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Divisors of shifted primes

By KARL-HEINZ INDLEKOFER (Paderborn) and

NIKOLAI M. TIMOFEEV (Vladimir)

Abstract. Let p range over the set of primes and let a be a non-zero integer.
Here we prove that many properties of the divisors of the natural numbers which can
be expressed by inequalities are true for the set {p + a} of shifted primes, too.

We obtain estimates for the quantities

|{p : p + a ≤ x, dm(p + a) ≤ (log x)(1−α) log m or dm(p + a) ≥ (log x)(1+α) log m}|,
0 < α < 1,

(see Theorem 1) and

|{p : p + a ≤ x, p + a has at least one divisor d such that y < d ≤ z}|,
(see Corollary 2) where dm(n) denotes the number of representations of n as the product
of m positive integers.

Erdős conjectured that almost all integers have two divisors d, d′ such that d <
d′ ≤ 2d and this has recently been confirmed by H. Maier and G. Tenenbaum. We
prove that this conjecture is true for the shifted primes, too (see Theorem 7).

Let f be a multiplicative function and define

M(n, f) = max
y

���X
d|n
d≤y

f(d)
���, ∆(n, f) = max

y

��� X
d|n

y<d≤ey

f(d)
���.

Under some conditions on f we prove estimates for

|{p : p + a ≤ x, ρ(p + a, f) ∈ [K, S)}|,
where ρ(n, f) = ∆(n, f) or M(n, f). In particular we show
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Corollary 12. Let α < α0 = − log 2

log
�
1− 1

log 3

� and let ψ(x) →∞ as x →∞. Then

lim
x→∞

1

π(x)
|{p : p + a ≤ x, (log2 p)α < M(p + a, µ) < ψ(p) log2 p}| = 1,

where log2 x = log log x and µ denotes the Möbius function.

Corollary 10. Let x ≥ x0. Then

c1 log2 x ≤ 1

π(x)

X
p+a≤x

∆(p + a, 1) ≤ c2 exp

��
1 +

30

log3 x

�p
log2 x log3 x

�
,

where c1 > 0 and log3 x = log(log2 x).

1. Introduction

Suppose p ranges over the set of primes and a is a non-zero integer.
There are at present many conjectures proceeding from the assumption
that the set {p + a} of shifted primes has similar properties as the set of
natural numbers. Here we prove that many results for divisors of natural
numbers which can be expressed by inequalities are true for the shifted
primes, too.

For example, it is easy to show that for any fixed m

∑

p≤x

dm(p + a) ³ π(x) logm−1 x

where π(x) is the number of primes p ≤ x and dm(n) denotes the number of
ordered m-tuples (t1, . . . , tm) of positive integers such that t1t2 . . . tm = n.
Thus d2(n) = d(n) is the number of positive divisors of n. The up-
per bound can be obtained from the result of Barban, Levin [1] and
Wolke [2] who proved that for any multiplicative function f with 0 ≤
f(pr) ≤ Arc for all prime powers pr

∑

p≤x

f(p + a) ¿ π(x) exp


∑

p≤x

f(p)− 1
p


 .

The lower bound follows easily from the obvious formula

dm+1(n) =
∑

t|n
dm(t)
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and A. I . Vinogradov–Bombieri’s Theorem.
K. Norton [3] proved the following result about the distribution of

values of the divisor function on the set of natural numbers.

Proposition 1 (see K. Norton [3]). Let m ≥ 2. For any x, α with

x ≥ 3, let

D(x, α, m) =
∣∣{n : n ≤ x, either dm(n) ≤ (log x)(1−α) log m

or dm(n) ≥ (log x)(1+α) log m}∣∣.

If x ≥ 3 and 0 < α ≤ β < 1, then

D(x, α,m) ≤ c1(β)α−1x(log2 x)−1/2(log x)Q(α).

Furthermore, if 0 < β < 1, then there is a number c3(β) such that when-

ever x ≥ c2(β) and (log2 x)−
1
2 ≤ α ≤ β, we have

D(x, α,m) ≥ c3(β)α−1x(log2 x)−1/2(log x)Q(α).

where c3(β) > 0, Q(α) = α− (1 + α) log(1 + α) and log2 x = log(log x).

In the sequel |A| denotes the number of elements of the set A.
We prove that Norton’s theorem is true for the set of shifted primes.

Theorem 1. Let

D1(x, α, m, P ) = |{p : p + a ≤ x, dm(p + a) ≤ (log x)(1−α) log m}|,

D2(x, α, m, P ) = |{p : p + a ≤ x, dm(p + a) ≥ (log x)(1+α) log m}|.

If x ≥ 3 and 0 < α ≤ β < 1, then for i = 1, 2

Di(x, α, m, P ) ≤ c4(β)α−1π(x)(log2 x)−1/2(log x)Q((−1)iα).

If (log2 x)−1/2 ≤ α ≤ β < 1 and a = 2, then there are constants c5(β) > 0
and c6(β) > 0 such that for x ≥ c5(β) and i = 1, 2, we have

Di(x, α, m, P ) ≥ c6(β)α−1π(x)(log2 x)−1/2(log x)Q((−1)iα).

For example, if m = 2, α = −1 + 1
log 2 we obtain

|{p : p + a ≤ x, d(p + 2) ≥ log x}| ³ π(x)(log2 x)−1/2(log x)−δ
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where −δ = Q(−1 + 1
log 2 ) = −

(
1− 1+log log 2

log 2

)
≈ −0, 086.

Let N(y, z) denote the set of natural numbers n which have at least
one divisor d such that y < d ≤ z and

H(x, y, z) := {n : n ≤ x, n ∈ N(y, z)}.

Estimates for |H(x, y, z)| are needed in many arithmetical problems. Con-
cerning the history of this question see R. R. Hall and G. Tenenbaum

([4], Chapter 2). In particular we have

Proposition 2 (see Theorem 21, (iii), [4] p. 29). Let y ≥ 2 and 2y ≤
z ≤ min(y

3
2 ,
√

x ). Then we have

xuδ(L(1/u))−c2 ¿ |H(x, y, z)| ¿ xuδ log2 3/u√
log 2/u

where

c2 > 0, δ = −Q

(
−1 +

1
log 2

)
≈ 0.086, u =

log z/y

log y
,

L(x) = exp
(√

log x ·
√

log2 3x
)

.

Moreover, for each fixed B ≥ 2, if z ≤ By we may strike out the factor

log2(3/u) provided we replace ¿ by ¿B on the right.

For the set of shifted primes we prove

Theorem 2. Let T := (1 + (log x)−c), where c ≥ 2 and 3 ≤ y < z ≤√
x. Then we have

|{p : p + a ≤ x, p + a ∈ N(y, z)}|

¿ 1
log x

∑

n∈H(x,yT−1,zT )

n

ϕ(n)
+ π(x)

(log2 10x)2

log x
.

The constant implied in ¿ depends only on c.

A consequence of this result is
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Corollary 1. If 3 ≤ y < z ≤ √
x then we have

|{p : p + a ∈ H(x, y, z)}| ¿ 1
log x

|H(x, y, z)| log
(

1
x

(|H(x, y, z)|+ 1)
)−1

+ π(x)
(

(log2 10x)2

log x
+

1
y

)
.

For the proof of Corollary 1 we need the following simple result.

Lemma 1. Let A(x) be a subset of the natural numbers ≤ x. Then

for any 3 ≤ t ≤ x we have

∑

n∈A(x)

n

ϕ(n)
¿ |A(x)| log t +

log t

t
x.

Proof of Lemma 1. Let P (t) =
∏

p≤t p and p(n) denote the largest
prime divisor of n. Put n = n1n2 where p(n1) ≤ t and (n2, P (t)) = 1.
Then

n

ϕ(n)
≤ n1

ϕ(n1)
+

n1

ϕ(n1)

∑

δ|n2,δ>1

1
ϕ(δ)

≤
∏

p≤t

(
1− 1

p

)−1
(

1 +
∑

δ>t

1
ϕ(δ)

)

and therefore

∑

n∈A(x)

n

ϕ(n)
¿ |A(x)| log t + x log t

∑

δ>t
(δ,P (t))=1)

1
δϕ(δ)

.

