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1. Introduction

First time such kind of examinations were performed by BELA GYI-
RES. He has proved the following theorem for the randomized blocks de-
signs ([4], p.285, Theorem 2). The expectations of the sample elements
can be decomposed into the sum of two quantities corresponding to the
block-effect and to the treatment-effect, respectively, if and only if the
expectations of the random errors are zero.

After this the author was unable to obtain the corresponding criterion
for the Latin square design employing the GYIRES’s method ([5], [6]). But
this method was applied successfully for the fixed effects one-way analysis
of variance model ([7]).

Recently we were able to find a newer method to prove the before-
mentioned criterion for various anova models ([8]). This is founded on a
theorem well-known for the solution of the homogeneous and nonhomoge-
neous linear matrix equation ([3], pp.199-209).

The following theorem may be proved for the various models of the
analysis of variance. If the expectations of the random variables occu-
ring in an anova model can be decomposed into the sum of corresponding
quantities then the expectations of the random errors are zero.

Our aim is to reverse this kind of theorems.

In the present paper we will use the following notations: x;, e, l;,
myg ... random variables; x,vyi,y2,2... matrix-valued random variables
with m rows and n columns, that is matrices of dimension m x n. Their
elements are random variables having expectations; F is identity matrix
of order m or n; O is generally a zero matrix of dimension m x n; Sy, S5
are stochastic and idempotent matrices of order m and n, respectively;
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the transpose of A is A*; its inverse is A~!; Wy, W5 orthogonal matrices;
M (z 1) the expectation of x;i; M (x) consists of the expectations of the
elements of x;

aii, a2, ce A1n
A= ...
ami1, Am2, ---, 0Omn
is a matrix given by its elements; A = |la;i|/mxn is & matrix given by

its general element; ay is an m—dimensional column vector having iden-
tical components 1;bg is an n—dimensional column vector with identical
components 1;ag is the transpose of agp; 0,,x1 is the notation of zero
vector with dimension m; instead of 7 = 1,2,...,m we introduce the
shorter notation j = 1,m; if it is necessary, we indicate the dimension of
a vector or a matrix in the following forms: afj = (1,...,1)1xm,@0,mx1,
Apxn, A = ||ajk|lmxn; 7 is a constant, the so-called overall mean; \; is
the effect due to the j—th level of the first systematic factor; ux is the k—th

differential effect of the k—th level of the second nonrandom factor.
We assume that the random variables or matrices have expectations.

We shall denote this in the forms: z;, € M and x € M. We also sup-
pose that the random variables e;,(j = 1,m;k = 1,n) are independent,
identically distributed (i.i.d.) normal random variables with mean 0 and
unknown variance 0. A notation for the last fact is ejr € N(0,0?%). To ob-

tain unique least-squares estimators for the unkown parameters we require
the usual side conditions

m

(%) > A=0 and Y pu=0.

j=1 k=1
In this paper we shall deal with the following five models.

1. The fized effects one-way analysis of variance model with equal
numbers of observations. We suppose that the number of experiments is
n at each level of the single factor. This one-way model is

(1) ik =7+ +epr (j=1Lmk=1n)

where 7y is the common part of the expectations, A; is a quantity corre-
sponding to the j—th level of the systematic factor and e;r € N(0,0?)
= 1,m; k = 1,n). Moreover the random variables e;;(j = 1,m;

(J
k = 1,n) are independent ones. On the basis of our assumptions
(2) M(z;1) =~v+X; and D?*(z;;) = o?.

In the case of model (1) the task is to obtain the least-squares estimators
of the unknown parameters and test null hypotheses

HO:)\]-:O (]ZLm)
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2. The random effects one-way analysis of variance model with equal
numbers of observations. The number of experiments is n at each level.
This model has the form

(3) zik=7+l+enr (G=1m; k=1n),

where 7 is the overall mean, [; (j = 1,m) is a random variable corre-
sponding to the j—th level of the random factor, I; (j = 1,m) are inde-
pendent and identically distributed with distribution N(0,07), where o7}
is an unkown parameter. e;i (j = 1,m; k = 1,n) are i.i.d. normal ran-
dom variables with distribution N(0,02). In this model ; (j = 1,m) and
ejr (j = 1,m; k = 1,n) are assumed to be jointly independent random
variables. From (3)

(4) M(z;) =~ and D?*(z;) = of +0°.
Now the unknown parameters are v,0; and o. The task is to estimate
them and to test the hypothesis Hy: o; = 0.

