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Divisors of shifted primes

By KARL-HEINZ INDLEKOFER (Paderborn) and
NIKOLAI M. TIMOFEEV (Vladimir)

Abstract. Let p range over the set of primes and let a be a non-zero integer.
Here we prove that many properties of the divisors of the natural numbers which can
be expressed by inequalities are true for the set {p + a} of shifted primes, too.

We obtain estimates for the quantities

{pip+a <, du(p+a) < (oga) 1= 5™ or dy(p+ a) > (logz) 1+ ey
0<a<l,
(see Theorem 1) and
[{p:p+a <=z, p+a has at least one divisor d such that y < d < z}|,

(see Corollary 2) where dm, (n) denotes the number of representations of n as the product
of m positive integers.

Erdés conjectured that almost all integers have two divisors d, d’ such that d <
d’ < 2d and this has recently been confirmed by H. Maier and G. Tenenbaum. We
prove that this conjecture is true for the shifted primes, too (see Theorem 7).

Let f be a multiplicative function and define

M(n, f) = max| 3 (@), Aln,f)=max| > f(d).
i y<dey

Under some conditions on f we prove estimates for

Hp:p+a<z plp+a,f) €K S},

where p(n, f) = A(n, f) or M(n, f). In particular we show
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log 2

and let ¢¥(x) — oo as x — oo. Then
log(lfﬁ

Corollary 12. Let a < ag = —

4 1
lim ——[{p:p+a<z, (logop)™ < M(p+a,pu) <(p)logyp} =1,

where log, © = loglog x and p denotes the Mébius function.

Corollary 10. Let x > xg. Then

1
c1logyx < — Z A(p+a,l) <copexp ((1+
m(x) pt+a<z

) v/ log, x logs :r) ,

logs x

where ¢1 > 0 and logs z = log(log, ).

1. Introduction

Suppose p ranges over the set of primes and a is a non-zero integer.
There are at present many conjectures proceeding from the assumption
that the set {p + a} of shifted primes has similar properties as the set of
natural numbers. Here we prove that many results for divisors of natural
numbers which can be expressed by inequalities are true for the shifted
primes, too.

For example, it is easy to show that for any fixed m

Z dm(p +a) < n(x)log™ '

p<z

where 7(x) is the number of primes p < z and d,,,(n) denotes the number of
ordered m-tuples (t1,...,t,) of positive integers such that t1ts ... t, = n.
Thus dy(n) = d(n) is the number of positive divisors of n. The up-
per bound can be obtained from the result of BARBAN, LEVIN [1] and
WOLKE [2] who proved that for any multiplicative function f with 0 <
f(p") < Are for all prime powers p”

Zf(P+a) < 7(x) exp Zf(pi,_l

p<z p<z

The lower bound follows easily from the obvious formula

dmt1(n) = Z din ()

tin



Divisors of shifted primes 309

and A. I . Vinogradov—Bombieri’s Theorem.
K. NORTON [3] proved the following result about the distribution of
values of the divisor function on the set of natural numbers.

Proposition 1 (see K. NORTON [3]). Let m > 2. For any x, o with
x> 3, let

D(z,c,m) = [{n:n < =z, either dp,(n) < (log z)(1—) logm
or dpy(n) > (log w)(Ho‘)logm}‘.

Ifr>3and 0 < a < (<1, then
D(z,a,m) < c1(B)a a(logy )~/ (log ) 9.

Furthermore, if 0 < 3 < 1, then there is a number c3((3) such that when-
ever > ¢5(B) and (logyz)~2 < a < 3, we have

D(z,a,m) > 03(ﬂ)a_1x(10g2 x)_l/z(log :U)Q(a).

where c3(5) > 0, Q(a) = o — (1 4+ ) log(1l + «) and log, z = log(log z).

In the sequel |A| denotes the number of elements of the set A.
We prove that Norton’s theorem is true for the set of shifted primes.

Theorem 1. Let
Di(z,a,m,P)=|{p:p+a<a, dnlp+a)< (logz)!=1em}
Dy(z,a,m, P) = {p:p+a <, dylp+a)> (logz)t+e)leemy,
Ifz>3and 0 < o < <1, then fori=1,2
Dy(z,a,m, P) < es(B)a m(x) (logy )~/ % (log ) Q1)

If (logy2)~"/? < a < B <1 and a = 2, then there are constants c5(3) > 0
and cg(3) > 0 such that for x > ¢5() and i = 1,2, we have

Di(w,a,m, P) 2 eg(B)a" () (logy )~/ (log 2) A1),
For example, if m =2, a = -1+ @ we obtain

{p:p+a<z, dp+2)>logz}| = n(x)(log, ) /*(logz) ™
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log1
where —6 = Q(—1 + @) =— <1 — %) ~ —0, 086.
Let N(y, z) denote the set of natural numbers n which have at least
one divisor d such that y < d < z and

H(z,y,z):={n:n<z, neN(y,z2)}

Estimates for |H (z,y, z)| are needed in many arithmetical problems. Con-
cerning the history of this question see R. R. HALL and G. TENENBAUM
([4], Chapter 2). In particular we have

Proposition 2 (see Theorem 21, (iii), [4] p. 29). Let y > 2 and 2y <
z <min(y?,z ). Then we have

s logy 3/u

V1og2/u

zu’ (L(1/u))™ < |H(2,y, 2)| < 2u

where
1
o - lo8z/y
logy

)

>0, §=-Q (-1 + > ~ 0.086,

log 2

L(x) = exp <\/loga: -/log, 3x) .

Moreover, for each fixed B > 2, if z < By we may strike out the factor
log,(3/u) provided we replace < by <p on the right.

For the set of shifted primes we prove

Theorem 2. Let T := (1+ (logz)™¢), where ¢ > 2 and 3 <y < z <
vz. Then we have

H{p:p+a<z, p+acN(y 2}

Z n_ () (log, 10:1:)2.

<

log
n€H (z,yT—1,2T)

The constant implied in < depends only on c.

A consequence of this result is
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Corollary 1. If 3 <y < z < /z then we have

1 1 -
s +a € Ho )] <o o) og (3 () +1)

+ () (W +1> .

log Y
For the PROOF of Corollary 1 we need the following simple result.