Because of

∑

δ>t
(δ,P (t))=1

1
δϕ(δ)

≤ 1
log t

∑

(δ,P (t))=1

log δ

δϕ(δ)
¿ 1

log t

∑
p>t

r

log pr

prϕ(pr)

¿ 1
log t

∑
p>t

log p

p2
¿ 1

t log t

the assertion of Lemma 1 holds true. ¤
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Using Theorem 2 and Lemma 1 we obtain

|{p : p + a ∈ H(x, y, z)}| ¿ 1
log x

|{n : n ∈ H(x, yT−1, zT )}| · log t

+ π(x)
log t

t
+

π(x)
log x

(log2 10x)2.

Since

|{n : n ∈ H(x, uT−1, u)}| ≤
∑

uT−1≤d≤u

(x

d
+ 1

)
¿

(x

u
+ 1

)
·(u−uT−1+1)

and c ≥ 2 the right-hand side can be estimated by

¿ |{n : n ∈ H(x, y, z)}| log t

log x
+ π(x)

(
log t

t
+

(log2 10x)2

log x
+

1
y

)
.

Hence, putting

t =
(

1
x
|{n : n ∈ H(x, y, z)}|+ 1

x

)−1

we prove Corollary 1. ¤
Concerning Theorem 21 of [4] and the further results from Chap-

ter 2 of [4] Corollary 1 yields the following corresponding estimates for the
shifted primes.

Corollary 2. Let y ≥ 2, 2y ≤ z ≤ min(y3/2,
√

x ). Then we have

|{p : p + a ∈ H(x, y, z)}| ¿ π(x)uδ log2

3
u
·
√

log
2
u

where δ = −Q
(
−1 + 1

log 2

)
≈ 0.086, u =

log z
y

log y . If z ≤ By we may strike

out the factor log2
3
u provided we replace ¿ by ¿B . In particular for

any y ≤ √
x

(1) |{p : p + a ∈ H(x, y, 2y)}| ¿ π(x)
(log y)δ

(log2 y)
1
2 .

We are now in the position to prove applications which correspond to
results ([4]) given for the set of all natural numbers, but in our case we
obtain only upper bounds.
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Corollary 3. Let A(x, P ) be the set of shifted primes p + a ≤ x such
that p + a = mn where m ≤ √

x and n ≤ √
x. Then, for x ≥ 3 we have

|A(x, P )| ¿ π(x)
logδ x

· (log2 x)
1
2 ,

where δ ≈ 0.086 . . . .

Proof. The assertion follows immediately from (1) and the estimate

|A(x, P )| ≤
∑

0≤k≤log(log x)2

∣∣∣∣
{

p : p + a ∈ H

(
x

4k
,

√
x

2k+1
,

√
x

2k

)}∣∣∣∣ +
π(x)
log x

. ¤

Corollary 4. Let

M(n, y) :=
∑

d|n,d≤y

µ(d)

and

ε(x, y) :=
1

π(x)
|{p : p + a ≤ x, M(p + a, y) 6= 0}|.

Then, for x ≥ y ≥ 3

ε(x, y) ¿ (log y)−
δ

1+δ log2 y.

Proof. We follow the proof given in [4] on page 34.
Put m(p) =

∏
q, where q runs over the prime factors of p + a, and

where q− denotes the least prime factor of p + a. Then

M(p + a, y) =
∑

d|m(p)
q−

d≤y

µ(d) +
∑

d|m(p)
q−

dq−≤y

µ(q−d) =
∑

d|m(p)
q−

y

q−<d≤y

µ(d)

and thus M(p + a, y) 6= 0 implies that p + a has a divisor d ∈ (y/q−, y].
We obtain

ε(x, y) ≤ 1
π(x)

|{p : p + a ≤ x, (p + a, P (t)) = 1}|

+
1

π(x)
|{p : p + a ∈ H(x, yt−1, y)}|

=: A1 + A2.
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Let t = exp(logα y) where α = δ
1+δ . Using Selberg’s sieve we get A1 =

O(log−α y). Applying Corollary 2 to A2 gives

ε(x, y) ¿ (log y)−α + (log y)−δ(1−α)
√

log2 y log3 y

where log3 y = log(log2 y). This proves Corollary 4. ¤

In [13] the estimate of

(2) |{p : p ≤ x, p− 1 ∈ N(y, z)}|

is used for analysing the following problems.
Let r be a natural number. We call the r non-zero integers a1, . . . , ar

multiplicatively independent in case the representation

am1
1 . . . amr

r = 1 (m1, . . . , mr ∈ Z)

implies m1 = · · · = mr = 0. We assume that none of a1, . . . , ar is a perfect
square or ±1. Let Γ denote the subgroup of Q∗ generated by a1, . . . , ar

and let |Γp| denote the order of such a group Γ (mod p). We say that
a sequence {a1, . . . , ar, . . . } is a multiplicatively independent sequence, if
for any r the integers {a1, . . . , ar} are multiplicatively independent. If
r = r(p) is a given function of p we, as in [13], will still denote by |Γp| the
order of the group generated by ai, i ≤ r(p) mod p. Note that this is well
defined for all primes that do not divide any of the ai’s and the number
of such primes p ≤ x is O(

∑
i≤r(x) log ai). In the case r = 1, Γ = 〈a〉 and

|Γp| = ordp a is the order of a (mod p).
Using an estimate for (2) (see Theorem 3.1 of [13]) Pappalardi, (see

Theorem 2.1 of [13]) proved that

|Γp| ≥ p
r

r+1 exp

(
logτ p

exp
(
ψ(p)

√
log log p

)
)

for almost all p, where, τ = (1 − log 2)/2 and ψ(x) is any function that
steadily tends to infinity with x.

The result of [13] is a consequence of the estimate of (2) and of the
following result of Matthews.
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Proposition 3 (see [14] and Lemma 1.2 [13]). Suppose that rt−1/r≤C.

Then

|{p : |Γp| ≤ t}| ¿ t1+1/r

log t
2rr

∑

i

log ai

holds uniformly for all t, r and {a1, . . . , ar}.
Using Lemma 1.2 [13] and Corollary 2 we prove

Theorem 3. Let {a1, . . . , ar, . . . } be a multiplicatively independent

sequence such that
r∑

i=1

log ai ¿ 2rr−1.

Then

|Γp| > 4rε ·
( p

4r

) r+ε
r+1

holds for all but O
(
π(x)εδ(log log 3

ε )
√

log 2
ε

)
primes p ≤ x and uniformly

in r and 0 < ε < 1 such that r log 1
ε ≤ ε log x, r ≤ log x

log log x , where δ =
1− 1+log log 2

log 2 ≈ 0.086.

Proof. We take t =
(

xε
4r

) r
r+1 .

For x ≥ x0 we have

rt−1/r = r
4

r
r+1

(xε)
1

r+1
≤ 4 exp

(
1

r + 1

(
(r + 1) log r + log

1
ε
− log x

))

≤ 4 exp
(

1
r + 1

(
(r + 1) log r + ε

log x

r
− log x

))
≤ 4.

Thus the condition of Lemma 1.2 [13] is fulfilled and we obtain

(3) |{p : |Γp| ≤ t}| ¿ t1+1/r

log t
2rr

∑

i

log ai ¿ 4r t1+
1
r

log t
¿ π(x).

Let r ≥ 2. Then t >
√

x and, if t ≤ |Γp| ≤ t1 for p ∈ [εx, x] we have

mp = p−1
|Γp| ∈

[
εx
t1

, x
t

]
. Hence we get

|{p : p ≤ x, |Γp| ∈ [t, t1]}| ≤
∣∣∣∣
{

p : p ≤ x, p− 1 ∈ N

(
εx

t1
,
x

t

)}∣∣∣∣ + επ(x).
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Let t1 = x
ε

1+ε t
1

1+ε ε−
r

r+1
1

1+ε . We choose in Corollary 2 y = εx
t1

, z = x
t

and

u =
log z/y

log y
=

log t1
εt

log εx
t1

=
ε

1+ε log x
t +

(
log 1

ε

) (
1 + r

(r+1)(1+ε)

)

1
1+ε log x

t −
(
log 1

ε

) (
1 + r

(r+1)(1+ε)

) .

Then, if r log 1
ε ≤ ε log x, we have

log
x

t
≥ 1

r + 1
log x

and u ≤ 10ε.
Using Corollary 2 and (3) gives

|{p : p ≤ x, |Γp| ≤ t1}| ¿ π(x)εδ

(
log log

3
ε

) √
log

2
ε

where δ ≈ 0.086 and

t1 = ε−
r

r+1
1

1+ε x
ε

1+ε t
1

1+ε = x
ε

1+ε

( x

4r

) r
r+1

1
1+ε

= 4
rε

1+ε

( x

4r

) r
r+1+ ε

(r+1)(1+ε)
.