3. The unreplicated fized effects two-way layout with no interaction.
This model is said to be additive. The observations take the form

(5) I‘jk+’7+)\j+ﬂk+€jk (jZI,_m,krzl,_n)

Here « is the overall mean, \; is the j-th differential (or main) effect of
the first systematic factor, ux is the effect due to the k—th level of the
second nonrandom factor. ej, (j = 1,m; k = 1,n) are independent and
identically distributed with distribution N(0,0?). For A; (j = 1,m) and
pr (k=1,n) (%) is true. In this model

(6) M(z;;) =~ and D?*(z;) =o?.

4. The unreplicated mixed two-way layout with no interaction. This
is the unreplicated randomized blocks design, where the first factor has
fixed effects and the second one has random effects on the results of the

experiment and the factors have no common effect. In this case
(7) :Uij”y—i-)\j—l—mk—l—ejk(jzl,m;k’zl,_n),

where 7 is a constant, \; shows the effect of the j-th level of the sys-
tematic factor, my is a random variable corresponding to the k—th level
of the random factor, mj represents the k—th block-effect, they are i.i.d.

k =1,n) and these are also i.i.d. random variables, moreover my, (k = 1,n)
and ej (j = 1,m; k = 1,n) are jointly independent. So
(8) M(z;;) =~v+A; and D?*(x;) =02, +0°.

We require the assumption ) A; = 0.

J=1
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5. The unreplicated random effects two-way layout with no interaction.
The additive model is

(9) Tk =7+ li+mpt+ep (j=1,mk=1n),

where v is a constant — overall mean — , [; is a random variable due to the
j—th level of the first random factor, my is also a random variable corre-
sponding to the k—th level of the second random factor and e;, € N(0,0?)
as at the above-mentioned models. Here I; € N(0,07) (j = 1,m)

my € N(0,02)(k = 1,n) and they are i.i.d. random variables. In this
model all random variables are assumed to be jointly independent. From (9)

(10) M(z;;) =~ and D?*(zj1) = of + o2, +0°.

Further details in connection with these models can be found in the
special literature, for example in B. J. WINER, “Statistical principles in ex-

perimental design” (McGraw—Hill, New York San Francisco Toronto Lon-
don, 1962).

The following theorems are valid for these models.

Theorem 1. If the model has the form (1), z;5 € M (j = 1,m ;
k=1,n) and > \; =0 then
j=1

(11) M(Ijk—i‘j.) 20,
where L

k=1
is one of the marginal means.

Remark 1. The left side of (11) is the expectation of the random error
and (12) is a marginal mean.

Theorem 2. If (3) is valid and z;; € M (j =1,m; k = 1,n) then the
expectation of the random error is zero.

Theorem 3. If (5) is true, z;; € M (j = 1,m; k = 1,n) and (*) is
valid for \; (j =1,m) and py (k =1,n) then

(13) M(xj, —Zj. — 24 +2)=0.

Remark 2. According to (13) the expectation of the random error is
zero under certain conditions in model (5). The means are defined by (12)
and the following formulae:

1 m n
Ly

j=1k=1

Kl
Il

1 m
14 T = — ; d
(14) Tk m;%k an
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Theorem 4. If (7) is given, zj, € M (j =1,m; k=1,n) and Y \;=0
then (13) is true. j=1

Theorem 5. Ifx;;; is defined by (9) and xj, € M (j =1,m; k=1,n)
then (13) is valid.

Remark 3. The above-mentioned theorems can be proved by the help
of the corresponding model taking into account the side conditions. Similar
theorems are valid — not only in the additive case — for the other anova
models having more than two factors.

In this paper we deal with the proofs of the converse statements of
the Theorems 1-5. For that purpose we shall give a matrix generalization
of the former models and prove the suitable criterions in the generalized
models. From these theorems can be obtained the reversed theorems for
the special models. In the second section we give the Jordan normal form
of a special idempotent metrix. This will be applied in the next sections
at the solutions of the homogeneous and nonhomogeneous linear matrix
equations. The third section contains the generalized forms of the fixed and
random effects one-way analysis of variance models having equal numbers
of the observations in each cell. The fourth section treats the unreplicated
two-way layouts with no interaction.

2. The Jordan normal form of an idempotent matrix

The Jordan normal form of a special idempotent matrix will be applied
at the solution of the homogeneous and nonhomogeneous linear matrix
equations. In the solutions of these equations S; and S5 will play an
important role. Since they are similar to one another therefore we deal
only with 57.

