set D; in addition we assume that
©© =idp, (the identity on D).

Let k € N, k > 2, be arbitrarily fixed. We will consider the following
functional equation

> s () (200) o (0 0) T =0, e D,

mi,...,ME—1

where ¢ is an unknown function, my, ..., mi_1 € NU {0}, the coefficients
@, ,....m,_, are polynomials and the multiple sum includes only finitely
many components.

Since z = ¢(©)(z), we can write the above equation in the form

(1.1) P ((p(o)(z),go(l)(z), .. .,go(k_l)(z)> =0, zeD,
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where ¢ is an unknown function and P(zg,z1,...,25—1) is a given poly-
nomial of complex variables zg, x1,...,Tk_1.

Before we reduce this equation to one of the type we have solved in [2]
we give the following definition.

Definition 1 ([1]). Let k € N, k > 2, be arbitrarily fixed and let
e := exp(2mi/k). A nonempty subset U of the complex plane C will be
called k-symmetrical if eU = U. The family of all k-symmetrical sets will
be denoted by Sk.

The main result of the paper consists in reducing the problem of
solving equation of the form (1.1) to finding the solutions of the functional
equation

(1.2) P (f(w), f(e'w),.. .,f(sk_lw)) =0, welU,

with an U € Sk and the unknown function f, and proving that we can get
some solutions ¢ for (1.1) from the solutions f of (1.2).
We will need the following definition.

Definition 2 ([1]). Let U € Sy, and j belongs to the set Z of all integers.
A function f : U — C will be called (j, k)-symmetrical if f(ew) = &7 f(w)
for each w € U. The family of all (j, k)-symmetrical functions f : U — C
will be denoted by F(U).

Obviously, }"IZ(U) = fg+mk(U) for all j,m € Z. Because of this we
can restrict our considerations to F,Z(U), where j =0,1,...,k— 1.

Further on we will use the following results.

Lemma 1 ([1]). Let U € Si. For every function f : U — C there
exists exactly one sequence of functions fo, f1,..., fk—1 such that f; €
Fl(U), for j=0,1,...,k—1 and

(1.3) F=> "4

Moreover
1 k—1
_ —jl gy 1
fi(w) = klzge Tfew), wel.

In view of the uniqueness of the above decomposition, the functions
f; will be called (j, k)-symmetrical parts of f.
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Theorem 1 ([2]). Let U € S,. A function f: U — C is a solution of
equation (1.2) on the set U if and only if the functions f;, j =0,1,...,k—1,
which occur in the partition (1.3) of f, fulfil on U the system of equations

k—1
(1.4) > brmomremes [ @) =0, 1=0,1,... k-1,
Mo, mMi,...,Mg—1 j=0
where mo,m1,...,mp_1 € NU{0}, the coefficients b; mq.m,....m,_, are

determined by the coefficients of the polynomial P from (1.2), every sum
includes only finitely many components and these components belong to
FLU) forl =0,1,...,k— 1.

The system of equations (1.4) has been obtained in [2] with the appli-
cation of (1.3) to the unknown function f and with the use of the equalities
fi(ew) = e fi(w), 4,0 =0,1,...,k —1 to its (j, k)-symmetrical parts f;.

The following notions and results are also useful.

Definition 3 ([2]). Let U € S, and [ € {0,1,...,k—1}. By the sector
U} of U we will mean the set

2 2
U} = {we U ’ argw € <I:l,l:(l+1)>}.

If 0 belongs to U, then we assume that 0 € U,lC forevery I =0,1,...,k—1.

Definition 4 ([2]). Let h: Up — Cand j =0,1,...,k—1. By [h]i: let
us denote the function which is defined in U as follows:

[h]fc(w) = 5jlh(€*lw), w E Ull€ \ {0}, 1=0,1,...,k—1,
{0 forj=1,2,....k—1,
h(0) for j =0.

The function [h]), will be called the (j, k)-symmetrical extension of h
from Uy onto U.

Lemma 2 ([2]). (i) The (j, k)-symmetrical extension of every function
h:Up — C onto U is a (j, k)-symmetrical function.

(ii) Every function f € fg(U) is the (j, k)-symmetrical extension onto
U of the function h:= f | U? : U? — C.
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Theorem 2 ([2]). (i) If some functions h; : Uy — C,j =0,1,...,k—1,
fulfil the system of equations (1.4) on the sector UP of U, then so do the
functions f; := [h;]},7=0,1,....k—1onU.