This proves the theorem for r ≥ 2.
Now, let r = 1. We take t =

√
εx, t1 = x

1
2+ε and obtain

|{p : p ≤ x, ordp(a) ≤ x1/2+ε}|
≤ |{p : p ≤ x, ord(a) ≤ √

εx }|+ |{p : p ≤ x, p− 1 ∈ N(
√

εx,
√

x )}|
+|{p : p ≤ x, p− 1 ∈ N(εx1/2−ε,

√
x )}|+ επ(x).

By (3) and Corollary 2 we get

|{p : p ≤ x, ordp(a) ≤ x1/2+ε}| ¿ π(x)εδ

(
log log

3
ε

) √
log

2
ε
.

This completes the proof of the theorem. ¤

Arguing as in [13] we obtain
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Corollary 5. For any fixed r with δ = 1− 1+log log 2
log 2 ≈ 0.086 we have

RΓ(x) =
∑

p≤x

1
|Γp| ¿

x
1

r+1

log1+ δ
r+1 x

(log log x)1+δ ¿ x
1

r+1

log1+ γ
r+1 x

if γ < δ.

Remark. This improves the result in [13], Corollary 2.4, where
γ = 0.0306.

Proof. We have

RΓ(x) ≤
∑

|Γp|≤y

1
|Γp| +

∑

y<Γp≤z
p≤x

1
|Γp| +

∑

z≤Γp≤x
p≤x

1
|Γp| .

Using Lemma 1.2 of [13] we get that the number of primes p for which
|Γp| ≤ u is O(u1+ 1

r / log u). Hence, by partial summation, the first sum is
O(y1/r/ log y).

The third sum is O( 1
z π(x)). Thus using Corollary 2 with

y = x
r

r+1 (log x)−
δr

r+1 , z = x
r

r+1 log
δ

r+1 x leads to

RΓ(x) ¿ x
1

r+1

(log x)1+
δ

r+1
+

x

log x

(
log log x

log x

)δ

(log log x)
1
2+ε(log x)

δr
r+1 x−

r
r+1 ,

and this completes the proof. ¤
Using Theorem 3 we obtain

Corollary 6. Let r be a fixed number. Suppose that ε(x) tends to
zero as x →∞, ε(x) À log log x

log x . Then we have

(1) For all but O
(
π(x)(η(x))δ

(
log log 3

η(x)

) √
log 2

η(x)

)
primes p ≤ x

Γ(p) ≥ p
r

r+1+ε(p),

where η(x) = sup[
√

x,x] ε(x) and δ ≈ 0, 086.

(2) For all but O(π(x)(log x)−δ(1−α) log log x) primes p ≤ x

Γ(p) ≥ p
r

r+1 exp((log p)α),

where 0 < α < 1 and δ ≈ 0, 086.
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Remark. Similar results have been proven by P. Erdős and M. R.
Murty. In particular, they obtained (see [15], Theorem 5): Let ε(x) tend
to zero as x →∞.

(1) For all but o( x
log x ) primes p ≤ x,

Γp ≥ p
r

r+1+ε(p).

(2) There exist α > 0 and δ > 0 such that

Γp ≥ p
r

r+1 exp
(
(log p)δ

)

for all but O
(

x
(log x)1+α

)
primes p ≤ x.

Now we turn to the average order of Hooley’s function (see [5], [4])

∆(n) := max
u
|{d : d | n, u < d ≤ eu}|

on the set of shifted primes. In many applications it is necessary to obtain
an upper bound for the sum

1
π(x)

∑

p≤x

∆(p + a).

Using the results of [5], [4] we prove an upper bound, which is better than
that obtained from the trivial inequality ∆(n) ≤ d(n).

First we recall the main results about ∆(n) on the set of natural
numbers.

Proposition 4 (see Theorem 55 of [4]). Let σ < σ0 = log 2/ log{log 3/
(log 3− 1)} = 0.28754 . . . . Then we have

lim
x→∞

1
x
|{n : n ≤ x, ∆(n) > (log2 n)σ}| = 1.

Proposition 5 (see Theorem 56 of [4]). Let ψ(n) → ∞ as n → ∞.
Then

lim
x→∞

1
x
|{n : n ≤ x, ∆(n) < ψ(n) log2 n}| = 1.

Observe that Proposition 4 implies

lim
x→∞

1
x(log2 x)σ

∑

n≤x

∆(n) ≥ 1 (σ < σ0).
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In [4], Theorem 60, it was proven that the average order of ∆(n) is at
least c log2 n and (see Theorem 70 of [4])

(4)
∑

n≤x

∆(n) ¿ x exp
((

1 +
30

log3 x

) √
2 log2 x · log3 x

)
.

where log3 x = log log2 x.

Here we prove

Theorem 4. Let F be a non-negative arithmetical function such that

c1F (n) ≤ F (np) ≤ c2F (n)

for some fixed c1 > 0, c2 > 0 and (p, n) = 1. Then, for any K, S, we have

|{p : p + a ≤ x, F (p + a) ∈ [K, S)}|

¿ 1
log x

∑

n≤x

F (n)∈
h

c1
c2

K,
c2
c1

S
�

n

ϕ(n)
+ x

(log2 x)2

log2 x
.

Using Lemma 1 we obtain

Corollary 7. Let F satisfy the conditions of Theorem 4. Then

1
π(x)

|{p : p + a ≤ x, F (p + a) ∈ [K, S)}|

¿ 1
x

∣∣∣∣
{

n : n ≤ x, F (n) ∈
[
c1

c2
K,

c2

c1
S

)}∣∣∣∣

· log
(

1
x

∣∣∣∣
{

n : n ≤ x, F (n) ∈
[
c1

c2
K,

c2

c1
S

)}∣∣∣∣ +
1
x

)−1

+
(log2 x)2

log x
.

For ∆(n) we have

∆(n) ≤ ∆(np) ≤ 2∆(n).
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Hence we get

1
π(x)

|{p : p + a ≤ x, ∆(p + a) ≤ (log2 x)σ}|

¿ 1
x
|{n : n ≤ x, ∆(n) ≤ 2(log2 x)σ}|

× log
(

1
x
|{n : n ≤ x, ∆(n) ≤ 2(log2 x)σ}|+ 1

x

)−1

+
(log2 x)2

log x
.

Evidently for
√

x ≤ p ≤ x we have 2(log2 x)σ ≤ (log2 p)σ1 where σ < σ1 <

σ0. Hence by Theorem 55 of [4]

lim
x→∞

1
π(x)

|{p : p + a ≤ x, ∆(p + a) > (log2 p)σ}| = 1

for every σ < σ0 = 0.28574 . . . .
Using Theorem 56 of [4] and Corollary 7 shows

lim
x→∞

1
π(x)

|{p : p + a ≤ x, ∆(p + a) ≥ ψ(p) log2 p}| = 0

for every ψ(x) →∞ as x →∞.
Thus we have

Corollary 8. Let σ < σ0 = 0.28574 . . . and ψ(x) → ∞ as x → ∞.

Then

lim
x→∞

1
π(x)

|{p : p + a ≤ x, (log2 p)σ < ∆(p + a) < ψ(p) log2 p}| = 1.

Using Theorem 4 we prove

Theorem 5. Let F satisfy the conditions of Theorem 4 and

∑

n≤x

F 2(n) ¿ x logr x, (r > 0).

Then
1

π(x)

∑

p≤x

F (p + a) ¿ 1
x

∑

n≤x

F (n)
n

ϕ(n)
+

(log2 x)3

log x
.
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Proof. Let 0 < Θ < min
(

c1
c2

, 1
)
. Then

1
π(x)

∑

p≤x

F (p + a) ≤ 1
π(x)

∑

−K≤l≤K

∑

p+a∈P(x,l)

F (p + a)

+ΘK · log x +
ΘK+1

log x
· 1
π(x)

∑

p+a≤x

F 2(p + a),

where
∑

(x, l) = {n : n ≤ x, Θl log x ≤ F (n) < Θl−1 log x}. Set K =
[A · (log 1/Θ)−1 · log2 x], where A > r + 2. Using Theorem 3 we obtain

1
π(x)

∑

p≤x

F (p + a) ¿
∑

|l|≤K

1
x

∑

n∈P(x,l−1)∪P(x,l)∪P(x,l+1)

n

ϕ(n)
F (n)

+
(log2 x)3

log x
¿ 1

x

∑

n≤x

n

ϕ(n)
F (n) +

(log2 x)3

log x
.