Lemma 1. Let A(x) be a subset of the natural numbers < x. Then
for any 3 <t < x we have

lo t
3 %<<|A( )| logt + —8° g
nGA(ac)cP

PROOF of Lemma 1. Let P(t) = ][,<, p and p(n) denote the largest
prime divisor of n. Put n = niny where p(ny) < t and (no, P(t)) = 1.
Then

s "1) 3 énsg<1—;>_ <1+Z )

pn) = p(m) = elm) = @ =

and therefore

> i < lA@ogt b alost Y

neA(x) 6>t
(6,P(t))=1)
Because of
1 log & 1 log p”
— = — <
Z ( ) = logt 2 3p(0)  logt ; pe(p”)

>t 5,P(t))=1
. ()) (6,P(1)) e

1 logp 1
< logt ; p? < tlogt

the assertion of Lemma 1 holds true. O
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Using Theorem 2 and Lemma 1 we obtain

1
’{p:p—i_ae H(iL’,y,Z)H < @‘{n ‘ne H(‘T7yT_17ZT)}| lOgt

logt  m(x) 9
—— 4+ —(logy 1 .
()25 + T2 (o 102)
Since
-1 €z €z -1
: < — — (u—
{n:ne H(zulT™ )} < T§1<:d< (d+1) < (u+1) (u—uT "1 +1)

and ¢ > 2 the right-hand side can be estimated by

log t logt  (logy 10z)? 1

< H{{n:n€ H(x,y,z)

log t log = Q

Hence, putting

- <i|{n ‘n e H(z,y, )} + i>_1

we prove Corollary 1. O

Concerning Theorem 21 of [4] and the further results from Chap-
ter 2 of [4] Corollary 1 yields the following corresponding estimates for the
shifted primes.

Corollary 2. Let y > 2, 2y < z < min(y*/2, \/z ). Then we have

3 2
Hp:p+a€ H(x,y2)} < 7T(33)u5 log, o \/loga

where § = —Q (—1 + @) ~ 0.086, u = 11(:22 If = < By we may strike

out the factor logQ% provided we replace < by <p. In particular for
any y < \/z

1) (pip+ac Hlry2) < ag”y))aaogm |

NI

We are now in the position to prove applications which correspond to
results ([4]) given for the set of all natural numbers, but in our case we
obtain only upper bounds.
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Corollary 3. Let A(z, P) be the set of shifted primes p + a < x such
that p + a = mn where m < \/x and n < \/z. Then, for x > 3 we have

T 1
A P)l < 15 gy )

where 6 =~ 0.086. ...
PROOF. The assertion follows immediately from (1) and the estimate

CE

4k 2k+17 ok logax’

A(z, P)| < Y

0<k<log(log z)?

Corollary 4. Let

Mny)i= 3 u(d)
d|n,d<y

and
1

e(r,y) = @\{p:zﬂraﬁz, M(p + a,y) # 0}].

Then, forx >y >3
e(a,y) < (logy)” T logy y.

PrOOF. We follow the proof given in [4] on page 34.
Put m(p) = [] ¢, where g runs over the prime factors of p + a, and
where ¢~ denotes the least prime factor of p + a. Then

Mp+ay)= Y pd+ Y pad= > ud)

d| e d| @ d| e

q
d<y dq~ <y q'%<d§y

and thus M(p + a,y) # 0 implies that p + a has a divisor d € (y/q,y].
We obtain

e(x,y) < 7T1x)|{p1p+a <z (p+a,P(t) =1}
- W(lx)\{p:era € H(z,yt™",y)}|

= Al + AQ.
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Let t = exp(log™ y) where o = Using Selberg’s sieve we get A; =

5
1+
O(log™*y). Applying Corollary 2 to Ay gives

e(@,y) < (logy) ™ + (logy) "~ y/log, ylogs y
where logs y = log(log, y). This proves Corollary 4. O

In [13] the estimate of

(2) {p:p<z, p-1€N(y2)}

is used for analysing the following problems.

Let r be a natural number. We call the r non-zero integers a1, ..., a,
multiplicatively independent in case the representation

ai™.ooaltm =1 (mi,...,m, €7Z)

implies my = - -+ = m,. = 0. We assume that none of a1, ..., a, is a perfect
square or +1. Let I' denote the subgroup of Q* generated by aq,...,a,
and let |I')| denote the order of such a group I' (mod p). We say that
a sequence {aj,...,ar,...} is a multiplicatively independent sequence, if
for any r the integers {ai,...,a,} are multiplicatively independent. If
r =r(p) is a given function of p we, as in [13], will still denote by |I',| the
order of the group generated by a;, i < r(p) mod p. Note that this is well
defined for all primes that do not divide any of the a;’s and the number
of such primes p <z is O(3_, <, (,)loga;). In the case r =1, I' = (a) and
II'p| = ord, a is the order of a (mod p).

Using an estimate for (2) (see Theorem 3.1 of [13]) PAPPALARDI, (see
Theorem 2.1 of [13]) proved that

T 1 T
IT,| > p7it exp ( %8 P )

exp (¢(p)v/loglogp)

for almost all p, where, 7 = (1 — log2)/2 and v (z) is any function that
steadily tends to infinity with x.

The result of [13] is a consequence of the estimate of (2) and of the
following result of Matthews.
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Proposition 3 (see [14] and Lemma 1.2 [13]). Suppose that rt~1/7"< C.
Then
2’r Z log a;

holds uniformly for all t,r and {aq,...,a,}.

1+1 r

{p: [Tp| <t} <

Using Lemma 1.2 [13] and Corollary 2 we prove

Theorem 3. Let {ay,...,a,,...} be a multiplicatively independent
sequence such that
T
Zlog a; < 27!
i=1

Then

r4e

D\ 1
1> 47 (55)

holds for all but O <7r(:z:)5‘s (log log g), /log % ) primes p < x and uniformly

log x
log log =’

in r and 0 < € < 1 such that rlog% < celogz, r < where § =

1 — 528082~ 0.086.

ProOOF. We take t = (%) T+,
For x > xg we have

T

47‘+1

rt= YT = 7“

1 1
< 4exp (4—1 ((T+ 1)logr + log — —log:v))
1 r €

1
(r—{—l ( l)logr+50gx—logx>> < 4.

Thus the condition of Lemma 1.2 [13] is fulfilled and we obtain

1+1/r t1+l

; 2 r;logai <4 oz

t
3) H{p: Tyl <t} < < ().
Let r > 2. Then t > /z and, if ¢t < |I'y| < t; for p € [ex,x] we have

_ p—1 ex z
mp =57 € [tl’ t}. Hence we get

EX X
|uup§m,wuew¢ﬂﬂg\@ap<m p—leN(h»t)H+fw@>
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I3 1 _ T 1 .
Let t1 = xT+etT+e ¢~ 7F1 T+= . We choose in Corollary 2 y = i—ff, z=%

and

x 1 T
logz/y logi T4z 108§ + (log 2) <1 + (T+l)(1+a)>
u = =
1 log €& 1 1
ogy 08 1, e log ¥ — (log E) <1 + (r+1)r(1+8)>

Then, if rlog% < elogx, we have

and u < 10e.
Using Corollary 2 and (3) gives

3 2
{p:p <z, [T, <t} < 7(z)e’ <loglog 8) Ulogg

where § ~ 0.086 and

_r 1 e 1 e X\ 71 T+
tl =g r+1l1+e gpi+e {1+e = gpi+e —

_41:58 xr $+(T+1)5(1+E)
= G .

