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On the distribution of primitive roots modulo a prime

By YI YUAN (Shaanxi) and ZHANG WENPENG (Shaanxi)

Abstract. Let p > 3 be a prime. For each primitive root £ modulo p with
1 <ax <p-—1, it is clear that there exists one and only one primitive root Z modulo
p with 1 < Z < p—1 such that zZ =1 mod p. Let § be a fixed positive number with
0 <6 <1, A denotes the set of all primitive roots modulo p in interval [1,p]. For any
fixed positive integers k and [, the main purpose of this paper is to study the asymptotic
properties of the mean value

N(p, k,1,m,8) = >, Hf}_{%}’m

. aEAl p
{53 -{5 =
where m be any fixed non-negative real number, {z} denotes the fractional part of z,
and give an interesting asymptotic formula.

1. Introduction

Let p > 3 be a prime. For each primitive root x modulo p with
1 <x <p-—1,itis clear that there exists one and only one primitive root
Z modulo p with 1 <z < p —1 such that xz =1 mod p. Let § be a fixed
positive number with 0 <6 <1, A = A(p) denotes the set of all primitive

roots modulo p in interval [1,p]. For any fixed positive integers k and I,
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we define N(p, k,l,m, ) as follows:

> {Z}-E)
1) Nklms) - {=1-{5}
acA p p

{5t -{5}<
where m be any fixed non-negative real number, {z} = = — [x] denotes the
fractional part of x ([z] denoting the integral part of ). The main purpose
of this paper is to study the asymptotic properties of N(p, k,l,m,J).

About this problem, the second author [3] considered the case k =
[ =1, and obtained a sharp asymptotic formula, which reads

N(p,m,d) = g la —a|™
acA
la—al<dop

(5m+1 5m+2 1
=2¢(p—1)p™ < ) +0 (pm““) ,

m+1_m+2

where ¢(n) is the Euler function and € is any fixed positive number.

It is quite natural and interesting to consider the case of (1). In this
paper, we use a trigonometric estimate and the G. I. Perel’'muter’s deep
result to prove a sharp asymptotic formula for N(p, k,1,m,d) in the same
setting as in paper [3].

Our main result is the following:

Theorem. Let p > 3 be a prime, § be a fixed positive number with

0 < 6 <1 and m be any fixed non-negative real number. Then for any
fixed positive integers k and [, we have the asymptotic formula

gm+l o gm+2 )
N(p, k,1,m,6) = 2¢(p — 1) <m+1 - m+2> +0 <p5+5> :

where ¢(n) is the Euler function and e is any fixed positive number.

For m = 0, from this theorem we may immediately deduce the follow-
ing:

Corollary. For any prime p > 2 and any fixed positive integer k and [,
we have the asymptotic formula

N(p,k,1,0) = 8- (2= 6) - 6(p—1) + O (p37°).
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2. Some lemmas

To complete the proof of the theorem, we need following several lem-
mas.

Lemma 1. Let p > 3 be a prime, m and n be any fixed integers with
(mn,p) = 1. Let x denotes a Dirichlet character modulo p. Then for any
fixed positive integers k and [, we have the estimate

S x(a)e (W) < /P

PROOF. Taking rational functions R;(a) = a and Ra(a) = me“Fin
a

By Theorem 4 of [1] we may immediately obtain the estimate

S ann (1

S x(Ri(a))e

2 > < /p.

This proves Lemma 1. O

Lemma 2. Let modulo n > 3 exists a primitive root. Then for each
integer m with (m,n) = 1, we have the identity

= e 3 ()

if m is a primitive root of n;

0, otherwise,

where p(n) be the Moébius function, and indm denotes the index of m
relative to some fixed primitive root of n.