The Jordan normal form of S; = ||[m ™! ||sxm is
1, 0O, ., 0
(15) So=w [ % 0 - 0 W
0, 0, ..., 0/

where W1 xm is the following orthogonal matrix:

m~Y2, [(m—1)/m]'/?, 0, ey 0
m= 2 —[(m=1)m]" 2, [(m—2)/(m-D]"?, .., 0
m~ Y2 —[(m=1)m]~ Y2, —-[(m=2)(m—=1)]""2, ..., 0
m=2 —[(m=1)m] "2, —[(m=2)(m-1)]""?, .., 0
(16) .
0
m~Y2 —[(m—1)m]" Y2, —[(m—2)(m—1)]"/2, ..., 271/2

m71/27 _[(m_l)m]71/27 _[(m_Z)(m_l)]71/27 ceey _271/2
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How can one obtain (15)7 S; is singular and idempotent with char-
acteristic roots either unity or zero. Its rank is equal to the trace of S;.
So the rank of S; is 1. Therefore its minimum dyadical representation —
being an Hermitian matrix — is

mo
(17) S1 = mn . (m_l/z,m_l/z,...,m_1/2> ,
: Ixm
~1/2
m / mx1
that is S = m_laoa?;, or with the notation wgl) = m~12q it may be

written in the form S = wgl)wgl)*.

(15) was obtained by the help of the following theorem which gives
the Jordan normal form of an idempotent matrix.

If the idempotent matrix P of dimension m x m and rank r (1 < r,
r < m) has the minimum dyadical representation

(18) P=>) wuwy=UV",
k=1

and the so-called complementary idempotent matrix E — P has the mini-
mum dyadical representation

(19) E-P=) wz =WZ*,
=1

then the Jordan normal form of P with the characteristic vectors of (18)
and (19) is

P=(up,...,Up, Wiy, Wp—y) -
1 | vy
| (0) 5
1 vy,
0 4 |
(0) | :
| 0 Z—rp

and here the number of characteristic roots 1 is r.

On the basis of this theorem the rank of £ — S ism—1and E— 57 is
also an Hermitian matrix. So it can be decomposed into the sum of m — 1
Hermitian dyads with a minimum dyadical representation.
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The m—dimensional column vectors of Hermitian dyads of F — S are
as follows:

[(m — 1) /m]12 0
—(m — 1)ym]~ /2 [(m 2)/(m —1)]"/?
[( ) ] m — 2)(m . 1)]—1/2
)

m— 2(m 1)]~1/2

0
w-|
9-1/2
_2—1/2

Finally — according to the above-formulated theorem — the Jordan nor-
mal form of S; is (15). (16) can be written in the form

with the column vectors w( ) (j=1,m).

In conformity with an EGERVARY’s theorem ([2], X. tétel) the row-
and column vectors of the dyads at a minimum dyadical representation
form a biorthogonal vector system which is not a complete one, but it may
be changed into a complete system by the help of the above-formulated
theorem. So — on the basis of EGERVARY’s theorem — W is an orthog-
onal matrix.

3. A criterion for the one-way analysis of the variance models
with equal numbers of observations

First we consider the fixed effects anova model (1).

Let © = ||z k|lmxn, where zj, (j = 1,m; k = 1,n) is defined by (1)
and xj; € M (j =1,m; k= 1,n). So a matrixical generalization of (1) is

(20) T = [Yllmxn + [ Ajllmxn + ek llmxn
where M (]lejk||) = Omxn. From (20) in consequence of (2)
(21) M (z) = yaobi + Ab;

with \* = ()\1, )\2, “eey )\m), G,S = (1, 1, “eey 1)1><m and bg = (1, 1, ceuy 1)1><n-
Let S be a stochastic and idempotent matrix of order m having identi-
cal elements % Let S, be a stochastic and projector matrix of order n
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consisting of identical elements % Then
(22) S L 0, S 1 bob;
= —apa = — .
1 m 0lp, 2 n 0%

Let us further define the following matrix-valued random variables of di-
mension m X n:

(23) yo =55, z =51 X 55.

In this case
Y2 = Hjj'”mxnv <= ||j||m><n

By the help of these formulae the matriz of the random errors is
z—y2 = [Tk = Tj l[mxn ,

and the matriz of the discrepancies between the effects due to the levels of
the systematic factor is given by

Ya — 2 = Hi.] - mexn-
The following theorem is valid for the last matrix.