(ii) If the (j, k)-symmetrical functions f;, j =0,1,...,k — 1 fulfil the
system (1.4) on a set U € S, then there exist functions h; :‘U,g — C,
j=0,1,...,k — 1 which fulfil this system on U and f; := [h;]7..

2. Auxiliary results

Before we discuss equation (1.1) we introduce the basic notions and
give some of their properties.

Let U € S;. By Fj(U) we will denote the class of all functions
f U — C which have the following property:

(%) Vayev [f(@) = fy) = flex) = f(ey)].

It is easily seen that all injective functions on U and all functions from the
class F}(U), j = 0,1,...,k — 1 belong to the class F;(U).

In the next theorem we will give a necessary and sufficient condition
for a function f : U — C to belong to the class F} (U).

For every function f: U — C and every x € U let us denote

Uc(f) =iy Ul f(z)=f(y)}-

Theorem 3. A function f : U — C belongs to F;;(U) if and only if
for every x € U

k—1
U.(f) € () Ualfy),
j=0

where f; are the (j, k)-symmetrical components of f in partition (1.3).
This theorem follows directly from the following lemma:

Lemma 3. Let f = Z?;S fj be the unique partition of f onto (j,k)-
symmetrical components. The function f belongs to F;;(U) if and only if

(2.1) Vegyev [f(2) = fly) = fi(z) = f;(y)]
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forj=0,1,...,k—1.

PROOF. Let us assume that f satisfies relation (2.1). If for any z, yeU
f(x) = f(y), then & f;(x) = &/ f;(y) for j = 0,1,...,k — 1, so fj(ex) =
fj(ey). Therefore, by (2.1) f(ex) = f(ey), and f has property (). Thus
[ € FrU).

Now let us assume that f € F(U). If f(zx) = f(y) for any z,y € U,
then by property (x) f(e'z) = f(ely) for I = 0,1,...,k — 1. Hence by
Lemma 1,

k—
1 .
filz) = EZ — f(e'y) =0, j=0,1,... k-1
1=0
Therefore, f satisfies (2.1). O

Now we will give another theorem which is very helpful in checking
whether at a function f : U — C belongs to the class F;(U).

Theorem 4. Let U € S, and h; : U} — C, j = 0,1,...,k — 1 be
arbitrarily chosen functions (we will assume h;(0) =0 for j=1,...,k—1
when 0 € U). The function f := Zk,l[h ;]2 belongs to Fj(U) if and only
if for all points v,w € Uk and all integers l,m,s € {0,1,...,k — 1} there
holds the relation

k—1
(2.2) D (7hi(v) = ™ hj(w)) =0 = £°hy(v) = ™ hy(w).
j=0

PROOF. First, let us observe that for all 5,1 € {0,1,...,k — 1} and
z e U]

(2.3) [y, () = €7hy(e7'),

(see Definition 4).
Now let us assume that condition (2.2) is fulﬁlled and z e U. If y €

Ux(f), then f(z) = f(y), and consequently 350 ([h;{(z) — [h;]],(y)) = 0.
Of course, z € U} and y € U™ for any I,m € {0, 1,...,k—1}, so by (2.3),

k—

Z ellhi(e™'x) — e7™hj(e7™y)) = 0.
=0

;_A

.
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From this, in view of (2.3) and (2.2), we obtain that [h]}(z) = [hd]i(y)
for s = 0,1,...,k — 1, because the points v = e 'z, w = ™™y belong to
UY. Thus y € Uy ([hs]§) for s =0,1,...,k — 1. Theorem 3 also gives that
[ € FrU).

Now let us assume that f € F;/(U) and for any [,m € {0,1,...,k—1}

k—1

Z(&tjlhj(v) —&/hj(w)) =0, wv,w e Up.
j=0

Then there exist x € U,l€ and y € U;* such that v = ez, w=e""y and

k—1

Z (e7hj(e7 ) — e7™h(e7™y)) = 0.
7=0

From this and from (2.3) we have Zf;é [h]]i(x) = Z;:S [hj]i(y) This
gives that f(z) = f(y). Therefore, applying Lemma 3, we obtain [hs]}(z) =
[hs]i(y) for s € {0,1,...,k — 1}. Hence by (2.3), "*hs(v) = e™*hs(w) for
Lm,se{0,1,....k—1}. 0

3. Main results

Let U € S, f € Fi(U) and let D := f(U). We introduce the class of

functions

[fI"={9:D—U [ fog=idp}.