This proves the theorem for r > 2.
Now, let r = 1. We take t = \/ex, t1 = 227¢ and obtain

{p:p <, ordy(a) < z'/?*¢}
<H{p:p<w ord(a) <Vex}[+{p:p<a, p—1€N(Vex, V)l
+{p:p<wz, p—1eN(e'** Vo)l +en(x).

By (3) and Corollary 2 we get

3 2
{p:p <, ordy(a) < 2"/2H)| < m(a)e? <10g log > \/;

This completes the proof of the theorem. O

Arguing as in [13] we obtain
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Corollary 5. For any fixed r with § =1 — %glgﬁ ~ 0.086 we have

+ 146
——(loglog z)** <<1

if v <é.
Remark. This improves the result in [13], Corollary 2.4, where
v = 0.0306.
ProOOF. We have
1 1
<Y g T
rp|< ’ y<Dp<z | 2<Tp<z Tl
p= =tp=
p<z p<z

Using Lemma 1.2 of [13] we get that the number of primes p for which
L, <uis O(u't+ logu). Hence, by partial summation, the first sum is
P

O(y"/"/logy).
The third sum is O(17(z)). Thus using Corollary 2 with

_r_ _ br _r_ _o
y=x 1 (logz)” 7+1, z = 71 log™1 x leads to

1 0

T x loglog x 1 o
Rr(xr) < loglog z)2 ¢ (log )7 +1 2~ 7+1,
1) < o g () Gewto )< (og
and this completes the proof. O

Using Theorem 3 we obtain

Corollary 6. Let r be a fixed number. Suppose that (z) tends to
zero as x — 00, () > bﬁ)l%. Then we have

(1) For all but O (71'(.1’)(77(.%))6 (1og log %) \/log %) primes p < x
I(p) > prer T

where 1)(z) = supy,z . €(z) and § ~ 0, 086.
(2) For all but O(r(z)(log 2) =) loglog ) primes p < x

T(p) > p7+1 exp((logp)®),

where 0 < a < 1 and § ~ 0, 086.
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Remark. Similar results have been proven by P. ERDOs and M. R.
MURTY. In particular, they obtained (see [15], Theorem 5): Let e(z) tend
to zero as x — oo.

(1) For all but o(5;) primes p < z,
Fp Z pﬁil'f's(p)‘

(2) There exist o > 0 and 6 > 0 such that

Ly = p7it exp ((logp)*)
for all but O (W) primes p < x.
Now we turn to the average order of HOOLEY’s function (see [5], [4])
A(n) = mgx]{d td|n, u<d<eu}

on the set of shifted primes. In many applications it is necessary to obtain
an upper bound for the sum

W(lx)ZA(p—i-a).

p<z

Using the results of [5], [4] we prove an upper bound, which is better than
that obtained from the trivial inequality A(n) < d(n).

First we recall the main results about A(n) on the set of natural
numbers.

Proposition 4 (see Theorem 55 of [4]). Let o < oo = log2/log{log3/
(log3 — 1)} = 0.28754.... Then we have

lim l|{n :n <z, A(n)> (logyn)?} =1.
x

T— 00

Proposition 5 (see Theorem 56 of [4]). Let ¥(n) — oo as n — 0.
Then

lim l|{n :n <z, A(n) <(n)logyn}| = 1.

rT—00 I
Observe that Proposition 4 implies
1
Z A(n) > 1 (o < 09).

+5 w(logy 1)7 £
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In [4], Theorem 60, it was proven that the average order of A(n) is at
least clog, n and (see Theorem 70 of [4])

(4) Y A(n) < zexp <<1+

n<x

) \/210g2m-1og3x> .

logs

where logs; z = loglog, =.

Here we prove

Theorem 4. Let I’ be a non-negative arithmetical function such that
c1F(n) < F(np) < coF(n)
for some fixed ¢; > 0, co > 0 and (p,n) = 1. Then, for any K, S, we have

{p:p+a<z Flp+a)elK, S5}

2

1 1
< Z n + x( og22:v) .
log x = o(n) log” =

F(n)e[j—;m%s)

Using Lemma 1 we obtain

Corollary 7. Let F satisfy the conditions of Theorem 4. Then

ltpiprase Fo+o) € [KS)
<<% {n:né% F(n) € [Z;KijS)}'

1
T

For A(n) we have

{n:ngx,p<n>e{%{,§5>}\+;> | (logy )
1

Co log

A(n) < A(np) < 2A(n).
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Hence we get

1
——Hp:p+ta<z Alp+a) < (logyz)7}

m(z)

1
< E|{n :n <z, A(n) < 2(logy )7}

(log, 93>2

1 1)\
1 — n < A < 2(1 7 —
<tog (11nn <o, Aw) < 2fog 07} + 1)+ U

Evidently for \/z < p < x we have 2(log, )7 < (log, p)?* where 0 < 01 <
0. Hence by Theorem 55 of [4]

Jm )!{p pta<z, Alp+a)>(log,p)7} =1

for every o < 09 = 0.28574 .. ..
Using Theorem 56 of [4] and Corollary 7 shows

_ 1
lim ——Hp:p+a<wz, Alp+a)>(p)logyp} =0

w0 ()

for every ¢(x) — 0o as © — 0.
Thus we have

Corollary 8. Let 0 < o¢g = 0.28574... and (z) — 00 as z — 00.
Then

JLOO@HP pt+a<uwz, (logyp)” < A(p+a) <y(p)log,p}t| = 1.

Using Theorem 4 we prove

Theorem 5. Let F satisfy the conditions of Theorem 4 and

ZF2 <L zlog"xz, (r>0).

n<x

Then

1 , (logy 2)°
— F(n .
m(x) Z (pta) <2 Z o(n) log x

p<x n<x
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PROOF. Let 0 < © < min <Cl 1) Then

@;F@m) (1 > ). Flp+a)

—K<I<K pta€e¥(z,l)

@K—i—l 1

+0K logr + —— - ——

Y Fp+a),

logz  m(x) piate

where Y (z,1) = {n :n < 2, Ollogz < F(n) < 6 tlogz}. Set K =
[A- (log1/©)7! - log, x], where A > r + 2. Using Theorem 3 we obtain

(1ZFp+a <<Z* > %F(n)

<K ned (x,l-1)Ud (x,)Ud (xz,l141) v

(logy 95) 1 n n (log, x)3
e L (p(n)F( )2l

log x z log x

n<x
This completes the proof of Theorem 5. O

Corollary 9. Suppose the conditions of Theorem 4 for F are fulfilled
and F(dn) < d,(d)F(n). Then

1 (1 3
LS Fpta) < max Z Fn) + 10827
<z

7'['(1’) » zlog™® x<y<z y IOgCC

where s > 2r + 2.