Theorem 6. Let (21) be true. In this case M (ys — z) = Oy xp if and
only if A\ = cag, where c is a constant.

PROOF. 1. If A = cag then M (ys — z) = Omxn-
In consequence of (23) M(y2 — 2) = (E — S1)M(x)S5. By (21)

M(y2 — z) = v(E — S1)ao(S2bo)™ + (E — S1)A(S2bo)™ .
Since (FE — S1)ag = 0 x1 and Saby = by, we get
(24) M(ys — z) = (E — S1)Ab;
Taking into account A = cap and (E — S1)ag = 0, x1 we get from (24)
M(ys — 2) = Omxn -

2. If M(ya — 2) = Opyxn then X\ = cag.
According to (24)
(E — S1)Aby = O, -

But this is possible only in the case (F — S1)\ = 0,,x1. The last formula
is true if A = cayg.

This completes the proof of Theorem 6.

Now we formulate the following theorem for the matrix of the random
errors.
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Theorem 7. The decomposition (21) is valid if and only if
(25) M(x —y2) = Opmxn -

The proof of Theorem 7 is given in [8] (pp. 117-119).

Remark 4. The proof of Theorem 7 may be fulfilled a bit simpler
than it was put through in [8]. This method will be applied at the proof
of Theorem 8.

Further we examine the random effects one-way analysis of variance
model (3). At this the differences ;i — ;. (j = 1,m; k = 1,n) are also
the so-called random errors. According to Theorem 2 their expectations

are zero.
We introduce the generalized form of model (3) to prove the reverse

of Theorem 2.
Let x be such a matrix of dimension m x n where the general element

zjr (j =1,m; k =1,n) is defined by (3). So the generalized model is

(26) T = ||'Y||m><n + ||lj||m><n + ||ejk||mxn7
where M ([|l;]]) = Omxn and M (|le;k]]) = Omxn. So from (26)
(27) M (x) = ||7]lmxn, that is M(x) = yaobg,

where af = (1,1,...,1)1xm and 0§ = (1,1,...,1)1xp,. Let S; and Sy be
given by (22). S; and Sy are stochastic and idempotent matrices of order
m and n, respectively. Then we can also define the matrix-valued random
variables yo and z with (23). So

y2 = 1T llmxn and 2z = [|Z[lmxn
Therefore the matrix of the random errors is
T —yz = |2k = Zjllmxn -
The next theorem corresponds to Theorem 7 at model (26).

Theorem 8. Let us assume that the random variables xj;, (j = 1, m;
k =1,n) have expectations. Then (27) is valid if and only if

(28) M(z —y2) = Omxn -

PrROOF. 1. From (27) comes (28). The left side of (28) — in conse-
quence of the theorems valid for the expectation — is

M(z) = M(y2)-

So (28) is true if M(x) = M(y2). But M(y2) = M(||z,.||) and from (27)
M (z;.) = ~. Therefore M(y2) = M(z). So

M(z) = M(y2).-
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2. From (28) we get (27). (28) is equivalent to
(29) M(IE) - M(x)S2 = Omxn s

where Sy has a simple structure. Since (29) is a homogeneous linear matrix
equation of form AX — XB = O therefore we can apply a well-known
theorem to solve it ([3], p.202, Satz 1). The Jordan normal form of Sy is
similar to (15). Then

1, 0, ..., 0
(30) So=wy | O 0 0 Wy |
0, 0, ..., 0O

nxn

where W5 is an orthogonal matrix of dimension n x n. Wy can be obtained
from Wj substituting n for m. So to solve (29) we can use the above-
mentioned theorem ([3], p.202, Satz 1). Substituting (30) in (29) we get

1, 0, ..., 0
(1) M) =MW, | DO DW= 0
0, 0, ..., 0

mXxn

Post-multiplying (31) by W5 and introducing the notation
(32) M(z) = M(z)Ws

we obtain from (31)

0, 0, ..., 0O
(33) My [ % b 0 = O -
0, 0, ..., 1

mXxn

Let M(z) = ||/jk]lmxn- Then on the basis of (33) for the elements of
M(z)

O, @127 ey TZL].'I’L
'0,. mao, ey Maon — Om><n-
0, Mm2, ..., Mmn
So
i, 0, ..., 0
M(l’)an: mo1, 0, ceey 0
i, 0, ..., O

Hence M (z) involves m free parameters which differ from zero. In conse-
quence of (32) taking into account the form of Wy which is similar to (16)

(34) M(x) :nil/QHmJ’leXn-
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This means that M (z) consists of identical elements in each row. Let us
introduce the notation

(35) N=n"Y2m (G=T,m).