This completes the proof of Theorem 5. ¤

Corollary 9. Suppose the conditions of Theorem 4 for F are fulfilled

and F (dn) ≤ dr(d)F (n). Then

1
π(x)

∑

p≤x

F (p + a) ¿ max
x log−s x≤y≤x

1
y

∑

n≤y

F (n) +
(log2 x)3

log x

where s ≥ 2r + 2.

Proof. We have

∑

n≤x

n

ϕ(n)
F (n) ≤

∑

d<x

1
ϕ(d)

∑

nd≤x

F (nd) ≤
∑

d≤x

dr(d)
ϕ(d)

∑

n≤ x
d

F (n)

¿ x
∑

d

dr(d)
dϕ(d)

· max
x log−s x≤y≤x

1
y

∑

n≤y

F (n) + x logr x
∑

d>logs x

dr(d)
dϕ(d)

.

Since ∑

d>logs x

dr(d)
dϕ(d)

≤ (log x)−s/2
∑

d

dr(d)√
dϕ(d)

the proof of Corollary 9 is finished. ¤
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Using Theorem 70 (see (4)) and Corollary 9 we get the proof of the
first part of

Corollary 10. Let x ≥ x0. Then

∑

p+a≤x

∆(p + a) ¿ π(x) exp
((

1 +
30

log3 x

) √
2 log2 x · log3 x

)

and ∑

p+a≤x

∆(p + a) ≥ cπ(x) log2 x

with some positive constant c.

Proof. Let

T (n) := |{d1, d2 : d1|n, d2|n, | log(d1/d2)| ≤ 1}|.

We show (cf. Lemma 60.1 of [4]) that 2∆(n)d(n) ≥ T (n).
Now,

T (n) =
∑

d1|n

(|{d2 : d2|n, log d1 − 1 ≤ log d2 < log d1}|

+ |{d2 : d2|n, log d1 ≤ log d2 < log d1 + 1}|) ≤ 2∆(n)d(n)

and therefore

∑

p+a≤x

∆(p + a) ≥ 1
2

∑

p+a≤x

1
d(p + a)

∑

δ1,δ2|p+a
(δ1,δ2)=1, | log δ1/δ2|≤1

d

(
p + a

δ1δ2

)
.

Notice that d(nm) ≤ d(n)d(m). Therefore

∑

p+a≤x

∆(p + a) ≥ 1
2

∑

δ1≤x1/4−ε

∑

δ1≤δ2<eδ1
(δ2,δ1)=1

1
d(δ1)d(δ2)

π(x,−a, δ1δ2).

By A. I. Vinogradov–Bombieri’s Theorem we obtain

∑

p+a≤x

∆(p + a) ≥ 1
2
π(x)S(x) + O(π(x)),
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where
S(x) :=

∑

δ1≤x1/4−ε

(δ1,2)=1

1
d(δ1)ϕ(δ1)

∑

δ1≤δ2<eδ1
(δ2,2δ1)=1

1
d(δ2)ϕ(δ2)

.

Put
S′(x) :=

∑

δ1≤x1/4−ε

(δ1,2)=1

1
d(δ1)ϕ(δ1)

∑

δ1≤δ2<eδ1
(δ2,2)=1

1
d(δ2)ϕ(δ2)

.

We have

S(x) = S′(x)−
∑

δ1≤x1/4−ε

(δ1,2)=1

1
d(δ1)ϕ(δ1)

∑

δ1≤δ2<eδ1
(δ2,2)=1, (δ2,δ1)>1

1
d(δ2)ϕ(δ2)

≥ S′(x)−
∑

p≥3

1
(p− 1)2

S′(x) ≥ 1
3
S′(x).

Hence, using
∑

δ2≤y
(δ2,2)=1

1
d(δ2)

= ya0(log y)−
1
2 + O(y(log y)−

3
2 )

where a0 > 0 we obtain

S(x) ≥ 1
2e

∑

δ1≤x1/4−ε

(δ1,2)=1

1
δ1d(δ1)ϕ(δ1)

∑

δ1≤δ2<eδ1
(δ2,2)=1

1
d(δ2)

≥ c
∑

2<δ1≤x1/4−ε

(δ1,2)=1

(log δ1)−
1
2

d(δ1)δ1
.

By partial summation we have

S(x) ≥ c log2 x

and hence the assertion of Corollary 10 holds true. ¤
Following P. Erdős and I. Kátai (see [6]) we define

M(n) := sup
y

∣∣∣
∑

d|n
d≤y

µ(d)
∣∣∣
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where µ denotes the Möbius function. H. Maier [7] has shown that

(5) lim
x→∞

1
x
|{n : n ≤ x, M(n) > (log2 n)α}| = 1

where α < α0 := − log 2/ log
(
1− 1

log 3

)
. As a corollary of Theorem 56

from [4] (cf. [7], [4]) the limit law

(4) lim
x→∞

1
x
|{n : n ≤ x, M(n) < ψ(n) log2 n}| = 1

holds if ψ(n) →∞ as n →∞.
Now, let f be a multiplicative function and define

M(n, f) = max
y

∣∣∣
∑

d|n
d≤y

f(d)
∣∣∣ and ∆(n, f) = max

y

∣∣∣
∑

d|n
y<d≤ey

f(d)
∣∣∣.

Then we prove

Theorem 6. Let f be a multiplicative function such that |f(n)| ≤ 1
and f takes on the set of primes l + s values a1, . . . , as, b1, . . . , bl. Suppose

that the set {p : f(p) = bj , j = 1, . . . , l} is finite and that for every ai,

i = 1, . . . , s there exists δi > 0 such that

∣∣{p : p ∈ [
M,M(1 + log−c x)

)}∣∣

≤ δi

∣∣{p : p ∈ [
M, M(1 + log−c x)

)
, f(p) = ai}|

where M ≥ exp((log2 x)2), x ≥ x0, c > 0. Then

∣∣{p : p + a ≤ x, ρ(p + a, f) ∈ [
K, S

)}∣∣

¿ 1
log x

∑

n≤x
ρ(n,f)∈[K−4,S+4)

n

ϕ(n)
+ π(x)

(log2 x)2

log x
,

where ρ(n, f) = ∆(n, f) or ρ(n, f) = M(n, f), 0 ≤ K < S ≤ ∞.

An immediate consequence of this result and Lemma 1 is
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Corollary 11. Let f satisfy the conditions of Theorem 6 and put

ρ(n, f) = ∆(n, f) or M(n, f), respectively. Then

1
π(x)

|{p : p + a ≤ x, ρ(p + a, f) ∈ [
K, S

)}|

¿ 1
x
|{n : n ≤ x, ρ(n, f) ∈ [K − 4, S + 4)}|

· log
(

1
x
|{n : n ≤ x, ρ(n, f) ∈ [K − 2, S + 2)}|+ 1

x

)−1

+
(log2 x)2

log x
,

where 0 ≤ K < S ≤ ∞.

Using Corollary 11 and Maier’s results (see (3), (4)) we prove

Corollary 12. Let α < α0 = − log 2

log(1− 1
log 3 )

and ψ(x) →∞ as x →∞.

Then

lim
x→∞

1
π(x)

|{p : p + a ≤ x, (log2 p)α < M(p + a) < ψ(p) log2 p}| = 1.

Proof. In our case f(n) = µ(n) and µ(p) = −1. We see that the
conditions of Corollary 9 are fulfilled. Using Corollary 9 we have

1
π(x)

|{p : p + a ≤ x, M(p + a) ∈ [
0, (log2 x)α

) ∪ [
ψ(x) log2 x, +∞)}|

≤ 1
x

∣∣∣
{

n : n ≤ x, M(n) ∈ [
0, 2(log2 x)α

) ∪
[1
2
ψ(x) log2 x, +∞

)}∣∣∣

× log
(

1
x

∣∣∣
{
n : n≤x, M(n)∈

[
0, 2 logα

2 x
)
∪

[1
2
ψ(x) log2 x, +∞

)}∣∣∣ +
1
x

)−1

+ o(1).