Proor. We have

n<x ('O(n d<z nd<x d<z n<g
-(d) 1 d,(d)
Lz . max - F(n)+zlog" x o,
Z ng d zlog™ % x<y<z Y n§<:y ( d>§5 . ng(d)
Since

dr(d) oo T —s/2 dT(d)
o2 oty = 2 T

the proof of Corollary 9 is finished. U
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Using Theorem 70 (see (4)) and Corollary 9 we get the proof of the
first part of

Corollary 10. Let x > xy. Then

Z A(p+a) < m(x)exp ((1 +

pta<z

> \/210g2m~10g3x>

logs

and
Z A(p+a) > cn(z)logy,

pta<z

with some positive constant c.

PRrOOF. Let
T(?’L) = ’{dl,dg . dl\n, dg’n, |10g(d1/d2)| S 1}’

We show (cf. Lemma 60.1 of [4]) that 2A(n)d(n) > T'(n).
Now,

T(n) =Y ({da : da|n, logdy — 1 < logdy < logd }|
d1|n

+ {dz : da|n, logd; <logdy < logdy + 1}]) < 2A(n)d(n)

and therefore

1 1 a
Z A(p_'_a)Zi Z m Z d(%;g)

pta<e pta<e 51,62|p+a
(51,52):1, ‘ log (51/(52|§1

Notice that d(nm) < d(n)d(m). Therefore

1
Z Alp+a) > Z Z mw(w, —a,0102).

pta<lz §1<zl/4=c 61<62<eby
(62,01)=1

N |

By A. 1. Vinogradov—Bombieri’s Theorem we obtain

m(2)S(x) + O(n(x)),

DN | =

Z A(p+a) >

pt+a<z
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where ) 1
S(z) = s 1
) 5131;‘” d(d1)p(d1) 5 S(;eél d(52)0(62)
(61,2)=1 (62,261)=1
Put ) 1
Sl €Tr) .= - -
() 61<§45 d(61)e(01) 61§§651 d(62)p(62)
(67172):1 (62,2):1
We have
1 1
S xTr) = S/ xr) — - 1
(z) (z) 51<§45 d(61)p(61) 51<§<651 d(d2)p(d2)
(41,2)=1 (2,2)=1, (52,01)>1
1 1
> S/ _ <4 S g '
> S'(x) ; oS @2 55 @

Hence, using

1 .
E ——— =yao(logy) "% + O(y(logy)~2)
5a< d(2)
23Y
(62,2)=1

where ag > 0 we obtain

1 1 1
S@ 25 2 SaGee . 2 a0

51<(El/4_5 61§§2<e§1
(61,2)=1 (02,2)=1
(log d1)~2
>c -
o Z d(d1)6;

2<61§w1/475
(61,2)=1

By partial summation we have
S(x) > clogy x

and hence the assertion of Corollary 10 holds true. O

Following P. ERDOs and I. KATAI (see [6]) we define

M (n) := sup } Z u(d)‘
Y dln
d<y
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where 1 denotes the Mébius function. H. MAIER [7] has shown that

(5) lim f]{n n<xz, M(n)> (logon)*}| =1

r—00 I

where a < ag := —log2/log (1 —
from [4] (cf. [7], [4]) the limit law

1023) As a corollary of Theorem 56

(4) lim 1]{nznga:, M(n) < ¢(n)logyn}| =1

r—00 I

holds if 1(n) — oo as n — oo.

Now, let f be a multiplicative function and define

M(n, f) = max’Zf ‘ and A(n,f):m;lx‘ Z f(d)’.
iy y<d<ey

Then we prove

Theorem 6. Let f be a multiplicative function such that |f(n)| < 1
and f takes on the set of primes | + s values aq,...,as,b1,...,b;. Suppose
that the set {p : f(p) = b;, j = 1,...,1} is finite and that for every a;,
i=1,...,s there exists d; > 0 such that

{p:pe [M,M(1+log “x))}|

<b6il{p:pe[M,M(1+log™°x)), f(p) = a;}|
where M > exp((logy 2)?), © > g, ¢ > 0. Then
{p:p+a<z plp+a,f)e[K,S)}
2

Z n +(a) (logsy x) 7

¢(n) log z

<
log

n<x

p(n,f)E[K —4,5+4)
where p(n, f) = A(n, f) or p(n, f) = M(n, f), 0 < K < § < .

An immediate consequence of this result and Lemma 1 is
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Corollary 11. Let f satisfy the conditions of Theorem 6 and put
p(n, f) = A(n, f) or M(n, f), respectively. Then

1

W(@I{p:pﬂta <z, plp+a,f)e[KS)}

< %!{n:néx, p(n, f) € [K —4,5+4)}|

log (L1fn:n<a, pin f) e [K —2,8+2)} + - , (ogy 2)*
. — : n p— —_— e —
g x n:n>x, p\n, ) z logm )

where 0 < K < S < o0.

Using Corollary 11 and Maier’s results (see (3), (4)) we prove

Corollary 12. Let o < ag = —bg(llo% and (x) — 0o as x — 00.
" log3
Then ‘
. 1
lim ——[{p:p+a <z, (logyp)® < M(p+a) <p(p)logyp}| = 1.
2w

PROOF. In our case f(n) = u(n) and p(p) = —1. We see that the
conditions of Corollary 9 are fulfilled. Using Corollary 9 we have

1

()

< é‘{” in <z, M(n) € [0,2(logy 2)%) U [%Q’Z)@) log, , +OO)H

{p:p+a<z, Mp+a)e [0, (logy2)*) U [i(x) logy , +00)}

x log (i‘{n:ngx, M(n)e [0,2log§Y fU)U[%UJ(a:) log, xﬂLOO)H . ;)1
+ o(1).

Let o < aq < g and ¢ (z) = min, 7 , 29 (y). Then for z > zo we
obtain

Hn :n<z, M(n)e [O, 2(logy 9:)0‘) U [%¢(x) log, , +oo)}‘

< Hn n<xz, M(n)e [0,210g§¥l n> U [%1[11(71) log, n,+oo)}‘ + V.
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Using these inequalities together with (3), (4) completes the proof. O

Erdés conjectured that almost all integers have two divisors d, d’
such that d < d’ < 2d which recently has been confirmed by MAIER and
TENENBAUM (see Theorem 52 of [4]). We prove that this conjecture is
true for the shifted primes, too.

Theorem 7. The number of shifted primes p+a < x without divisors
d, d’ such that d < d' < 2d is O(n(z)(logy z) " (logs x)**) where 3 =

(1+log, 3) __
1— (hes23) — 0.00415...

2. Preliminaries

We shall use sieve estimates and need the following result.

Lemma 2 (see Lemma 2.1 of [8]). Let p be a real-valued nonnegative
arithmetical function. Let A\,, n = 1,2,..., N, be integers. Let r be a
positive real number and p1 < ps < --- < ps < r be primes. Set () =
p1...ps. If d| Q then let

N
ST pln) =n(dX + RN, d)
An= n(:ré

od d)

where X, R are real numbers, X > 0 and n(dids) = n(dy)n(dz) whenever
dy and dy are coprime divisors of ). Assume that for each p, 0 < n(p) < 1.
Let I(N, Q) denote the sum

Then the estimate

I(N,Q) = (1+20:H)X [[(1 = n(p)) + 202 Y 3*“D|R(N,d)|

plQ dlQ
d<z3
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holds uniformly for r > 2, max(logr, S) < %log z, where |01 <1, 03] <1,
and

__~x—n(p)logp
5= MZQ 1—n(p)’

I log z ) log z logl log z 25
=exp | — o —loglo - .
P log r SIS 8106 7 log z

When these conditions are satisfied there is a positive absolute constant c
so that 2H < ¢ < 1.