If there exists an [ index (I =

1,m) for wich A\l # 0, then the minimum
dyadical decomposition of M (z) o
5\

the basis of [1] or [6] is as follows:

If \; =~ (j =1,m) then from (36)
M(x) = ~yaobg
that is (27) is valid.
With this the proof of Theorem 8 is finished.

Remark 5. Theorem 8 may be considered as that special case of The-
orem 7 when X\ = 0,,%1.

Remark 6. The selection \j = v (j = 1,m) is possible. Then the

elements of the first column of M (z)p,xn are mn~1/2+, that is

(37) M =mn~?y (j =T,m).

Summing over both sides of (37) one can get
(38) v =nt?m2 Z mji -
j=1

The following theorem is valid for the fixed effects one-way analysis of
variance model on the basis of Theorem 7 in the special case m =n = 1.

Criterion 1. Let us assume that (1) is true and zj, € M (j = 1,m
k=1,n). Then M(z;;) =+ \; if and only if M (z;, — z;.) = 0.

One can get the next theorem for the random effects one-way analysis
of variance model from Theorem 8 in the case m =n = 1.

Criterion 2. Let us assume that (3) is valid for zj, and xj, € M
(j=1,m; k=1,n). Then M(x;;) = if and only if M(xj; — z;.) = 0.
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4. A criterion for the unreplicated two-way analysis of
variance models with no interaction

The models with no interaction are the so-called additive models. At
unreplicated case the number of observations is one in each cell.

In the first place we consider the fixed (nonrandom) effects two-way
analysis of variance model (5) for which Theorem 3 is true. Our aim
to prove the reversed statement of Theorem 3 introducing a generalized
model. We shall prove a criterion for this model applying the results valid
for the general solution of the nonhomogeneous linear matrix equation
AX — XB = F ([3], pp.199-209). This criterion contains the statement of
Theorem 3 and its reverse in the special case m =n = 1.

Let us consider the matrix

where z, is given by (5) and zj, € M (j =1,m; k =1,n). Then
(40) T = [[Vllmxn + [[Ajllmxn + [kl + [l€jxllmxn -

So — in consequence of M (||e;k]l) = Omxn —
(41) M (z) = yaob§ + Abj + apu™ ,

where af‘) = (17 1, ey 1)1><m; E; = (1, 1, ey 1)1><n; A= (/\1, )\2, ey )\m)
(A; corresponds to the j—th level of the first factor) and p* = (1, ..., fn)
(g is the effect due to the k—th level of the second nonrandom factor).
Let S; and S be stochastic and idempotent matrices of order m and n,
respectively. Suppose that S; has identical elements % and S has identical
elements % It is well-known that they have 1 as a simple eigenvalue ([4],
p.284, Corollary 4). Let yo and z defined by (23). Let us define a newer
random variable

(42) Y1 = Sll’ .

The marginal and grand means of the sample elements are given by (12)
and (14). Then

Y1 = ijmena Y2 = Hjj»Han and z = ||j||m><n .

The differences Z;.—z (j = 1,m) and Z.,—Z (k = 1,n) are the discrepancies
between rows and the discrepancies between columns, respectively. The
quantities x;, — Z;. — Z., +Z (j = 1,m; k = 1,n) are the random errors.
Since

Y1 — 2= Tk — Zllmxn
(43) Yo — 2 = ||Zj. — Z|lmxn and

r—y1—y2+z=|lxjr—7; — T+ 7|,
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therefore we call the matrix y; — 2 the matriz of the discrepancies between
columns, the matrix y» — z the matrix of the discrepancies between rows
and the matrix x — y; — y2 + 2z is the so-called random error matriz.

Theorem 9. Let xj;, € M (j = 1,m; k = 1,n). Then (41) is true if
and only if
M(IL‘—y1 _92+2) :Oan-
The proof can be found in [8] (pp.121-125).
For the model (40) the following theorems are also valid.
Theorem 10. Let (41) be true. Then
(44) M(y2 — z) = Omxn
if and only if A\ = cyag, where c; is an arbitrary constant.
Theorem 11. Let us assume that (41) is valid for M (x). Then
M(yl - Z) = Omxn
if and only if ;1 = cobg, where co is a constant.