The class [f]* is nonvoid, because for every z €D the equation f(w) =z
has at least one solution w € U. Also it is clear that [f]* = {f~!} when f
is an injective function.

Now let us observe that, for every g € [f]* the function ¢ := foeg
maps D into itself and, in view of the fact that f € F}(U), if h € [f]* and
1 = foeh, then 9 = p on D. Hence the definition of the function ¢ does
not depend on the choice of function g € [f]*. Thus we may write

p=H(f), feFU),

as  is uniquely assigned to f.
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Theorem 5. Let U € S, and f € F;(U). If g € [f]* and ¢ = f o eg,
then for n € NU {0} the following relations

(3.1) o = foe"y
hold on the set f(U).

PROOF. First let us observe that for every w € U we have f(sw) =
fleg(f(w))). Indeed, if for every w € U we put z = f(w) and w := g(z),
then z = f(w), so f(w) = f(w). Using the fact that f € F;(U), we have

flew) = f(e@) = f(eg(2)) = f(eg(f(w))).

Now we proceed by induction.

For n = 0 and n = 1 relation (3.1) is evident. Let us assume that it
holds for an integer n € N. Then for every z € f(U) it follows that g(z) € U
and f(e"*g(2)) = f(e(e"g(2))) = fleg(f(e"9(2)))) = f(egle™(2))) =
P (2). O

Now we will give the main theorem which permits to obtain some
solutions ¢ for (1.1) from the the solutions f of (1.2).

Theorem 6. (i) If U € Sy, and a function f € F};(U) satisfies equation
(1.2) on U, then the function ¢ = H(f) fulfils equation (1.1) on D = f(U).

(ii) If for U € Sy and f € F;(U) the function ¢ = H(f) fulfils
equation (1.1) on the set f(U), then the function f fulfils equation (1.2)
onU.

PROOF. (i) Let us assume that U € Sj, and that f € F}(U) satisfies
equation (1.2). Consider ¢ = H(f) = foeg, where g is an arbitrary element
of [f]*. It is clear that f fulfils equation (1.2) on the set U, := g(D),
because U, C U.

As for every z € D = f(U) there exists such w € U, that w = g(2),
so f fulfils equation (1.2) at the point w. Therefore

P(f(e%9(2)), f('9(2)), - f("1g(2))) = 0, 2 € D,

i.e., ¢ fulfils equation (1.1) on D.

(ii) Now let us assume that U € Sy, ¢ = H(f) with a function f €
F;(U) and let ¢ satisfy equation (1.1) on the set D = f(U).
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As ¢ = foeg for every arbitrarily chosen g € [f]*, so f satisfies
equation (1.2) on every set g(D), with g € [f]*. Consequently, f satisfies
equation (1.2) on the set U, because U = |J ¢4y~ 9(D). O

Theorem 6 shows that we should consider a solution of equation (1.1),
or (1.2) as a function together with the set on which this function satisfies
equation (1.1) or (1.2), respectively. To do it we introduce the following
notions.

Definition 5. A pair (f,U), where f is a function satisfying equation
(1.2) on a set U € S, (a pair (p, D), where ¢ is a function satisfying
equation (1.1) on a set D C C) will be called a solving element of equation
(1.1) and equation (1.2), respectively.

Now we reformulate Theorem 6.

Theorem 7. Let U € S, and f € F};(U). The pair (f,U) is a solving
element of equation (1.2) if and only if the pair (H(f), f(U)) is a solving
element of equation (1.1).

Further on, (1.2) be called equation associated with (1.1).

The method of solving of equation (1.1), which is included in Theo-
rem 6 permits to find all solving elements (o, D) = (H(f), f(U)) of equa-
tion (1.1), where f € F;(U), and (f,U) is a solving element of equation
(1.2) associated with (1.1).

4. Examples

In this section we shall present two examples. In the first one we
shall illustrate the main idea of our method; in the second one we shall
additionally point to the difficulties which may appear in practice.