For the estimate of the remainder terms in sieve applications we can
use the following lemma, which is a corollary of Lemma 3 in [9].

Lemma 3. Let {a,}, {b,} be bounded sequences of complex num-
bers, such that a, = 0 for n < z; and b,, = 0 for m < zy. Let r(x,v,u) :=
{n:n <w (n,Plv,u)) =1}, where P(u) = [[,<, p, P(v,u) =[], <, P
Let T < \/x, y1 < 23 be real numbers. Then

1

A= 34 max max ‘ nbm — —— anb ‘
cKZT t<z (l,d)=1 n;t o p(d) an<t o
(d,P(23))=1 nm=l (mod d)) nm—lEr (@)

nm—ler(z,y,y1)

1logy2> log” &

X X X
<log"a (/Tys - 27 =
o8 x( Y20 % +%+%+¢%>+$exp< 2101

PROOF. The sum of the left-hand side (see Lemma 3 of [9]) without
the factor 3<(9 is

T x x log 12 3
<<R:—lo4a?<T sc—i——i——i—)—i—wex <— )10 T
g \Tyvet =t ot P\ Togy ) ®

Hence by Cauchy’s inequality

1
2

1
A< VR- Z9w(d><:i;()§f+\/§> < \/R-zlog’x

A<z

which proves Lemma 3. U
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Lemma 4. Let A be a subset of N. Let 3 < u, v < 2. Then

2 log uw
Hp:p+a<z, p+tac A} < g logg+ O & m(x) ).
log log
gn=p+a<w
gneA,q>u,n>v

Proor. We have

2
{p:p+asa pracAf <Vt o= 3, loglp+a)

pta<z
pt+acA
< 2 Z log g + 2 Zlo (z,—a,q)
_c (. —
= Togz g4 log = g4 y —a, 4

gn=p+a<w q<u
gqneA, g>u, n>v

2 - . 2
T losz > logq'm(x,~a,q") + s 3> Y loga
q" <z n<v g<z/n
r>2 qn—a=p
where 7(x,—a,d) is the number of primes p < z, p = —a (mod d). For

the estimate of the second and the third sum we apply Brun—Titchmarsh’s
inequality 7(x, —a,d) < S Togaryd- Using a sieve result (see [10]) we
conclude that the fourth sum is

() 1
< logm <«
log x HZS:U m%:/n log z g p(n)
(m-(nm—a),P(v/z))=1
Therefore

2
: < A} < 1
{p:ptase pracd)i<i - > logg

gn=p+a<wz
gneA, g>u,n>v

1 log q" 1
+0 [ n() Z 0gq + Z 0gq +0gv

<u qlog%x >3, o <o qr logz—f log x

This proves the desired result. O

A first application of Lemmata 2, 3 and 4 gives
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Lemma 5. Let g be an additive function such that

{g9(p) : p < z}| < c1(logz)*.

Then, for any A C C,

{p:p <z, g(p+a)ec A}

» log, 10z log, 10x

Hn:n <z, g(n) € A,(n—a,P(t)) =1} + 7(x)

log x log x

where t = logB x, B> 4(c; + D+ 10), D > 2. The constant implied in <
depends only on c1, co and a.

PROOF. Using Lemma 4 with u = v = log? z we obtain
(7) {p:g(p+a) €A, p<a}l

2 log, x
< . .
TS “O(logx ﬂx))

u<qg<z gn=p+a<x
g9(q)+g(n)eA

Here we use the fact that the part of the sum for which ¢ | n is estimated
by

if B> 1. Let

A;={b:b=s—a; s A}.
We apply Lemma 2, with 23 = /z, r = 210, Q = [licp<rp t= log? z,
n(d) = ﬁ, X = Xi(1,t), Ay, = m —a, p(m) = [{gn : qgn = m, q € I,
9(q) = ai, g(n) € Ai, n > v},

g€l vSnS%
g(g)=a; g(n)eA;, (gn—a,P(t))=1,gn=a (mod d)

Iy = [u(1 4 (logx)™P)*, u(l +1log™" 2)*1),

D>2 0<k<K=0((logz)Pth).
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Then
an : Q(Q) = Gy, g(n) € Ai? qc Ik, v<n< x/qv (qn —a, Q) = 1}|

logt
<<%‘{qng(@:a“ g(n) 6141’7 quk, ’(}Sngx/q, (qn_a,P(t)):1}‘

+ 0y 3@

A< ¥z
(d,P(1))=1

Xi(d,t) — ——Xi(1,8)] .

1
¢(d)

For the estimate the second sum we apply Lemma 3 with T' = ¥/,
yp =t = 23 = logPx, 2y = 2 = log® x, y» = exp((logy )?). Thus the
; -B47
second sum is < z(logz)~ 2", Hence

Z log ¢ Z 1<<11§ggi Z log q

u<g<z gn=p+a<z gn<z
g(n)+g(q)€A (gn—a,P(t))=1,g9(qgn)cA
+z(log x)cl+D—%+8 + m(z)

logx

Let B > 4(c1 + D + 10). Using (5), we obtain the assertion of Lemma 5.
U

Lemma 6. For any t > €3, y we have
1 1
>~ < log*texp (—Ogy>
n logt
n>y

p(n)<t

where p(n) denotes the largest prime divisor of n.

Proor. Applying Rankin’s method we obtain that the sum on the
left-hand side is

1 1 |

<y st Z n~ e <« exp _08Y Z ~exp < ng>

<t logt < P logt
logy

- log,1 ) . g
<<exp( logt+€ 0g2>



Divisors of shifted primes 331

Lemma 7 (see [11]). Let A be the von Mangoldt function and put

h
fry A AN
5(Q,z,y) (Jnax - max f,{lgg\ > (n) o(d)
d<0 N<n<N+h
n=a (mod d)

_ .0 3
Suppose that y =z, 4 <© < 1. Then

) <ym*%(log x)*B,x,y) < y(logz)™4

where A is an arbitrary positive constant. The constant implied in < and

the constant B depend only on A.

3. Proofs of theorems

For proving Theorems 2, 4, 5 and 6 we use a method analogue to that

involved in the proof of Lemma 5.

