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Paley—Wiener type theorems
for Chébli—Trimeche transforms

By J. J. BETANCOR (Tenerife), J. D. BETANCOR (Tenerife) and
J. M. R. MENDEZ (Tenerife)

Abstract. In this note we establish new Paley—Wiener type theorems for the
Chébli—Trimeche transform. We use exclusively real methods to prove our Paley—Wiener
theorems, in contrast with the complex procedures that appear in the literature.

1. Introduction

In this note we investigate new properties for the generalized Fourier
transformation (also called Chébli-Trimeche transformation) F defined,
when f is a suitable function defined on (0, c0), by

FOW= [ @ f@A@ds. y=0,
0
where, for every y > 0, 1, represents the solution of the equation

(1.1) Ay (z) = (v + p*)by(z), x>0,
satisfying that
d
Yy (0) =1 and %wy(O) =0.
Here p > 0, A denotes the differential operator

(1.2) A= —A(lx) % (A(@ji),
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and we suppose that the function A is continuous on [0, 00), twice contin-
uously differentiable on (0, 00) and fulfils the following conditions

(i) A(0) =0 and A(z) >0, z > 0,
(ii) A is increasing and unbounded on (0, c0),

(iii) There exist @ > —3, § > 0 and an odd C*°-function B on R such that

Allz)  2a+1
Alz) =z

+ B(z), x€(0,6).

Moreover there exist n and M > 0 and a smooth function C, whose deriva-
tives of any order are bounded on (0,00), in such a way that

A'(z) _ 22,2—:_6177%0(1‘), ifp>0
+e "C(x), ifp=0,

for every x € (M, c0).

(iv) AZI is a decreasing C*°-function on (0,00). Hence there exists

lim, oo 1;1"((;;)) > 0.

In the sequel the positive real number p appearing in (1.1) is defined
by

when A is given by (1.2).

In particular, the generalized Fourier transform F reduces to the Han-
kel transform ([8]) when A(z) = 22°t!, z € [0,00), and @ > —3. Also, the
Jacosl transform ([6] and [9]), that can be interpreted in certain cases
as the spherical transform on noncompact symmetric spaces of rank one,
appears when A(z) = sinh?**! zcosh® ™z e [0,00), with > 3 > —%
and a # —%.

The inversion formula of the transformation F is given by [5]

dy
le(y)[?
where ¢(y) is a continuous function without zeros on [0, c0). The function

c(y) can be seen as a Harish-Chandra type function and we refer to [3]
and [4] for details.

fz) = / 4@ F ()W)
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For the Chébli-Trimeche transform the following Plancherel formula
([12] and [2, Theorem 2.2.13]) holds

dy
le(y)|?

for every f € L?((0,00), A(x)dx). As usual, for every 1 < p < oo, by
LP((0,00), du(x)) we represent the Lebesgue p-space on (0, oo) with respect
to the positive measure .

It is well-known that F maps L'((0,00), A(x)dz) into the space Co
of the continuous functions on R vanishing in co. Hence, by (1.3), Riesz—

(13) / | f@)P A = / T IFO WP

Thorin interpolation theorem implies that F can be extended as a bounded
operator from LP((0,00), A(z)dz) into LP' ((0,c0), ﬁﬁ), provided that
1 < p < 2, where p’ denotes the exponent conjugated to p.

As in [11, Section 6], for every a > 0, the space D,(R) is constituted
by all those even and C*°-functions ¢ on R such that ¢(z) = 0, |z| > a.
In [11, Théoreme 7.2, (i)] it was proved that a function ¢ is in D, (R) if,

and only if, F(¢) is an even entire function and, for every m € N,

sup(1 + [y[*)™|F(¢)(y)]e I ™ < 0.
yeC

Also the image by F of the (even) distributions of compact support was
characterized ([11, Théoréme 7.2, (ii)]).

In Section 2 of this paper we obtain new versions of the Paley—Wiener
theorem for the Chébli-Trimeche transform. Our results, that extend other
ones proved by V. K. TuawMm [14] for the Hankel transform, are established
by using real methods in contrast with the complex procedure followed
in [5] and [11].

Throughout this work by C we always represent a positive constant
not necessarily the same in each occurrence.