Remark 7. The proof of Theorem 10 and Theorem 11 may be com-
pleted in similar way. Therefore we shall deal only with the proof of
Theorem 10.

PROOF of Theorem 10. 1. From (44) comes A = ciag, where ¢1 is a
constant. On the basis of (23) (44) may be written in the form

(45) (E — S1)M(2)S5 = Opmxn, -
Substituting M (z) from (41) into (45) our matrix equation is
(46) ~(E—5S1)ao(S2bo)™ + (£ —51)A(S2b0)" 4 (E = S1)ao(S2)" = Omxn -

Since S7 is a stochastic matrix of order m having identical elements %

(47) Slao = 1CLO .
For SQ
(48) Sabo = 1by .

On the basis of (47) (E — S1)ag = 0ag. Taking into account this and (48)
we obtain from (46)

Y0mx1by + (E — S1)Ab5 + 01 (S24)™ = O
that is
(49) (E — S1)Aby = Opxen, -
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This is true only in the case (E — S1)A = 0, x1, or equivalently S1A = .
Therefore (52) is valid if A = ¢ ao.

2. If A = crag then M (y2—2) = Opxn assuming that (44) is satisfied.
On the basis of (41)

M(y2 — 2z) = (E — S1)Ab; -

If A = ciag then
M(yg - Z) = Cl(E - Sl)aobo .

But in consequence of (47) (E — S1)ap = Opmx1. So M (y2 — 2) = Opxn.
This completes the proof of Theorem 10.

Remark 8. According to Theorem 10 the null hypothesis that the
expectations of the discrepancies between rows are zero is equivalent to

the null hypothesis that the quantities A; (j = 1, m) corresponding to the
row-effects are equal to a constant c¢; at each j (5 = 1,m).

Remark 9. On the basis of Theorem 11 the null hypothesis that the
expectations of the discrepancies between columns are zero is equivalent to
the one that the quantities yy (k = 1,n) — representing the column-effects
— are equal to a constant co.

In the second place the author deals with the unreplicated mixed two-
way analysis of additive variance model which is given by (7). For this
model Theorem 4 is true. Model (7) is the random blocks design. We shall
prove the reversed statement of Theorem 4 for a generalization of (7). In
this case we shall also use the results well-known for the general solution of
the nonhomogeneous linear matrix equation AX — XB = F ([3], pp.199-
209). Therefore one can obtain a criterion for this generalized model. From
this it may be seen that Theorem 4 and its reversed statement is true.

Let us now consider the matrix of z;, € M (j = 1,m; k = 1,n) where
x ), is defined by (7)

r = ijkumxn
Then
(50) 7= Pl + [ g lomscn + 5]+ 158l -
From this
(51) M (z) = yaobi + Ab;

according to the assumptions at (7) and on the basis of the theorems valid
for the expectations. Let S; and S be stochastic matrices given by (22).

Let y1,y2 and z be defined by (42) and (23). The formulae of the mar-
ginal and grand means are given by (12) and (14). The random variables
Tjk—Zj. — T+ (j =1,m; k=1,n) are the random errors at model (7).
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Remark 10. According to (51) M(x) is the sum of two dyads. (51)
can be obtained from (41) substituting p = 0,,x1 into it. If (53) is true
then y1 = ||Z.k||mxn, Y2 = Tj.|lmxn and z = ||Z||xn. From these

y1— 2 = [Tk = Zllmxn
Yo — 2 = ||Zj. — T|lmxn and
r—y1—y2+2=|xjp —Tj. — Tk + Z|lmxn -
Here x;i, is given by (7). y1 — 2z is the matriz of the discrepancies between
columns, yo — z is the matrix of the discrepancies between rows.

For our generalized model (50) the theorem corresponding to Theo-
rem 9 is the next one.

Theorem 12. Let zj;, € M (j = 1,m; k = 1,n). Then (51) is fulfilled
if and only if
M<x_y1 —y2+2) = Omxn -

Proor. 1. If (51) is true then the expectation of the random error
matriz is the zero matriz.

By the help of (23) and (42)
(52) M(z —y1 —y2 +2) = (B = S1)M(2)(E - 5)".
The right side of (52) using (51) is the following expression:
Y(E — S1)ag[(E — S2)bol™ + (E — S1)A[(E — S2)bo]" .
So in consequence of (E — S1)ag = 0,x1 and (E — S1)by = 0px1
M(x—y1 —y2+ 2) = Omxn -

2. From M(x —y1 — y2 + 2) = Opmxn we get M(x) = yaob§ + A\b.
According to (52) the matrix equation which must be solved

(53) (E = S1)mxmM(x)(E —52)) «n = Omxn -

nxn

Let us introduce the notation

(54) M(z) = (E — S1)mxmM(z) .