PROOF of Theorem 2. Notice that

Z logq < Z log g + Z log q.

qnEN(y,z) neN(y,z) neEN(%,%)
qn=m qn=m an=m

Therefore, by Lemma 4,

e S logg 3 1

Hp:p+ac€H(z,y,z)

log = =
qn=p+a<x ’ﬂEH($,y,Z)
2 log(uwv)
+ lo 1+0
log x 1;] &4 ; * <7T($) log x
gn=p+a<z nGH(% % 5)

where u > v = log? . Now we divide the interval (u, x/v] into the intervals

Iy = (My, Myy1], My, = u(1 + (logz)~¢)*, where ¢ > 2 and 0 < k < K =
O(log®™ ). If ¢ € I;, we replace the condition n € H (%, %, %) by the
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Y
condition n € H (Mk’ Mo Mk) Then

p:pae Hlep )l < o S log M

-{an:qefk, n>wv, neH(x,y,z>, qn—a:p}‘
My,

+an qGIk,TLeH(ng Y Z),n>v,qn—a:p}‘}

My" Myyy’ My
log3 =
+0 <7T(.CU) Tog 7 ) .

Concerning the second sum we apply Lemma 2 with 23 = ¥z, r =
1
xm7 Q = Ht<p§rp7 )‘m - —a, W(d) ﬂ

Y z
m) = n:qgn=m, g€ I, n>v, ne N , —— }‘
p(m) Hq q q €l (Mk—H Mk>

X = X (1,t), where t = log” x and

m<zx
(m—a,P(t))=1, m=a (mod d)

This yields

Ty oz

I H —a=
Hgn:q € Iy, n > v, n€ (Mk My M) gn — a = p}|

x Y z
<<7Hn €, n>w, nEH< > n—a, P(t H
g€l S ) (e P()=
1
3W<d>}X dt) — —— Xpu(1,t ‘
d<z®
dlQ

Now, Lemma 3 with z3 =t = logB T, Y1 = logB x, T = Yx, 21 = 29 =

log? x, 32 = exp((log, 2)3) shows that the second sum is O(z log=B/4+7 ).
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Further, using Lemmata 2, 3 we obtain similar estimates for

an:qefk, n> v, nEH(x,y,z>, qn—azp}‘.
M,

Let B > 4(c+ 10). Then we have

(8) {p:p+acH(zy,z2)}
log t 3 log Mi{ X4 (L, 1) + Xi(1,0)} + ( )1og§x
0 , ) m(x ,
log® 4 SR F log =
where X7 (1,1) is the same as X, (1, t) with the condition n € N(Mh+1 Mik>

replaced by n € N(y, z).
The sieve of Eratosthenes gives

X (1,t) + Xk(1,¢)

<2 Z Z u(d) Z 1+ Ry

n<w/Mk d< ¥u qE(Ik :
d|P(t), (d,2an)=1 gn=a (mod d
nEN(M]C ’Mk+1 , Mk)UN(y z)

< Tk + Rl + R27
logt
where
n
Tk = Z o(n) Z 1,
n<%€ q€ly
nEN(y,z)UN(W7Ll Mk)
R; < (logz)? Z -
d>f
d|P(t)
and
1
e Y SIS SRR o
v<n<z/Mj d< Y g€l ¥ qel

nEN(y,Z)UN(M;J_F M7k) (d,2na)=1 gn=a (mod d)
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Let u = exp(B?(logy )?), t = log” 2. By Lemma 6

llogu
3 logt

Ry < zlog’ zexp (— > < z(logx) "B/,

Using Lemma 7 we see that

1
Ry < 5Tk
log™ u

where D > 0 is arbitrary constant. Thus we arrive at

1
X (1,t) + Xp(1,t) < gt + z(logz)~B/3+T.

Let B = 4(c+ 10). Then (8) gives

iptae NGl < o { Yo ¥

2
log” Z o)
neN (y,2)
n (logy 2)?
1 .
+ logq > ) } * loez @)
q n<g
qnEN (y(14+log™ ¢ x) ™1, z(1+log™ ¢ x)))
This completes the proof of Theorem 2. (|

PROOF of Theorem 4. Let u = exp(B2log3z), v = log” z, B > 0.
Setting

Yi(d,t) = an cq €1y, v<n<z/M, (gn—a,P(t)) =1,

F(n) € LZK (;115) L an=a (mod d)}|

where I}, = (Mg, My11], M = (1 +log”“2)*, ¢ > 2, 0 <k < K; =
O(log®™ ), we obtain by Lemma 4
{p:p+a<z, Fp+a)e|K,S]}

logg x
logz )~

1
<
~ logx

ZlOng:H Y (1,210) + O (
k
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Here we made use of the assumption

aF(n) < F(np) < coF(n), (n,p)=1.

1
0

Applying Lemma 2 with 23 = ¢z, r = x700,

1
Q= [[ p t=log"z nld)=—

t<p<r 90( )

X =Xr(1,t), Ap=m—a,

C2 C1 '

p(m) = an:qn:m, qge€ly, F(n) e [1K,15], n>v}

we obtain

logt
(9) Yk(1,xﬁ)<<1§gg$yk(1,t)+ 3 3”(‘1)‘Yk(d,t)—
d<z®

(d,P(t))=1

1
myk(u)).

By Lemma 3 with T = ¥z, y1 = 23 =t =1logPa 21 =u 2 = v,
Yo = exp(logg x) it follows that the second sum is O(a: log_B/ a7 x) Using
the sieve of Eratosthenes we conclude

d 1
V(L)< Y “Ed;Ykerlong > y
ape ¥ d> ¥u
(d,2a)=1 d|P(t)
1
T Z Z Z 1= o(d) Z 1,
v<n<lz/my d< u q€ly g€l

F(n)e[ L K, L s) (d2en)=1 an=a (modd)

where

T K S
Y, = qgely, v<n< —, F(n)e |—,— .
: an R n_Mk () [02 01}}'

Recall that u = exp(B2(log, )?), t = log” 2. By Lemmata 6, 7 we get

1 B
Yi(1.¢ —Y, 1 —317,
p(1,t) < logi % + z(log )
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Let B > 4(c+ 10). From the last estimate and (9) we have

1 2
Zlogq Z + m(x) E}gzj.
u<q v<n<1 g
F(n)G[K S)

cglcy

H{p:p+a<z, F(p+a)€lK,

If F(n) € [K,S] and (¢,n) = 1 we see that F(qn) € [c1K, c2S], and this
completes the proof of Theorem 4. O

PROOF of Theorem 6. Let p(n, f) denote F'(n, f) or A(n, f), respec-
tively. By Lemma 4 we obtain

\{p'p+a<x p(p+a, f) € [K,S]}|

log(uv)
1 1.
<n(@) log loga: Z 084 Z

q>u v<n§§
gn=p-+a, p(gn,f)E[K,S)

Let u = exp(B%logZz), v = log® 2. The part of the last sum for which
g |nis O(m(z)L). Hence we may assume that (n,q) = 1. Next, we note
that, for (n,q) =1,

F(ng, f) max’Zf )+ flq Ef )

dln d|n
d<y d<y/q
A(ng, f) max ‘ E f(d)+ f(q E f(d ‘
d|n d|n
y<d<ey %<d§e%

Let us make the summation over ¢, n independent from each other. For this
aim we split the interval (u, z/v) into the intervals I}, = (Mg, My41], My =
u(1 +log¢z)¥, ¢ > 2. The number of such intervals equals O(log®** z).