Ezample 1. Let us consider the functional equation
(4.1) 0P p® —1=0.

We will look for the solving elements (p, D) of the above equation.
We should take k = 4. For any U € S4 the equation associated with the
equation (4.1) is the following

(4.2) f—w)f(—iw)—1=0, wel.
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First, we will use Theorem 1 and Theorem 2 to determine all solving
elements (f,U) of equation (4.2). Let us fix arbitrarily a set U € S; and
represent the unknown function f in form (1.3), that is f = fo+ fi+ fo+ f3.
In view of Theorem 1 function f satisfies equation (4.2) on U if and only
if the (j,4)-symmetrical components f;, j = 0,1,2,3 of f fulfil on U the
system of equations

fol = fP=1,  fofi—fofs=0

(4.3)
fi? = f32 =0, fofs—=fifa=0

It is easy to check that this system of equations has infinitely many solu-
tions on U. From Theorem 2 it follows that these solutions depend on one
arbitrary function F defined on the sector UY of U and they have the form

fOZ[F]27 f1:07 f2:|: F2_1j|4217 f3:07

where, for every function G : U} — C, the symbol /G means the function
whose value vG(w) at every w is arbitrarily chosen square root of the
number G(w). If 0 € U, then it is necessary to assume that F2(0) = 1;
compare the definition of the (2,4)-symmetrical extension of a function
and the first equation of system (4.3).

In sequel we will understand the symbol v/G in the same sense.

From this by Theorem 1 we obtain that all solutions of equation (4.2)
on the set U € S, are of the form

(4.4) f=1Fg+|VFE=1]

where F' : U} — C is an arbitrary function (with F?(0) = 1 if 0 € U).
Using Theorem 7 we conclude: if the function f of the form (4.4) belongs
to F;(U), then (f,U) is a solving element of equation (4.2) if and only if
(H(f), f(U)) is a solving element of equation (4.1).
Now we will show that all functions of the form (4.4) belong to F; (U).
By Theorem 4 it suffices to show that for all points v,w € UY and all
integers I,m € {0,1,2,3} the equalities

(4.5) i/ F2(v) — 1 =i*"/F2(w) —1, F(v)=F(w)
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follow from the equality

(4.6)  (F(v) — F(w)) + (ﬁl\/rw(v) 1 2m/F(w) — 1) = 0.

In order to check that the equality F'(v) = F(w) follows from (4.6) observe
that after carrying the second component of sum (4.6) onto the right hand
side and then raising both sides to the 2-nd power, we obtain F'(v)F(w) —
1= (-1)"*m/F2(v) — 1/F2?(w) — 1, hence (F(v) — F(w))® = 0.

The first part of (4.5) follows directly from (4.6) and from the second
part of (4.5), proved above. Therefore f € F;(U).

Now we can use Theorem 7. It says that for every U € S4 and every

function F' in the expression (4.4) we may find a corresponding solving
element (f,U) of equation (4.2), so the solving elements (p, D) of the
equation (4.1) are in the form (H(f), f(U)), too.

Let us put ¢ := H(f) = foih on f(U), with an arbitrary h € [f]*.
Then for z € f(U) we have p(z) = f(ih(z)) = fo(ih(2)) + f2(ih(2)) =
folh(2)) — falh(2) and = = f(h(z)) = fo(h(2)) + fo(h(z)). From this
and (4.3) we obtain that z¢(z) = 1. Hence, z # 0 and ¢(z) = 27! for
ze€ f(U).

Now we will consider two particular cases with U = C\ {0}.

If we put F = ¢ where ¢ € C is a constant, then fy, = ¢, fo =
V2 — ] and D = f(U) = {c+ V2 -1, c— V2 -1} Therefore the
solution of equation (4.1) is the function p(2) = 271, z € {c + V2 — 1,
c¢—+/c? — 1}, so a corresponding solving element of equation (4.1) has the

o <dD {c+\/c2—1 c—\/02—1}>

Now let us take F'(w) = w* for w € CY. Then we have fo(w) = w* and
fo(w) = { (w8 —1) | (CQE for w € C\ {0}; moreover f(U) = D = C\ {0}.
Consequently, we obtain that the solution of equation (4.1) is the function
o(z) = 271, 2 € C\{0}, so the corresponding solving element of (4.1) has
the form <ﬁ, (C\{O}>

Let us observe that in Example 1 function f appearing in solving el-
ement (f,U) of associated equation (4.2) belongs to class F; (U) for each
U. In a general case it does not have to happen. In the next example we
shall consider an equation (1.1) that function f from the solving element
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(f,U) of the associated equation (1.2) belongs to class F;(U) only for the
properly selected sets U. In order to obtain such sets U we shall apply The-
orem 3; moreover, we shall demonstrate the possibility of a maximization
of selected sets U.