Let α < α1 < α0 and ψ1(x) = min[
√

x,x]
1
4ψ(y). Then for x ≥ x0 we

obtain

∣∣∣
{

n : n ≤ x, M(n) ∈
[
0, 2(log2 x)α

)
∪

[1
2
ψ(x) log2 x, +∞

)}∣∣∣

≤
∣∣∣
{

n : n ≤ x, M(n) ∈
[
0, 2 logα1

2 n
)
∪

[1
2
ψ1(n) log2 n, +∞

)}∣∣∣ +
√

x.
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Using these inequalities together with (3), (4) completes the proof. ¤

Erdős conjectured that almost all integers have two divisors d, d′

such that d < d′ ≤ 2d which recently has been confirmed by Maier and
Tenenbaum (see Theorem 52 of [4]). We prove that this conjecture is
true for the shifted primes, too.

Theorem 7. The number of shifted primes p+a ≤ x without divisors

d, d′ such that d < d′ ≤ 2d is O(π(x)(log2 x)−β(log3 x)4β) where β =
1− (1+log2 3)

log 3 = 0.00415 . . . .

2. Preliminaries

We shall use sieve estimates and need the following result.

Lemma 2 (see Lemma 2.1 of [8]). Let ρ be a real-valued nonnegative

arithmetical function. Let λn, n = 1, 2, . . . , N , be integers. Let r be a

positive real number and p1 < p2 < · · · < ps < r be primes. Set Q =
p1 . . . ps. If d | Q then let

N∑
n=1

λn≡0 (mod d)

ρ(n) = η(d)X + R(N, d)

where X, R are real numbers, X ≥ 0 and η(d1d2) = η(d1)η(d2) whenever

d1 and d2 are coprime divisors of Q. Assume that for each p, 0 ≤ η(p) < 1.

Let I(N,Q) denote the sum

N∑
n=1

(λn,Q)=1

ρ(n).

Then the estimate

I(N,Q) = (1 + 2Θ1H)X
∏

p|Q
(1− η(p)) + 2Θ2

∑

d|Q
d≤z3

3ω(d)|R(N, d)|
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holds uniformly for r ≥ 2,max(log r, S) ≤ 1
8 log z, where |θ1| ≤ 1, |θ2| ≤ 1,

and

S :=
∑

p|Q

η(p) log p

1− η(p)
,

H := exp
(
− log z

log r

(
log

log z

S
− log log

log z

S
− 2S

log z

))
.

When these conditions are satisfied there is a positive absolute constant c

so that 2H ≤ c < 1.

For the estimate of the remainder terms in sieve applications we can
use the following lemma, which is a corollary of Lemma 3 in [9].

Lemma 3. Let {an}, {bm} be bounded sequences of complex num-

bers, such that an = 0 for n ≤ z1 and bm = 0 for m ≤ z2. Let r(x, v, u) :=
{n : n ≤ x, (n, P (v, u)) = 1}, where P (u) =

∏
p≤u p, P (v, u) =

∏
v<p≤u p.

Let T ≤ √
x, y1 ≤ z3 be real numbers. Then

∆ :=
∑

d≤T
(d,P (z3))=1

3ω(d) max
t≤x

max
(l,d)=1

∣∣∣
∑

nm≤t
nm≡l (mod d))
nm−l∈r(x,y,y1)

anbm − 1
ϕ(d)

∑

nm≤t
nm−l∈r(x,y,y1)

anbm

∣∣∣

¿ log7 x

(√
Ty2 · x 3

4 +
x

4
√

z1
+

x
4
√

z2
+

x√
z3

)
+ x exp

(
−1

2
log y2

log y1

)
log7 x.

Proof. The sum of the left-hand side (see Lemma 3 of [9]) without
the factor 3ω(d) is

¿ R := log4 x

(
Ty2

√
x +

x√
z1

+
x√
z2

+
x

z3

)
+ x exp

(
− log y2

log y1

)
log8 x.

Hence by Cauchy’s inequality

∆ ¿
√

R ·

 ∑

d≤√x

9ω(d)

(
x log x

ϕ(d)
+
√

x

)


1
2

¿
√

R · x log9 x

which proves Lemma 3. ¤
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Lemma 4. Let A be a subset of N. Let 3 ≤ u, v ≤ xε. Then

|{p : p + a ≤ x, p + a ∈ A}| ≤ 2
log x

∑

qn=p+a≤x
qn∈A,q>u,n>v

log q + O

(
log uv

log x
π(x)

)
.

Proof. We have

|{p : p + a ≤ x, p + a ∈ A}| ≤ √
x +

2
log x

∑

p+a≤x
p+a∈A

log(p + a)

≤ 2
log x

∑

qn=p+a≤x
qn∈A, q>u, n>v

log q +
2

log x

∑

q≤u

log q π(x,−a, q)

+
2

log x

∑

qr≤x
r≥2

log qrπ(x,−a, qr) +
2

log x

∑

n≤v

∑

q≤x/n
qn−a=p

log q,

where π(x,−a, d) is the number of primes p ≤ x, p ≡ −a (mod d). For
the estimate of the second and the third sum we apply Brun–Titchmarsh’s
inequality π(x,−a, d) ¿ x

ϕ(d) log 2x/d . Using a sieve result (see [10]) we
conclude that the fourth sum is

¿ 1
log x

∑

n≤v

∑

m≤x/n
(m·(nm−a),P (

√
x ))=1

log m ¿ π(x)
log x

∑

n≤v

1
ϕ(n)

.

Therefore

|{p : p + a ≤ x, p + a ∈ A}| ≤ 2
log x

∑

qn=p+a≤x
qn∈A, q>u, n>v

log q

+ O


π(x)


∑

q≤u

log q

q log 2x
q

+
∑

r≥2, qr≤x

log qr

qr log 2x
qr

+
log v

log x





 .

This proves the desired result. ¤

A first application of Lemmata 2, 3 and 4 gives
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Lemma 5. Let g be an additive function such that

|{g(p) : p ≤ x}| ≤ c1(log x)c2 .

Then, for any A ⊂ C,

|{p : p ≤ x, g(p + a) ∈ A}|

¿ log2 10x

log x
|{n : n ≤ x, g(n) ∈ A, (n− a, P (t)) = 1}|+ π(x)

log2 10x

log x

where t = logB x, B ≥ 4(c1 + D + 10), D > 2. The constant implied in ¿
depends only on c1, c2 and a.

Proof. Using Lemma 4 with u = v = logB x we obtain

|{p : g(p + a) ∈ A, p ≤ x}|(7)

≤ 2
log x

∑

u≤q≤x
g(q)+g(n)∈A

log q
∑

qn=p+a≤x

1 + O

(
log2 x

log x
· π(x)

)
.

Here we use the fact that the part of the sum for which q | n is estimated
by

¿ 1
log x

∑

u<q≤√x

x

q2
¿ π(x)

log x

if B ≥ 1. Let
Ai = {b : b = s− ai, s ∈ A}.

We apply Lemma 2, with z3 = 3
√

x, r = x
1

100 , Q =
∏

t<p≤r p, t = logB x,
η(d) = 1

ϕ(d) , X = Xi(1, t), λm = m − a, ρ(m) = |{qn : qn = m, q ∈ Ik,
g(q) = ai, g(n) ∈ Ai, n ≥ v}|,

Xi(d, t) =
∑

q∈Ik

g(q)=ai

∑

v≤n≤ x
q

g(n)∈Ai, (qn−a,P (t))=1, qn≡a (mod d)

1,

Ik =
[
u(1 + (log x)−D)k, u(1 + log−D x)k+1

)
,

D > 2, 0 ≤ k ≤ K = O((log x)D+1).
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Then

|{qn : g(q) = ai, g(n) ∈ Ai, q ∈ Ik, v ≤ n ≤ x/q, (qn− a, Q) = 1}|

¿ log t

log x
|{qn : g(q)= ai, g(n)∈Ai, q ∈ Ik, v≤n≤x/q, (qn− a, P (t))= 1}|

+
∑

d≤ 3√x
(d,P (t))=1

3ω(d)

∣∣∣∣Xi(d, t)− 1
ϕ(d)

Xi(1, t)
∣∣∣∣ .