Then (53) may be written in the form

(55) M(z) — M(2)S2 = Opxn -

This is a homogeneous linear matrix equation. It is similar to (32.) But
in (55) occurs M (z) instead of M (z). So the solution (55) using (36) is
A1

(56) M(z)=1 - (L, 1,..., ) 1xn -
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Hence for M(z) can be obtained the following nonhomogeneous linear
matrix equation from (54):

(57) SiM(z) — M(z) = —M(z).

The general solution of (57) is the sum of the general solution of the
corresponding homogeneous linear matrix equation

(58) S1M(x) — M(x) = Omxn

and a particular solution of (57) ([3], pp. 208-209).
Now we give the general solution of (58). The Jordan normal form of
Sy is given by formulae (15) and (16). Substituting them into (58)

1, 0, , 0
(59) wy % O e 0 Wi M (2) = M(%) = O
0, O, , 0

mXm

Pre-multiplying (59) by W;* and considering the orthogonality of W we
get

1, 0, ..., 0
6y % % - 0 WM (z) — Wi M(x) = O
07 07 b O

0, 0, , 0
(62) b U M) = O
0.0
mXm
Let M(z) = ||k |lmxn- So from (65)
_ mll: 7’7’1,12, ) mln
M@= | 2 % o 0
0, 0, , 0

that is M (z) contains n free parameters. From (61) M(z) = Wi M (z).
Calculating W7 M (x)

M(IIZ‘) = ”m—l/lekaxn )
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that is M (z) consists of columnwise identical elements. If we introduce
the notations i = m~Y2m;, then

(63) M (z) = [ ftkellmxn -

Let us suppose that there is an [ for which ji; # 0 (I = 1,n). Then the
minimum dyadical representation of (63) is

1 i
M(CL’):~— . (:&’l’ﬁ%"'?ﬂn)?
ne\ oz
mxm
that is
1
1 o _
(64> M(ZIZ’) = : (/’leu%"'?un) :
1 mxm

From this with the notation fiy = v (k = 1,n)
(65) M (z) = yaoby -

Now we prove that M (x) = Ab is a particular solution of the matrix
equation (57) if M (z) is given by the formula (56). Substituting M (z)=Ab
and M (x) = Abj into (57)

(66) SYAbE — AbE = —AbY

Since > A; =0 and

Jj=1

1
S = —
m

DA
oA

hence S1A = 0,,x1. So (66) is true. Finally the general solution of the
nonhomogeneous linear matrix equation (57) is
M (z) = yaoby + Ab; .

This completes the proof of theorem.

mXx1

For the generalization of the unreplicated mixed two-way analysis of
additive variance model is true a criterion corresponding to Theorem 10.
This kind of theorem is valid only for the nonrandom factor of the mixed
models.
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Theorem 13. Let (51) is true for M (x). In this case
(67) M(y2 - Z) = Omxn
if and only if A\ = cag, where c is constant.
PROOF. The proof of this theorem is similar to that of Theorem 10.

Remark 11. According to Theorem 13 the null hypothesis that the
expectations of the discrepancies between treatments are zero is equivalent
to the hypothesis that the quantities \; (j = 1, m) — representing the j—th
level of the treatment effects — are equal to an identical constant c.

Finally in this section we deal with the unreplicated random effects
two-way analysis of additive variance model. This model is defined by (9)
and for it Theorem 5 is valid. We shall prove a criterion for the general-
ized form of (9). From this theorem — in a special case — one may get
Theorem 5 and the reversed statement of it.

In the proof of the above-mentioned criterion we shall use as earlier
the theorems which are true for the general solution of a nonhomogeneous
linear matrix equation ([3], pp.208-209).