2. Paley—Wiener theorems for Chébli—Trimeche transform

H. CuEBLI [5] and K. TRIMECHE [11] established a Paley—Wiener the-
orem for the Chébli—Trimeche transform that extends the classical Paley—
Wiener theorem for the Fourier transform ([10]) and the Griffith’s theo-

rem for the Hankel transform ([7]). In this Section, inspired in the results
obtained by V. K. TuaM for the Hankel transform ([14]) and the Airy
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transform ([13]), we obtain new Paley—Wiener theorems for the Chébli-
Trimeche transform. We use a real procedure in contrast with the complex
method employed in [5] and [11].

W. BLoom and Z. Xu [3] studied the generalized Fourier transform
on Schwartz spaces. They introduced the space S,((0,00), A), for each
0 < p <2, as follows. A complex valued function ¢ defined on (0, 00) is
in S,((0,00), A) if, and only if, there exists an even function & € C*°(R)
such that ¢ = ®, on (0,00), and

mn

—— ()

Hom(0) = sup (L) ho(a) 7|

z€(0,00)

< 00,

for every n,m € N. The image by the Chébli-Trimeche transform of
Sp((0,00), A) is characterized in [3, Proposition 4.26]. Note that if p = 0
then the space S,((0,00), A) is actually independent of p € (0,2]. More-
over, when p = 0 the space S, ((0, 00), A) coincides with the space Seven(R)
that is constituted by all those even functions in the Schwartz space S(R)
([12]). The topology of Seyven(R) is defined by the family {1ty m tn,men of
seminorms, where, for every n,m € N,

¢(x)

d
Mn,m(¢) = sup (1+ xQ)m . ¢ € Seven(R).

z€(0,00) ‘dxn

We now establish our first Paley—Wiener type result. Previously we
need to show a useful property concerning the topology of Seyen(R).

Lemma 2.1. Let 1 < g < oo and p = 0. For every n,m € N we define
the seminorm 7, ,,, on Seven(R) by

77qL,m(¢) = H(l + xQ)mAnqb(x)||L‘1((0,oo),A(m)dac)7 ONS Seven(R)-

Then the family {v} ,,}nmen of seminorms generates the topology of
Seven(R>-

PrOOF. The family of seminorms {7, m }n,men where, for every
n,m €N,

n

(@) = S | (14 22)"G(@))], & € Seven(R),

z€(0,00) dx"
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generates the topology of Seven(R) as well. Indeed, it is clear that the topol-
ogy defined by {ftn, m}n,men is finer than the one generated by {7V m}n,men-
Moreover, {fin,m}tnmen and {¥nm}nmen define Fréchet topologies on
Seven(R). Hence, the open mapping theorem implies that {7V m }n.men
and {ftn,m }n,men generate the same topology of Seven(R).

By proceeding as in the proof of [3, Proposition 4.24] we can obtain,
for every n,m € N, and ¢ € Seven(R),

dn

W(?fm(fé)(y)) = /OOO Am¢($)di(¢y(w))A(w)dw, y € (0,00).

dy™
Let 1 < g < 00. According to [3, Lemma 3.4, (iv), and (3.5)], and by
using Holder’s inequality, it follows

n
sup

o (P EO )| £ CI -+ AT o o a0
y€(0,00) Y

(25 € Seven (R) )

for certain C' > 0 and [ € N, that are not depending on ¢ € Seyen(R).
Then, from [3, Theorem 4.27] one infers that the topology defined by
{7 s }n.men is finer than the topology associated to {tin,m }n,men-
On the other hand, by [3, Lemma 4.18 and (3.5)], for every n,m € N,
we get

(1 4 2)" A" ()] La((0,00), A@@)dsy < C sup (1 +2%)!|A"¢(x)]

z€(0,00)
2m d]
< C sup (1 + Q?Z)I 7(?(1') 5 ¢ S Seven(R)a
jZOJ:E(O,oo) dx’

for certain C > 0 and [ € N independent of ¢ € Seyen(R). Hence
{#tn,m}nmen defines a topology finer than the one induced by {v{ ..} n,men-
g

Proposition 2.2. Let 0 < p < 2,1 < g < oo and ¢ € S,((0,00), A).

Then there exists the following limit

. 1/2k
0o =5 1 [[(A = ) I50 ooy Ao
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Moreover, we have that

oy =sup{|y| : y € supp(F¢)}, when ¢ # 0,

and
0p =0, when ¢ =0.

In particular, the support of F¢ is contained in [—o,o]| if, and only if,
op < 0.