Ezxample 2. Let us consider the equation
(4.7) FIONEPAC RGBS O

We should take k = 4. For every U € S, the equation associated with
the above has the form

fow) = f(etw) = f(e*w) + f(e*w) =0, weU
that is
(4.8) flw) — fliw) — f(—w) + f(—iw) =0, weU.

We will determine the family of all solving elements (f, U) of equation (4.8).

Let us decompose the unknown function f onto the sum f = fy +
f1+ fo + fs of the form (1.3) on the set U. By Theorem 1 the function
f fulfils equation (4.8) on the set U if and only if the (j,4)-symmetrical
components f; of f fulfil on U the following equations : f; = 0, f3 = 0.
Thus f = fo+ f2, and the family of all solving elements (f,U) of equation
(4.8) is identical with the set of pairs (fo + f2,U), where fy and fo are
arbitrary functions from F3(U), F3(U), respectively.

If the function f = fo + f2 belongs to F;(U) then, by Theorem 7,
the pair (f,U) is a solving element of equation (4.8) if and only if the pair
(H(f), f(U)) is a solving element of equation (4.7).

Let us put U = C, fy =¢, ¢ € C and let fy be an arbitrary function
from FZ(C). Then it is easily seen that the function f = c+ fo belongs to
F;(C) and in this case all pairs (¢, f(C)) are solving elements of equation
(4.8), with o = H(f). If we fix the function fo € F2(C) arbitrarily, then for
every g € [f]* and z € D := f(C) we have p(2) = f(ig(2)) = ¢ — f2(g(2)).
From this we have ¢(z) = 2¢ — z, because z = f(g(2)) = ¢+ fa(g(2)).
Therefore in this case all solving elements of equation (4.8) have the form
(2¢ —idp, D), where D = ¢+ f3(C) and f; is an arbitrary element of
F3(C). It is convenient to choose such a function f, € F7(C) for which
the set fo(C) is possibly the biggest. If, for instance, we put fo(w) = w?,
then f2(C) = C, so for every a € C the function ¢(z) = a — z, z € C fulfils
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equation (4.8) and the corresponding solving elements of the equation (4.8)
have the form (a — id¢, C), with every a € C.

Now we will consider the case in which fj is nonconstant. Let fo(w) =
c+w*, weC,eceCand folw) = —w?, w € C. Then fy € F3(C),
fo € F2(C) and the function f, f(w) = ¢+ w* — w? is a solution of
equation (4.8) on C. We can use Theorem 7 if we find such a set U € Sy
that f € Ff(U). Let us observe that for every z € U

Ua:(fO) = {:Ea —(L‘,’L.LU, —il‘}, Um(f2) = {JT, —l’},
U$<f) - {x7 —Z, \/1 - $27 _\/1 — x? } .
Thus, in view of Theorem 3, f € F;(U) if and only if for every z € U

(4.9) V1I—-22¢U or z==+v1-—22

Now we give an example of a set U € Sy, which satisfies condition (4.9). We
restrict ourselves to sets U = B(0,r), i.e., the open discs with the radius
r > 0, centered at the origin. To obtain condition (4.9) it is sufficient
to choose such an r > 0, that for every x the inequality ‘m ‘ >
follows from the inequality |z| < 7. The largest of such radii r is the
number rg = % Hence f € F;(B(0,rp)). An easy computation shows
that f satisfies condition (4.9) on the closed disc Uy = B(0, (), too.