For the estimate the second sum we apply Lemma 3 with T = 3
√

x,
y1 = t = z3 = logB x, z1 = z2 = logB x, y2 = exp((log2 x)3). Thus the
second sum is ¿ x(log x)−

B
4 +7. Hence

∑

u≤q≤x

log q
∑

qn=p+a≤x

g(n)+g(q)∈A

1 ¿ log t

log x

∑

qn≤x
(qn−a,P (t))=1,g(qn)∈A

log q

+x(log x)c1+D−B
4 +8 +

π(x)
log x

.

Let B ≥ 4(c1 + D + 10). Using (5), we obtain the assertion of Lemma 5.
¤

Lemma 6. For any t ≥ e3, y we have

∑
n>y

p(n)≤t

1
n
¿ log4 t exp

(
− log y

log t

)

where p(n) denotes the largest prime divisor of n.

Proof. Applying Rankin’s method we obtain that the sum on the
left-hand side is

≤ y−
1

log t

∑

p(n)≤t

n−1+ 1
log t ¿ exp


− log y

log t
+

∑

p≤t

1
p

exp
(

log p

log t

)


¿ exp
(
− log y

log t
+ e log2 t

)
. ¤
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Lemma 7 (see [11]). Let Λ be the von Mangoldt function and put

δ(Q, x, y) =
∑

d≤Q

max
(a,d)=1

max
x/2≤N≤x

max
h≤y

∣∣∣
∑

N<n≤N+h
n≡a (mod d)

Λ(n)− h

ϕ(d)

∣∣∣.

Suppose that y = xΘ, 3
4 ≤ Θ ≤ 1. Then

δ
(
yx−

1
2 (log x)−B , x, y

)
¿ y(log x)−A

where A is an arbitrary positive constant. The constant implied in ¿ and

the constant B depend only on A.

3. Proofs of theorems

For proving Theorems 2, 4, 5 and 6 we use a method analogue to that
involved in the proof of Lemma 5.

Proof of Theorem 2. Notice that

∑

qn∈N(y,z)
qn=m

log q ≤
∑

n∈N(y,z)
qn=m

log q +
∑

n∈N( y
q , z

q )
qn=m

log q.

Therefore, by Lemma 4,

|{p : p + a ∈ H(x, y, z)}| ≤ 2
log x

∑
u<q

qn=p+a≤x

log q
∑
v<n

n∈H(x,y,z)

1

+
2

log x

∑
u<q

qn=p+a≤x

log q
∑
v<n

n∈H( x
q , y

q , z
q )

1 + O

(
π(x)

log(uv)
log x

)

where u ≥ v = logB x. Now we divide the interval (u, x/v] into the intervals
Ik = (Mk,Mk+1], Mk = u(1 + (log x)−c)k, where c ≥ 2 and 0 ≤ k ≤ K =
O(logc+1 x). If q ∈ Ik we replace the condition n ∈ H

(
x
q , y

q , z
q

)
by the
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condition n ∈ H
(

x
Mk

, y
Mk+1

, z
Mk

)
. Then

|{p : p + a ∈ H(x, y, z)}| ≤ 2
log x

∑

k

log Mk+1

·
{∣∣∣

{
qn : q ∈ Ik, n > v, n ∈ H

(
x

Mk
, y, z

)
, qn− a = p

}∣∣∣

+
∣∣∣
{

qn : q ∈ Ik, n ∈ H

(
x

Mk
,

y

Mk+1
,

z

Mk

)
, n > v, qn− a = p

}∣∣∣
}

+ O

(
π(x)

log2
2 x

log x

)
.

Concerning the second sum we apply Lemma 2 with z3 = 3
√

x, r =
x

1
100 , Q =

∏
t<p≤r p, λm = m− a, η(d) = 1

ϕ(d) ,

ρ(m) =
∣∣∣
{

qn : qn = m, q ∈ Ik, n > v, n ∈ N

(
y

Mk+1
,

z

Mk

) }∣∣∣

X = Xk(1, t), where t = logB x and

Xk(d, t) =
∑

m≤x
(m−a,P (t))=1, m≡a (mod d)

ρ(m).

This yields

|{qn : q ∈ Ik, n > v, n ∈ H

(
x

Mk
,

y

Mk+1
,

z

Mk

)
, qn− a = p}|

¿ log t

log x

∣∣∣
{
qn : q ∈ Ik, n> v, n∈H

(
x

Mk
,

y

Mk+1
,

z

Mk

)
, (qn− a, P (t)) = 1

}∣∣∣

+
∑

d≤z3

d|Q

3ω(d)
∣∣∣Xk(d, t)− 1

ϕ(d)
Xk(1, t)

∣∣∣.

Now, Lemma 3 with z3 = t = logB x, y1 = logB x, T = 3
√

x, z1 = z2 =
logB x, y2 = exp((log2 x)3) shows that the second sum is O(x log−B/4+7 x).
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Further, using Lemmata 2, 3 we obtain similar estimates for

∣∣∣
{

qn : q ∈ Ik, n > v, n ∈ H

(
x

Mk
, y, z

)
, qn− a = p

}∣∣∣.

Let B ≥ 4(c + 10). Then we have

|{p : p + a ∈ H(x, y, z)}|(8)

¿ log t

log2 x

∑

k

log Mk{X ′
k(1, t) + Xk(1, t)}+ π(x)

log2
2 x

log x
,

where X ′
k(1, t) is the same as Xk(1, t) with the condition n ∈ N

(
y

Mk+1
, z

Mk

)

replaced by n ∈ N(y, z).
The sieve of Eratosthenes gives

X ′
k(1, t) + Xk(1, t)

≤ 2
∑

n≤x/Mk

n∈N
�

x
Mk

, y
Mk+1

, z
Mk

�
∪N(y,z)

∑

d≤ 3√u
d|P (t), (d,2an)=1

µ(d)
∑

q∈Ik

qn≡a (mod d)

1 + R1

¿ 1
log t

rk + R1 + R2,

where

rk =
∑

n≤ x
Mk

n∈N(y,z)∪N
�

y
Mk+1

, z
Mk

�
n

ϕ(n)

∑

q∈Ik

1,

R1 ¿ (log x)2x
∑

d> 3√u
d|P (t)

1
d

and

R2 ¿
∑

v<n≤x/Mk

n∈N(y,z)∪N
�

y
Mk+1

, z
Mk

�
∑

d≤ 3√u
(d,2na)=1

∣∣∣∣∣
∑

q∈Ik

qn≡a (mod d)

1− 1
ϕ(d)

∑

q∈Ik

1

∣∣∣∣∣.
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Let u = exp(B2(log2 x)2), t = logB x. By Lemma 6

R1 ¿ x log7 x exp
(
−1

3
log u

log t

)
¿ x(log x)−B/3+7.

Using Lemma 7 we see that

R2 ¿ 1
logD u

rk

where D > 0 is arbitrary constant. Thus we arrive at

X ′
k(1, t) + Xk(1, t) ¿ 1

log t
rk + x(log x)−B/3+7.

Let B = 4(c + 10). Then (8) gives

|{p : p + a ∈ N(y, z)}| ¿ 1
log2 x

{ ∑
q

log q
∑

n≤ x
q

n∈N(y,z)

n

ϕ(n)

+
∑

q

log q
∑

n≤ x
q

qn∈N(y(1+log−c x)−1,z(1+log−c x)))

n

ϕ(n)

}
+

(log2 x)2

log x
π(x).

This completes the proof of Theorem 2. ¤

Proof of Theorem 4. Let u = exp(B2 log2
2 x), v = logB x, B > 0.

Setting

Yk(d, t) =
∣∣∣
{

qn : q ∈ Ik, v < n ≤ x/Mk, (qn− a, P (t)) = 1,

F (n) ∈
[

1
c2

K,
1
c1

S

)
, qn ≡ a (mod d)

}∣∣∣

where Ik = (Mk,Mk+1], Mk = (1 + log−c x)k, c ≥ 2, 0 ≤ k ≤ K1 =
O(logc+1 x), we obtain by Lemma 4

|{p : p + a ≤ x, F (p + a) ∈ [K, S]}|

≤ 1
log x

∑

k

log Mk+1 · Yk(1, x
1

100 ) + O

(
log3

2 x

log x

)
.
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Here we made use of the assumption

c1F (n) ≤ F (np) ≤ c2F (n), (n, p) = 1.