For g € I, we replace p(ng, f) by p(n, f(q), My, ) where, for example,

An, f(a), My f) = max| > f(d > sl

dln dln
y<d<ey M—k<d§eMLk
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For every n such that

T = 1<1
(n,c) myax dlzn <
y<d<y(l+log™°“x)
we have
10

If f((I) = Qq, 1= 1, <., 8, WE put pi,k(n’ f) = p(n’ aika;f)‘ Thus we have
{p:p+a<wz plptaf) €K, S}

(11) < W(x)(l(ﬁ;f +H{n:n <z, T'(n,c)>2}

1 S
log M, A (1
g 108 MY A1)

Ag,i(d,r) = H gn; g € I, v<n < Mi’ pri(n, f) € (K —2,8+2],
k

(gn —a,P(r)) =1, gn —a =0 (mod d)}‘

1

We apply Lemma 2 with 23 = Jr,r=x10, \py =m—a, Q = Ht<p<r P,
— looB _ 1 -

t - log .’I}, W(d) - LP(d)’

p(m) = {gn; ¢ € Iy, n > v, pri(n, f) € (K -2, + 2]}

By Lemma 2 we obtain

logt 1
A1 S8BT (1t 39O Agald 1) = — = Ara(1,)].
k’(’r)<<log:): k7(7)+d<23 ka(v) o(d) k7(7)
dQ

Put in Lemma 3 z3 =t = logB T, Y = logB x, T=x, 21 =29 = logB x,
yo = exp((logy 7)3). Using Lemma 3 we obtain that the second sum is
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O(z(logz)~ %+7). Hence

lo .
A7) 1gg Api(1,8) + z(logz)~F17.

Observing (11) we obtain

log,, )2
{p:p+a<w, plp+a,f)€[K, S} <<7r(m)(1§;:v)

(12)

1 t
+{n:n <z, I(n, c)>2}]+( o8 E log M}, g Ari(1,t),
i=1

if B > 4(c+ 10). By the sieve of Eratosthenes we conclude

Ari(1,t) < Z Z 1

v<n§Mik g€l
pri(n,f)E(K—2,5+2] (am—a.P(t)=1

< > > p(d) Y 1+Ry.

v<n< g7 d< Yu IS
pr.i(n,f)E(K—2,5+2] dIP(t), (dnP(t1))=1 qn=a (mod d)

where t; > max(2a,by,...,b;) and

1
Ry <log’z =z Z a
d>u
d|P(t)
Recall that u = exp(B2log2z), t = log®z, B > 4(c + 10). Hence by
Lemma 6 R; < z(logz)~¢~2. Thus

1 —c—2
Ak,i(17t)<<@ Z Zl—i—xlogw

v<n§Mik qGI
Pr,i(n, f)e(K—2,5+2]

1
+ ) X o Z :
v<n<3E- a< ¥u q<l €ly

pr.i(n, f)e(K —2,5+2] (d,2na)=1 gqn=a (mod d)
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By Lemma 7

1 n —c—2
Ak,z’(lat)<<@ Z — Z 1+ zlog x.
v<n§Mik
pr,i(n,f)e(K—2,5+2]

The estimate

i< Y1
g€l q€ly
fla)=a;

and (12), (10) yield

{p:p+a<z, plp+a,f)elK, S}

(log, x)? 1 n
— n<z, I >2}.
<m@) G+ e > o < Tn o 22}

n<x

p(nf)e(K—4,5+4]

Further, if ¢ > 3

{n:n <z, I'(n,c) > 2}
<Hn:n <z, n=didom, dy <dy <di(l+log “x)}|
1 1
< — _
<z ) & > &
di1 <z d1<da<di(1+log=¢ x)
2

1
Lz Z ?(dl log7“z+1) < zlog "z
1

log€ x<d; <z
and thus we obtain the proof of Theorem 6. O
PROOF of Theorem 7. Actually we prove a more general result.

Theorem 8. Let E be a divisor closed set, i.e. if n € E then every
divisors of n belongs to E, too. Then

(log, 7)°

m(x) 1
: < c F 7 _
{p:p+a<z, ptacE}< log n§<x ) + () o
neE
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PROOF. We use Lemma 4 with u = exp(B?logs ), v = log” z and
get

(13) {p:p+a<z p+acE}

(log, x) 1
log log

< 7T(l’) Z |Ek|10ng

0<k<K,

where
x
Ek:{nq:Qku<q§2k+lu, v<n§2T, nek, qn—a:p}
U

and K7 < logz. Applying Lemma 2 and Lemma 3 in the same way as
before gives

logt B
E —— | Ex(t logz)~ 717
B < oo [Eu()] + a(1og2)
where
Ek.(t):an:2ku<q§2k+1u,v<n§%,nEE (gn—a, P(t —1}‘
u

Hence, by (13),

(logsy x) 2 logt
: < eF log q.
Hp:p+a<z, ptacE} < n(x) o 2 log:r 2 ;m ; ogq

nek (ng— aP(t)) 1

Using Selberg’s sieve (see [10]) yields

SR
O —
&4 p(n)logt’

x

(gn—a,P(£)=1
and this completes the proof of Theorem 8. U

Let Ey be a set of natural numbers without divisors d, d’ such that
d < d <2d. Ey is a divisor closed set. Hence

1 log3

() 1
14 : < E — .
(14) {p:p+a <z, pta€ Ep}| < logx;dgo(d) > ~ () on s

n<x
nEEO
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We shall apply the estimate (see Theorem 52 of [4])
{n:n <z, neE}| <zR(x),

where R(z) = (logy 7) " (logs x)**, 8 > 0. Let y = exp((logx) - R(z)). For
y <t < x we see that

R(t) < R(y) = (log(log z + R(x))) ™" (logy(log z - R(2)))* < R(z).

Therefore

1 1 1 1 1

— — - 1< R(z).

log z ng; n < logx;n_’_ s t nz: < E(z)
TLEiEO =Y néEo

Combining this estimate with (14) completes the proof of Theorem 7. [

PROOF of Theorem 1. Put
P(m,z,9) = H{p:p+a<z, g(p+a)=m}|,

where g(n) denotes w(n) or Q(n), respectively. We use the following lemma
which is a corollary of Theorems 1, 2 from [12].

Lemma 8. For z > |a| + 2

1 m—1
(15) Plm,,g) < o088
(m —1)!log” z
If g(n) = w(n), then (15) holds for m < blog,x, and the constant c;
depends on a and b. If g(n) = Q(n), (15) holds for m < (2 — ) log, x and

the constant ¢; depends on a and 6 > 0. In the case a = 2 the estimate
z(logy )™ !