Let us consider the matrix

(68) z =y 41+ mi + ejrllmxn

where z;, € M (j = 1,m; k = 1,n) and they are defined by (9). So
T = |[Vllmxn + [illmxn + [mkllmxn + €k llmxmn -

In consequence of the assumptions

(69) M(z) = ~yaobg

where af = (1,1,...,1)1xm and b5 = (1,1,...,1)1x,. This means that
M (z) consists of a dyad. S; and Sy are the earlier defined stochastic and
idempotent matrices having dimensions m x m and n X n, respectively.
The rank of S; and Ss is 1. The minimum dyadical representation of Sy
is given by (17). The minimum dyadical representation of Sy is similar to
(17) but in it m is substituted by n. y1,y2 and z are defined by formulae
(42) and (23). The marginal and total means are given by (12) and (14).
Since

y1 — =2 = ij - jmena
Y2 — 2 = ||Zj. — Z|lmxn and
r—1Yy — Y2+ 2= ijk — T — Ty +£"mxna

therefore the matrix y; — z is the matrix of the discrepancies between
columns, the matrix yo — z is the matriz of the discrepancies between rows
and the matrix x — y; — y2 + 2 is the random error matrix.

The following theorem is true for the generalization of the unreplicated
random effects two-way analysis of variance model with no interaction.
(The generalized model is given by (68) and (69).)
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Theorem 14. Let z;, € M (j =1,m; k = 1,n). Then (69) is valid if
and only if M(x —y1 — y2 + 2) = Opxn.

PrRoOOF. The method is similar to the proof of Theorem 9 and Theo-
rem 12.

1. If (69) is valid then M (x —y1 —y2+2) = Opxn. Substituting yq, yo
and z on the basis of (42) and (23) into the expectation of the random
error matrix

(70) M(z — g — o+ 2) = (E — S)M(x)(E - S5)°
This is formally identical with (52). Substituting (69) into (70)
M(z —y1 —y2 + 2) = Y(E — S1)ao[(E — S2)bo]” -
In consequence of (E — S7)ag = 0,,x1 and (E — S2)bg = 0,,x1
M(z —y1 —y2 + 2) = Y0mx105, 1,

that is
M(x —y1 —y2 +2) = Opmxn -

With this the first part of Theorem 14 is proved.
2. In the case of M(x —y1 —y2+2) = Opxn (69) is fulfilled for M (x).
Using (70) our matrix equation is

(71) (B —S1)M(z)(E — 52)" = Omxn -
Introducing the notation
(72) M(z) = (E = S1)mxmM(z)

(71) can be written in the form
(73) M(z) — M(2)S2 = Opxcn -

This is a homogeneous linear matrix equation for unknown M (z). (73) is
formally similar to (28). So its solution on the basis of (36) is

_ 71
(74) M@)={ : | (L1L....)1xn.
Tm
If 4, =4 (j = 1,m) then
(75) M (z) = Jaob} .

From (72)
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that is
(76) SiM(z) — M(xz) = —M(x).

This is similar to the nonhomogeneous linear matrix equation (57). So its

general solution is the sum of the general solution of the corresponding

homogeneous linear matrix equation and a particular solution of (76).
Let the general solution of

(77) S1M(x) — M(x) = Opmxn
be
(78) M(x) = ~'agby

where 4/ is an arbitrary constant. Let a particular solution of (76) be
M (z) = Fagb}, .
Substituting M (z) into (76) taking into account (75) we get
S1yaoby — Yaoby = —Faobg ,

that is S17yaoby = Opmxn. Since Siag = ag therefore yaoby = Op,xp. From
this 4 = 0. So the general solution of (76) is given by (78). If we select as
a particular solution of (76)

M (x) = yaobg
then substituting it into (76) and applying (78) we obtain

’)/1510,063 — ’71&0[)3 == —’?aobs .

In consequence of Siag = ag the left side of this equation is a null matrix.
So Yapb§ = Omxn. From this 4 = 0. Finally the general solution of (76)
with the notation 7/ = v is

(79) M(z) = yapbj

In the case of particular solution M(x) = ~1aobf (76) will be a homoge-
neous equation also having the general solution (79).

The criterions for the three models considered in this section are as
follows.

Criterion 3. Let us assume that (5) is true and x;; € M (j = 1,m;
k=1,n). Then M(xj;) =~ + \j + pug if and only if

M(xjk—ij.—f.k—i—f)zo.
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Criterion 4. Let (7) be valid and xzj, € M (j = 1,m; k = 1,n). So
M (z;i) = v+ A; if and only if
M(xzj, —Z;. —Z4+2)=0.

Criterion 5. Let (9) be true for x;, and x;, € M (j
So M(xj) =~y if and only if

I
3
>~
I
\.)—\
<

M(zj, —Z;. —Z4+2)=0.

Remark 12. This criterions may be obtained from Theorem 9, Theo-
rem 12 and Theorem 14, respectively. They may be get from the above-
mentioned theorems in the special case m =n = 1.
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