PROOF. Denote by

wy = sup{[y| : y € supp(F¢)}, when ¢ # 0,

and
wg =0, when ¢ = 0.

Suppose firstly that wgy = 0. Then ¢ = 0 and o4 = 0. Note that, by
virtue of [3, Theorem 4.27], if p > 0, then F¢ is a holomorphic function
in the strip {z € C: |[Im z| < ,0(}2j —1)}. Hence, if p > 0 and wy < oo then
¢ =0and wy =0y =0.

Assume now that wy > 0. For every k € N, Ak¢ € S,((0,00), A) and
by partial integration we obtain

(2.1) F(A =)o) y) =y F(d)(y), vy e (0,00).

We divide our proof in different cases.

(i) Let ¢ = 2. From Plancherel’s formula for the Chébli-Trimeche
transformation ([12, Theorem I1.4]) and (2.1), it follows that

1A = 0*)*D1172((0.00), A(w)da) = IF((A = P%%)Hi2 dy
(0o 5m)

_ > 4k o dy
- [ vromPts. ken

Assume that wg = 400. Then, for every k, N € N, we find that

4k 2 Ay sk 2 dy
| oWk s > [ trewr s

T 2 dy
R A
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Hence,

1A = )Rl > N2 { / T IF @) }1/%,
L2((0,00),A(x)dx) |c(y)|2

N
k,N € N.

Since [y \F(qﬁ)(y)|2‘c(d# > 0, for every N € N, we conclude that

. Nk I/Qk _
klin;o (A = p7)" 1l 2 ((0,00), A()d) = T0°-

Suppose now that wy € (0,00). Then p = 0. Moreover, if 0 < ¢ < wy,
we have ws J
Y
() () > 0.
/%—s le(y)|?

Therefore, when 0 < ¢ < wy, we are led to

(S} dy
8613 0o a0 = | 97O
L2((0,00), A@)dz) = [ le(y)|?

> [ Ee WP

Then 12k
lim inf [|AG] a0, 00) a(@yaey = Wo =& 0 <& <wy.

Thus we conclude that
N k. 1/2k
lim inf AN 1 (0.00), A(w)dz) = Wo-

(ii) Let 2 < g < co. As it was mentioned in Section 1, the inverse of
the generalized Fourier transform is given by ([3, p. 91])

/ “FDW

when f is, for instance, in S,((0,00), A). We define the transformation
F~1 by

_ [ x dy ' 0 -
= | v £er (00 i)
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Since [y, (z)] < 1, z,y > 0 ([3, Lemma 3.4, (i)]), F ' is a contin-
uous mapping from Ll((O,oo),‘c(d#) into L*>((0,00), A(x)dx). More-
over Plancherel’s identity for the transformation F ([12]) says that F—1
is an isometry from L?((0,00), %) onto L?((0,00), A(x)dz). Hence,
Riesz-Thorin interpolation theorem implies that F~! can be extended
to L"((0, 00), chﬁ) as a continuous mapping from L"((0, c0), lcdﬁ) into
LT/((O7 o0), A(z)dz), for each 1 < r < 2. Here, 1’ represents the conjugated
of r, that is, the equality % + % =1 holds.
Our next objective will be to prove

hiisip (A - P2)k¢H1L/q2(l(€o7oo)7A(x)dx) < we.
Note that this inequality is clear when wy = +00. So we can assume that
wy € (0,00). Hence p = 0.
Let k € N. Since ¢ € S,((0,00), A), Ak is also in S,((0,00), A), and
consequently y2* F(¢)(y) = F(A*¢)(y), y € (0,00), is in L((0, 0), ‘cdﬁ)
Then, it is inferred that

||Ak¢||Lq((07w)7A(w)dx) = ||7'—_1(?J%7:(¢)(@/))HLq((o,oo),A(x)dx)
< C|’y2k.7:(¢)(y)||Lq’((07oo), \c(i,y)ﬂ)
SCw?skHf(‘z))(y)”m’((opo), dy _y-

le(y)[2

Therefore, since || F(®) 1o ((0,00), _x_y € (0,00),

le(y)]?
. k 1/2k
lim sup || A B (0,009, Ay r) < Wor

(iii) Let 1 < ¢ < 2. Suppose firstly that p = 0 and wy € (0, 00). Note
that, according to [3, (3.5)], there exist C' > 0 and m € N for which

0<A(z) <C(L+2%)™, z>0.