(16) P(m,z,g) + P(m + 1,2,g) < e, 02820 ©
(m —1)!log” x

(c2 > 0) holds for g(n) = w(n) if m < blogyx and for g(n) = Q(n) if
1<m<(2-9)log,x.

The inequalities

(17) me™ < d,,(n) <m®™  (m>2,n>1)
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follow easily from the formula dp,41(n) = 32, dm(t) by induction on m.
Hence

(18) Dy (z,a,m, P) < Z P(k,z,w),
k<(l—a)logzx
and
(19) Dy(z,a,m, P)
< > P(k,z,Q)+ Y P(kz,9Q)
(14a) log, 2<k<(2-9) log, = k>(2—9)logy

By (15) the right-hand side of (18) is
z(logy )"
< D (k= 1)!(log 2)?

k<(l—a)log, x

n(x) (logy x){(1—e) s 11

< 1—a)k.
toea (10— ) Togga] 1)1 2
Using Stirling’s formula
nl = v2mn n"e "t (<O <1

shows that for 0 < a < g < 1

(10g2 l‘) [(1—a)log, z]—1

(1—a)log, = 1 —% (1 — —(1—a)logy x
(I(1—a)logya] — 1)1 ¢ (logy )72 - (1 - )

= (log ) (log, )% - log
and therefore
Di(z,,m, P) <g 7(z)(log )90 (log, :c)_%.
Arguing in the same way as before we obtain by (15) that the first sum on
the right-hand side of (19) is
k—1
< ¥ & golgﬁ gigx)?

T1 () <k<T2(cx)

m(z) (logyz)™ ()t 1

gz (Ti(@) - D 4= T+ )
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where T7 () = [(14+ «) log, z], To(a) = [(2— ) log, z]. Applying Stirling’s

formula we get

Dy (z,a,m, P) < m(x)a ' (logy 2)7 2 (log )2 + Z P(k,z,Q).
k>(2—9) log, x

By Lemma 5 the second sum is

log, 7(x)logy ()
< 10; Hn:n <z, (2—-90)logyx < Q(n)} + T;

IOgQ € —(2 §)log, x Q(n) 10g2( )
< log z 2 Z 1 + log x

n<x

where 1 < ¢<2. Putd=2—qgandlet 0 < a < <qg—1<1. The first

expression in (20) is

< m(w) logy x(log z) %Y < m(x)(log )™~
where ¢ > 0. Thus

Dy(z, o, m, P) <5 m(z)a* (logy x)*% (log z)@(*)

and we complete the proof of the first part of Theorem 1.
By (17) we have

2D, (z, o, m, P) > > (P(k,z,9Q) + P(k+1,z,Q)).

k<(l—a)log, z—1

Using Lemma 8 we see that the left side is larger than

n(x) (logy )K=t 7(z) (logy(w))K (@1
“ K<ZK<@> logz)? (K —1)! - loga  (K(a) —1)!
(K@) -1 (K@) -D)(K(@-2) (K(a)-1)...1
<1 " log, © * (log, x)? toet (logy z)K(e)—1 +)




344 Karl-Heinz Indlekofer and Nikolai M. Timofeev

where K(a) = [(1 — «)logy 2] — 1. Thus

(K(a) = 1)(K (o) =2)...(K(a) — 1)
(logy )"

2 1
2(1—04— )...((1—04)—T+ )
logy logy

T
(1—a)logo x (1—a)logg @

r+1 r
> (1—a)" l1-
A=

Let r < [\/logZx] = rg. For x > x¢

(K(a)—=1)...(K(«) — 1)
(logy )"

>c3(l—a)”, c3>0.

Using Stirling’s formula we get

11— (1 —a)™
Dy(x,c,m, P) > 647T(a:)(logx)Q(_a)(log x)_2(aa)

-1
and if « > (y/logyz) ~ we obtain the lower bound for D; (z, a, m, P).
In a similar way we can prove the lower estimate for Do(x, o, m, P),
too. (|

References

(1] M. B. BarBAN and B. V. LEVIN, Multiplicative functions on the set of shifted
prime numbers, Dokl. Acad. Nauk SSSR 181 (1968), 778-780.

[2] D. WOLKE, Multiplikative Funktionen auf schnell wachsenden Folgen, Journal fir
die reine und angew. Math. 251 (1971), 54-67.

[3] K. K. NoRTON, On the number of restricted prime factors of an integer, I, Illinois
J. Math. 20 (1976), 681-705.

[4] R. R. HALL and G. TENENBAUM, Divisors, Cambridge University Press, 1988.

[5] C. HOOLEY, On a new technique and its applications to the theory of numbers,
Proc. London Math. Soc. 38 (3) (1979), 115-151.

[6] P. ErRDGsS and I. KaTal, Non-complete sums of multiplicative functions, Periodica
Math. Hungarica 1 (1977), 209-212.

[7] H. MAIER, On the Mébius function, Trans. Amer. Math. Soc. 301 (1987), 649-664.

[8] P. D. T. A. ELLiOoT, Probabilistic Number Theory I, Grundlehren der Math.
Wissenschaften 239, 1979.



Divisors of shifted primes 345

[9] N. M. TimOFEEV, The Erdés—Kubilius conjecture on the distribution of the values
of additive functions on the sequence of shifted primes, Acta Arithm. 52 (2) (1991),
113-131.

[10] K. PRACHAR, Primzahlverteilung, Springer- Verlag, Berlin, 1979.

[11] M. N. HUuxLEY and H. IWANIEC, Bombieri’s theorem in short intervals, Mathe-
matika 22 (1975), 188-194.

[12] N. M. Timoreev, The Hardy—Ramanujan and Haldsz inequalities for shifted
primes, Mathematical Notes 57(N5) (1995), 522-535.

[13] F. PAPPALARDI, On the Order of Finitely Generated Subgroups of Q* (mod p)
and Divisors of p — 1, Journal of Number Theory 57 (1996), 207-222.

[14] C. R. MATTHEWS, Counting points modulo p for some finitely generated subgroups
of algebraic group, Bull. London Math. Soc. 14 (1982), 149-154.

[15] P. ErDGs and M. R. MURTY, On the order of a (mod p), Centre de Recherches
Mathematiques, CRM Proceedings and Lecture Notes 19 (1999), 87-97.

KARL-HEINZ INDLEKOFER

FACULTY OF MATHEMATICS AND INFORMATICS
UNIVERSITY OF PADERBORN

WARBURGER STRASSE 100

33098 PADERBORN

GERMANY

E-mail: k-heinz@uni-paderborn.de

NIKOLAI M. TIMOFEEV

VLADIMIR STATE PED. UNIVERSITY
PR. STROITELEI 11

600024 VLADIMIR

RUSSIA

E-mail: timofeev@vgpu.vladimir.ru

(Received February 2, 2001; file received June 2, 2001;
galley proof to the author September 6, 2001, back February 25, 2002)