Applying Lemma 2 with z3 = 3
√

x, r = x
1

100 ,

Q =
∏

t<p≤r

p, t = logB x, η(d) =
1

ϕ(d)
,

X = Xk(1, t), λm = m− a,

ρ(m) =
∣∣∣
{

qn : qn = m, q ∈ Ik, F (n) ∈
[

1
c2

K,
1
c1

S

]
, n > v

}∣∣∣,

we obtain

(9) Yk(1, x
1

100 ) ¿ log t

log x
Yk(1, t) +

∑

d≤z3

(d,P (t))=1

3ω(d)
∣∣∣Yk(d, t)− 1

ϕ(d)
Yk(1, t)

∣∣∣.

By Lemma 3 with T = 3
√

x, y1 = z3 = t = logB x, z1 = u, z2 = v,
y2 = exp(log3

2 x) it follows that the second sum is O
(
x log−B/4+7 x

)
. Using

the sieve of Eratosthenes we conclude

Yk(1, t) ¿
∑

d|P (t)
(d,2a)=1

µ(d)
ϕ(d)

Yk + x log2 x
∑

d> 3√u
d|P (t)

1
d

+
∑

v<n≤x/mk

F (n)∈
h

1
c2

K, 1
c1

S
�

∑

d≤ 3√u
(d,2an)=1

∣∣∣∣∣
∑

q∈Ik

qn≡a (mod d)

1− 1
ϕ(d)

∑

q∈Ik

1

∣∣∣∣∣,

where

Yk =
∣∣∣∣
{

qn : q ∈ Ik, v < n ≤ x

Mk
, F (n) ∈

[
K

c2
,

S

c1

]}∣∣∣∣ .

Recall that u = exp(B2(log2 x)2), t = logB x. By Lemmata 6, 7 we get

Yk(1, t) ¿ 1
log t

Yk + x(log x)−
B
3 +7.
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Let B ≥ 4(c + 10). From the last estimate and (9) we have

|{p : p + a≤x, F (p + a)∈ [K,S]}|¿ 1
log2 x

∑
u<q

log q
∑

v<n≤ x
q

F (n)∈
h

K
c2

, S
c1

�+ π(x)
log2

2 x

log x
.

If F (n) ∈ [K, S] and (q, n) = 1 we see that F (qn) ∈ [c1K, c2S], and this
completes the proof of Theorem 4. ¤

Proof of Theorem 6. Let ρ(n, f) denote F (n, f) or ∆(n, f), respec-
tively. By Lemma 4 we obtain

|{p : p + a ≤ x, ρ(p + a, f) ∈ [K, S]}|

¿ π(x)
log(uv)
log x

+
1

log x

∑
q>u

log q
∑

v<n≤ x
q

qn=p+a, ρ(q·n,f)∈[K,S)

1.

Let u = exp(B2 log2
2 x), v = logB x. The part of the last sum for which

q | n is O
(
π(x) 1

u

)
. Hence we may assume that (n, q) = 1. Next, we note

that, for (n, q) = 1,

F (nq, f) = max
y

∣∣∣
∑

d|n
d≤y

f(d) + f(q)
∑

d|n
d≤y/q

f(d)
∣∣∣,

∆(nq, f) = max
y

∣∣∣
∑

d|n
y<d≤ey

f(d) + f(q)
∑

d|n
y
q <d≤e y

q

f(d)
∣∣∣.

Let us make the summation over q, n independent from each other. For this
aim we split the interval (u, x/v) into the intervals Ik = (Mk,Mk+1], Mk =
u(1 + log−c x)k, c ≥ 2. The number of such intervals equals O(logc+1 x).
For q ∈ Ik we replace ρ(nq, f) by ρ(n, f(q), Mk, f) where, for example,

∆(n, f(q), Mk, f) = max
y

∣∣∣
∑

d|n
y<d≤ey

f(d) + f(q)
∑

d|n
y

Mk
<d≤e y

Mk

f(d)
∣∣∣.
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For every n such that

Γ(n, c) := max
y

∑

d|n
y<d≤y(1+log−c x)

1 ≤ 1

we have

(10)
|F (nq, f)− F (n, f(q), Mk, f)| ≤ 1,

|∆(nq, f)−∆(n, f(q),Mk, f)| ≤ 2.

If f(q) = ai, i = 1, . . . , s, we put ρi,k(n, f) = ρ(n, ai, Mk, f). Thus we have

(11)

|{p : p + a ≤ x, ρ(p + a, f) ∈ [K, S}|

¿ π(x)
(log2 x)2

log x
+ |{n : n ≤ x, Γ(n, c) ≥ 2}|

+
1

log x

∑

k

log Mk

s∑

i=1

Ak,i(1, r)

where r = x
1

100 and

Ak,i(d, r) =
∣∣∣
{

qn; q ∈ Ik, v < n ≤ x

Mk
, ρk,i(n, f) ∈ (K − 2, S + 2],

(qn− a, P (r)) = 1, qn− a ≡ 0 (mod d)
}∣∣∣.

We apply Lemma 2 with z3 = 3
√

x, r = x
1

100 , λm = m− a, Q =
∏

t<p≤r p,
t = logB x, η(d) = 1

ϕ(d) ,

ρ(m) = |{qn; q ∈ Ik, n > v, ρk,i(n, f) ∈ (K − 2, S + 2]}|.

By Lemma 2 we obtain

Ak,i(1, r) ¿ log t

log x
Ak,i(1, t) +

∑

d≤z3

d|Q

3ω(d)
∣∣∣Ak,i(d, t)− 1

ϕ(d)
Ak,i(1, t)

∣∣∣.

Put in Lemma 3 z3 = t = logB x, y1 = logB x, T = 3
√

x, z1 = z2 = logB x,
y2 = exp((log2 x)3). Using Lemma 3 we obtain that the second sum is



338 Karl-Heinz Indlekofer and Nikolai M. Timofeev

O(x(log x)−
B
4 +7). Hence

Ak,i(1, r) ¿ log t

log x
Ak,i(1, t) + x(log x)−

B
4 +7.

Observing (11) we obtain

(12)

|{p : p + a ≤ x, ρ(p + a, f) ∈ [K, S}| ¿ π(x)
(log2 x)2

log x

+|{n : n ≤ x, Γ(n, c) ≥ 2}|+ log t

(log x)2
∑

k

log Mk

s∑

i=1

Ak,i(1, t),

if B ≥ 4(c + 10). By the sieve of Eratosthenes we conclude

Ak,i(1, t) ≤
∑

v<n≤ x
Mk

ρk,i(n,f)∈(K−2,S+2]

∑

q∈Ik

(qn−a,P (t))=1

1

¿
∑

v<n≤ x
Mk

ρk,i(n,f)∈(K−2,S+2]

∑

d≤ 3√u
d|P (t), (d,nP (t1))=1

µ(d)
∑

q∈Ik

qn≡a (mod d)

1 + R1.

where t1 > max(2a, b1, . . . , bl) and

R1 ¿ log2 x x
∑

d> 3√u
d|P (t)

1
d
.

Recall that u = exp(B2 log2
2 x), t = logB x, B > 4(c + 10). Hence by

Lemma 6 R1 ¿ x(log x)−c−2. Thus

Ak,i(1, t) ¿ 1
log t

∑

v<n≤ x
Mk

ρk,i(n,f)∈(K−2,S+2]

n

ϕ(n)

∑

q∈Ik

1 + x(log x)−c−2

+
∑

v<n≤ x
Mk

ρk,i(n,f)∈(K−2,S+2]

∑

d≤ 3√u
(d,2na)=1

∣∣∣
∑

q∈Ik

qn≡a (mod d)

1− 1
ϕ(d)

∑

q∈Ik

1
∣∣∣.
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By Lemma 7

Ak,i(1, t) ¿ 1
log t

∑

v<n≤ x
Mk

ρk,i(n,f)∈(K−2,S+2]

n

ϕ(n)

∑

q∈Ik

1 + x log−c−2 x.

The estimate ∑

q∈Ik

1 ≤ δi

∑

q∈Ik

f(q)=ai

1

and (12), (10) yield

|{p : p + a ≤ x, ρ(p + a, f) ∈ [K, S}|

¿ π(x)
(log2 x)2

log x
+

1
log x

∑

n≤x
ρ(n,f)∈(K−4,S+4]

n

ϕ(n)
+ |{n :n≤x, Γ(n, c)≥ 2}|.