In this case the space S, ((0,00), A) = Seven(R). Moreover, Seyen (R) =
F(Seven(R)). Hence, according to Lemma 2.1, for every k € N, there exist
C > 0 and § € N for which

1A 24 ((0,00), A(w)dz) < C'Olgfgﬁ (1 + 22)P A% (22 F ()| £2((0,00), A (2)da) -
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According to the hypotheses imposed to the function A we have that

Allz)  2a+1
Alz) =z

+ B(z), x€(0,00),

where a > —1 and B is in C*°(0, 00) and %ZB is bounded on (0, 00), for
every s € N. Hence the operator A can be written

A straighforward manipulation allows us to obtain

[oax, (1 + 2% A% (27 F(8)l| L2 ((0,00), A(w)da) < CP(R) (1 + w3F),

where C' is a positive constant that is not depending on k and p is a
polynomial.
Therefore we conclude that

. 1/2k
(2.2) lim sup HA’“(Z)HL/Q((&OO)’A(E)M) < wg.

k—oo

On the other hand, if p > 0 and wy = oo, then (2.2) is clear.

(iv) Let 1 < ¢ < oo. For every k € N, partial integration and Holder’s
inequality lead to

[ 16 =R o@P @ = [T (8= 6B = Ao Al
0 0

= [ @ o) A
< H¢HLq’((o,oo),A(x)dx) (A = P2)2k¢(95)”LQ((O,oo),A(w)dw)-
Hence, by (i) and (ii) (case ¢ = 2),

. 1/2k
(2:3) wy = 1 [[(A = p*)*0(@)11((0,00), A w12)

o 1/4k
< liminf || (A — p2)2k¢(w)HL/tI((O,oo),A(z)dw)‘
Also, for every k € N, we have
1A = p*)* 1 B(2) 172 ((0.00), Aw) )

< (A = p")d(@) | Lo’ (0.,00) A@yaz) (A = £°)* T D(@) | Lo ((0,00) A@)do) -
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Note that (A — p?)¢ # 0. Indeed, if (A — p?)¢ = 0 then y2F(¢)(y) = 0,
y € (0,00). This implies that F(¢) = 0 and, therefore, ¢ = 0.
Hence, we can write

. 1/2(k+1
(24) wy = lim (A = p*)* (@)1 556 50) i

. o2\ k41 1/2k+1
= lim (A —p?) @) L2 ((0.00) A ) da)

- _ 2\2k+1 1/2(2k+1)
< hkn_l)gf (A = p%) ¢(x)HLtI((O,oo),A(E)dZE)’

From (2.3) and (2.4) it follows

o 1/2k
wy < hkn_lgf (A — 02)k¢(33)HL/q((o,oo),A(z)dz)‘

(v) Finally, by combining the above results we conclude always that
— 1 _2\k 1/2k
W = klggo (A —p7) ¢(x)||Lq((o,oo)7A(gc)dw)-

Thus the proof is finished. O

By using the relation of the generalized Fourier transform F with the
classical Euclidean Fourier transform on R we can establish the following
result that can be seen as a version for the Chébli-Trimeche transform of
[13, Theorem 3] (see also [1, Theorem 1}).

Proposition 2.3. Assume that ¢ = F(®), where ® € D(R)= (J D,(R).

Then, for every 1 < q < oo, we have a>0
Clk 1/k
o[0Tl La((0,00),d2)

where 04 = sup{y € (0,00) : y € supp ®)}, when ¢ # 0, and o4 = 0, when
¢ =0.

PROOF. According to [11, Proposition 7.1, (2)], [12, (IIL,3)] and [3,
Lemma 4.11] we can write

Fo = Fo(AD),
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where Fy is the classical Fourier transform on R and A represents the Abel
transformation defined, for every f € D(R), by

A = [ T HE @) A)dy, = € (0,00).

Here, for each y € (0,00), K(y, .) is a nonnegative even continuous func-
tion that is supported in [—y, y], and such that the following representation
for the function v,

Py (x) = /090 K (x,t)cos(yt)dt, z € (0,00) and y € C,

holds ([12, Théoreme 4.1], [12, (I.2)] and [3, p. 92]).

By [12, Theorem III.1, (iii)] and [3, Lemma 4.10], ® € D,(R), with
a > 0, if and only if A® € D, (R).

Hence, according to [1, Theorem 1], we find that

k 1/k

e

oo = fim |

La((0,00),dx)
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