On the other hand for every r > ry there exists such = belonging to
the circle C(0,r) = dB(0,r) that /1 — 22 € C(0,r) and /1 — 22 # 2 and
—V1—22#x,s0 f ¢ Fr(C(0,r)) for r > rg. Therefore f € Fj(Uy) and
Uy is the largest disc with this property. (The maximality of Uy guarantees
that in every disc B(0,7), B(0,r) 2 Uy, there exists a point = such that
(4.9) is false, so we also have that f ¢ F;(C — Uy)). As (f,Up) is a
solving element of equation (4.8) so by Theorem 7 the pair (H(f), f(Up))
is a solving element of equation (4.7) for every ¢ € C. Let ¢ := H(f).
Then for every g € [f]* and every z € f(Up) we have ¢(z) = f(ig(z)) =
c+ g(2)* 4+ g(2)?, and g(z) := w is an arbitrary solution of the equation

2

f(w) = z, that is of the equation ¢ +w? —w? — z = 0. From this we obtain

(9(2))* = 3(1 + V1 —4c+ 4z). Therefore
o(z)=z4+1+V1—4dc+ 4z,
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where ¢ € C and z € f(Up).

Consequently, we obtain the next class of solving elements (¢, f(Up))
of equation (4.7), where Uy = B(0,7¢) and f (w) = c4+w* —w? for w € Up.

In a similar way we can look for other solving elements of equation
(4.7) by choosing other functions fo € Fy(U), fo € F2(U).

In this example we have determined the solutions ¢ of equation (4.7)
which are defined only on the set f(B(0, % )). However, the disc B(0, % )
can be replaced by sets U € Sy of other types which satisfy condition (4.9).

Now we will show that the above method does not give the solving
element (1 + id¢,C) if £ = 4. To this purpose observe that for every
solution f of equation (4.8) and for the corresponding solving element
(p, f(Up)) of equation (4.7), the function ¢ = H(f) has the following
property: ¢©?) = id(y,). Indeed, for z € f(Up) and g € [f]* we have
#)(2) = f(=g(2)) = fol9(2)) + falg(2)) = F(g(2)) = = Simultancously,
the pair (¢, C), with ¢» = 1 + idc, is also a solving element of equation
(4.7), but ¥ =2 +ide # idc.

5. Final Observations

The results presented so far can be generalized when we consider the

equation

(5.1) P (¢<0>(z), oD (2), ..., o™ (z)) 0, 2€D

and the associated equation

(5.2) P (f(ehw), f(egw),..., f(efw)) =0, weU,

where k — 1 > n, ¢ = exp(2wi/k), U € Sk, and ¢, f are unknown
functions and P(zg, z1, ... 2Zk_1) is a given polynomial of complex variables
X0, T1,...,Ty. 1t is clear that to equations (5.1), (5.2) there can be applied
the main Theorem 6 (see its proof).

Using this observation we can take k& > n + 1. Consequently, for

equation (5.1) we can sometimes obtain more solving elements than in the
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case k = n + 1. Let us illustrate it with a short example. Consider the

following simple equation
(5.3) oM+ @ =1,

It can be treated as equation (5.1), with n = 2.
Taking k = 3 we obtain the associated equation (5.2) of the form

(5.4) flesw) + f(Ew) =1, wel,

where €3 := exp(27i/3) and U is an arbitrary set from Ss.

Equation (5.4) has only the constant solution f = % on U. Of course,
f € F3(U). Since D = f(U) = {4}, we have only one solving element
(p,D) = <%, {%}) of equation (5.3).

Now let k = 4. Then the equation associated with (5.3) has the form

(5.5) fleqw) + f(e3w) =1, weU,

where g4 := exp(27mi/4) and U is an arbitrary set from S;. Equation
(5.5) has infinitely many solutions f on U and they have the form f =
% + f2, where fo is an arbitrary function from F2(U). Of course, f €
F;i(U). Thus, putting fo = 0, we obtain the same solving element (p, D) =
<%, {%}> for (5.3) as above. However if we put fo # 0, we obtain other
solving elements for (5.3). They have the form (1 —idp,,Ds), where
Dy = % + f2(U), for instance (1 —idg,C) when U = C, and fo(w) = w?
for w e U.

Finally, let us observe that sometimes by enlarging k& we can obtain less
solutions of (5.3). Indeed, for every odd k > 3 we obtain only the solving
element <%, {%}> for (5.3). It is also easy to check that for every even k > 4
we obtain the solving elements of (5.3) only of the form (1 —idp,, Dx),
where D, = 5 + i (U) and fx is an arbitrary function from .7-'5 (U).
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