Further, if c ≥ 3

|{n : n ≤ x, Γ(n, c) ≥ 2}|
≤ |{n : n ≤ x, n = d1d2m, d1 < d2 ≤ d1(1 + log−c x)}|

≤ x
∑

d1≤x

1
d1

∑

d1<d2≤d1(1+log−c x)

1
d2

¿ x
∑

logc x≤d1≤x

1
d2
1

(d1 log−c x + 1) ¿ x log−2 x

and thus we obtain the proof of Theorem 6. ¤

Proof of Theorem 7. Actually we prove a more general result.

Theorem 8. Let E be a divisor closed set, i.e. if n ∈ E then every

divisors of n belongs to E, too. Then

|{p : p + a ≤ x, p + a ∈ E}| ¿ π(x)
log x

∑

n≤x
n∈E

1
ϕ(n)

+ π(x)
(log2 x)2

log x
.
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Proof. We use Lemma 4 with u = exp(B2 log2
2 x), v = logB x and

get

(13) |{p : p + a ≤ x, p + a ∈ E}|

¿ π(x)
(log2 x)
log x

+
1

log x

∑

0≤k≤K1

|Ek| log Mk

where

Ek =
{

nq : 2ku < q ≤ 2k+1u, v < n ≤ x

2ku
, n ∈ E, qn− a = p

}

and K1 ≤ log x. Applying Lemma 2 and Lemma 3 in the same way as
before gives

|Ek| ¿ log t

log x
|Ek(t)|+ x(log x)−

B
4 +7

where

Ek(t) =
∣∣{nq : 2ku < q ≤ 2k+1u, v < n ≤ x

2ku
, n ∈ E, (qn−a, P (t)) = 1

}∣∣

Hence, by (13),

|{p : p+a≤x, p+a∈E}|¿π(x)
(log2 x)2

log x
+

log t

(log x)2
∑

n≤ 2x
u

n∈E

∑

q≤ 2x
n

(nq−a,P (t))=1

log q.

Using Selberg’s sieve (see [10]) yields

∑

q≤ x
n

(qn−a,P (t))=1

log q ¿ x

ϕ(n) log t
,

and this completes the proof of Theorem 8. ¤

Let E0 be a set of natural numbers without divisors d, d′ such that
d < d′ ≤ 2d. E0 is a divisor closed set. Hence

(14) |{p : p+a ≤ x, p+a ∈ E0}| ¿ π(x)
log x

∑

d≤x

1
dϕ(d)

∑

n≤x
n∈E0

1
n

+π(x)
log2

2 x

log x
.
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We shall apply the estimate (see Theorem 52 of [4])

|{n : n ≤ x, n ∈ E0}| ¿ xR(x),

where R(x) = (log2 x)−β(log3 x)4β , β > 0. Let y = exp((log x) ·R(x)). For
y ≤ t ≤ x we see that

R(t) ≤ R(y) = (log(log x + R(x)))−β(log2(log x ·R(x)))4β ¿ R(x).

Therefore

1
log x

∑

n≤x
n∈E0

1
n
¿ 1

log x

∑

n≤y

1
n

+ max
t∈[y,x]

1
t

∑

n≤2t
n∈E0

1 ¿ R(x).

Combining this estimate with (14) completes the proof of Theorem 7. ¤

Proof of Theorem 1. Put

P (m,x, g) := |{p : p + a ≤ x, g(p + a) = m}|,

where g(n) denotes ω(n) or Ω(n), respectively. We use the following lemma
which is a corollary of Theorems 1, 2 from [12].

Lemma 8. For x ≥ |a|+ 2

(15) P (m,x, g) ≤ c1
x(log2 x)m−1

(m− 1)! log2 x
.

If g(n) = ω(n), then (15) holds for m ≤ b log2 x, and the constant c1

depends on a and b. If g(n) = Ω(n), (15) holds for m ≤ (2− δ) log2 x and

the constant c1 depends on a and δ > 0. In the case a = 2 the estimate

(16) P (m,x, g) + P (m + 1, x, g) ≤ c2
x(log2 x)m−1

(m− 1)! log2 x

(c2 > 0) holds for g(n) = ω(n) if m ≤ b log2 x and for g(n) = Ω(n) if

1 ≤ m ≤ (2− δ) log2 x.

The inequalities

(17) mω(n) ≤ dm(n) ≤ mΩ(n) (m ≥ 2, n ≥ 1)
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follow easily from the formula dm+1(n) =
∑

t|n dm(t) by induction on m.
Hence

D1(x, α, m, P ) ≤
∑

k≤(1−α) log x

P (k, x, ω),(18)

and
D2(x, α,m, P )(19)

≤
∑

(1+α) log2 x≤k≤(2−δ) log2 x

P (k, x, Ω) +
∑

k>(2−δ) log2 x

P (k, x,Ω).

By (15) the right-hand side of (18) is

¿
∑

k≤(1−α) log2 x

x(log2 x)k−1

(k − 1)!(log x)2

¿ π(x)
log2 x

(log2 x)[(1−α) log2 x]−1

([(1− α) log2 x]− 1)!

∑

k≥0

(1− α)k.

Using Stirling’s formula

n! =
√

2πn nne−n+ Θ
12n (0 < Θ < 1)

shows that for 0 < α ≤ β < 1

(log2 x)[(1−α) log2 x]−1

([(1− α) log2 x]− 1)!
¿β e(1−α) log2 x(log2 x)−

1
2 · (1− α)−(1−α) log2 x

= (log x)Q(−α)(log2 x)−
1
2 · log x,

and therefore

D1(x, α,m, P ) ¿β π(x)(log x)Q(−α)α−1(log2 x)−
1
2 .

Arguing in the same way as before we obtain by (15) that the first sum on
the right-hand side of (19) is

¿
∑

T1(α)≤k≤T2(α)

x(log2 x)k−1

(k − 1)!(log x)2

¿ π(x)
log x

(log2 x)T1(α)−1

(T1(α)− 1)!

∑

k

1
(1 + α)k

,
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where T1(α) = [(1+α) log2 x], T2(α) = [(2− δ) log2 x]. Applying Stirling’s
formula we get

D2(x, α,m, P ) ¿β π(x)α−1(log2 x)−
1
2 (log x)Q(α) +

∑

k>(2−δ) log2 x

P (k, x,Ω).

By Lemma 5 the second sum is

(20)

¿ log2 x

log x
|{n : n ≤ x, (2− δ) log2 x ≤ Ω(n)}|+ π(x) log2(x)

log x

¿ log2 x

log x
q−(2−δ) log2 x

∑

n≤x

qΩ(n) + π(x)
log2(x)
log x

where 1 < q < 2. Put δ = 2− q and let 0 < α ≤ β < q − 1 < 1. The first
expression in (20) is

¿ π(x) log2 x(log x)Q(q−1) ¿β π(x)(log x)Q(α)−ε

where ε > 0. Thus

D2(x, α, m, P ) ¿β π(x)α−1(log2 x)−
1
2 (log x)Q(α)

and we complete the proof of the first part of Theorem 1.

By (17) we have

2D1(x, α, m, P ) ≥
∑

k≤(1−α) log2 x−1

(P (k, x, Ω) + P (k + 1, x, Ω)).

Using Lemma 8 we see that the left side is larger than

c2

∑

K≤K(α)

π(x)
(log x)2

(log2 x)K−1

(K − 1)!
≥ c2

π(x)
log x

· (log2(x))K(α)−1

(K(α)− 1)!

·
(

1 +
K(α)− 1

log2 x
+

(K(α)− 1)(K(α)− 2)
(log2 x)2

+ · · ·+ (K(α)− 1) . . . 1
(log2 x)K(α)−1

+
)
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where K(α) = [(1− α) log2 x]− 1. Thus

(K(α)− 1)(K(α)− 2) . . . (K(α)− r)
(log2 x)r

≥
(

1− α− 2
log2 x

)
. . .

(
(1− α)− r + 1

log2 x

)

≥ (1− α)r




(
1− r + 1

(1− α) log2 x

) (1−α) log2 x
r




r2
(1−α) log2 x

.

Let r ≤ [√
log2 x

]
= r0. For x ≥ x0

(K(α)− 1) . . . (K(α)− r)
(log2 x)r

≥ c3(1− α)r, c3 > 0.

Using Stirling’s formula we get

D1(x, α, m, P ) ≥ c4π(x)(log x)Q(−α)(log x)−
1
2
1− (1− α)r0

α

and if α ≥ (√
log2 x

)−1
we obtain the lower bound for D1(x, α, m, P ).

In a similar way we can prove the lower estimate for D2(x, α, m, P ),
too. ¤
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