PROOF. (See Proposition 2.2 of reference [2].) O

Lemma 3. Let p > 3 be a prime, r and s be integers. Then for any
fixed positive integers k and [, we have the estimate

T (7“'“”5"_“) =0 (s},

acA p
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PrOOF. If p | s and p | r, then Lemma 3 is trivial. If p | r or p | s,
but p t r + s, then by the Gauss sum we also have the estimate of Lemma
3. So without loss of generality, we can assume (rs,p) = 1. Then from

Lemma 1 and Lemma 2 we can easily deduce that

r-ab+s-a\  ¢?(p—1) 1(G)u(h)
Ze( P >‘ bo12 2= 2 G()ah)

acA jlp—1 hlp—1

J p—1

I N/ rzindae yinda r-ak+s-a
3y (e yinda)
J h p

z=1 y=1 a=1

X

j/ h/p_1 roak+s-a
XY > > xlasw, f)x(@;y, he (;)
_Pp-1) 1(5)p(h)
- (p—1)? ]g_:l Wy )e(h)
j/ h/p_1 _ r-ak S'C_Ll
x> x(asz,d)x(a;y, he (;)

2(p — 1
<« 20D S S LG )t

—1 2
(p ) Jlp—1 h|p—1
2
-1
< qj(p(zinz) AT ph it

where y(a;z,j) =€ (m> denotes a Dirichlet character modulo p, w(n)

denotes the number of all different prime divisors of n, € is any fixed

J
positive number, E/ denotes the summation over all 1 < z < j with

(z,j) = L.
This proves Lemma 3. U

r=1
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Lemma 4. Let p > 3 be a prime, m be any fixed non-negative real

number. Then for any fixed real number 0 < § < 1, we have the estimate

p—1 p—1 . _sd
Z Z lc —d|"e (rcs) =0 (p*™™ ln2p) .
1 d=1 p

\ d|<dp

p—1p—1

2.

r=1 s=1

PROOF. First note the trigonometric identity

So from (2) we obtain

kg kg i —rc— sd
3) > > femdre (7==) ‘
r=1 s=1 d=1 p
| | op
p—1 p—1| [0p] p—1p—1 e — sd
< w™ Ze( )
r=1 s=1| w=0 c=1d=1
c—d=

r=1s=1|w=0

p—1lp—1

2.2

r=1s=1

1
r+s#p
e (—(r+s)(p—1—w)) 1

2o (59 (55

w=0

p

e <7(r+s)) 1
p
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p—1| [dp] —rw p—lp—1
< Me | ——
Z Z we < > ( t (*(rJrs)) 1’
r=1| w=0 r=1s=1
7’+S75’P

Noting that the trigonometric estimate

(4) > mbe(ma) < M* - min <M 1> . ifk>0.

" | sinmx|
m<M

From (3) and (4) we immediately get

p—1 p—1]| p—1p—
S5 feane (1)
r=1 s=1| c¢=1d=1
le—d|<ép
p—1p—1 pm p"
<<Z +ZZ‘SI ”(”s)‘[‘sm }+‘sin”]]
r= r=1 s=1 p p
T+S7ﬁp
p—1 1
< p*TMnp+p™ - Z}sm Z ‘sinm’
' s;‘i;ir ’
< p*tm ln2p.
This proves Lemma 4. O

3. Proof of the theorem

In this section, we complete the proof of the Theorem. First note the

trigonometric identity

Z@(Tﬂ) _{Q> if ¢ | n;
q 0, ifgtn.

r=1
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and the identity

p—1 p—1 Z .p{%}—ks.p{%}

r=1 s=1 \a€cA p

From these trigonometric identities, Lemma 3 and Lemma 4, we have

N(p,k,l,m,d) = Z

acA

{535}

P p—1p-1 D L s(p al_g
B o oy o e ) W G
r,s=1lacA c=1d= 1 p p
le—d|<ép
k _
repytr+s-pes
e (e (e
r,s=1 \a€A
p—1p—1 d
x 33 Je—dme ("3)
c=1d=1
|e—d|<ép
1 1
o Z <Z (WD pzpz|c_d|m <——d>
r,s=1 \a€A c=1d=1
|e—d|<ép
p—1p—1
2+mZ DD le—dl”
a€A c=1d=1
le—d|<ép
k p—1p—1
() £
r=1 \a€A c=1d=1

|[c—d|<ép
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2+msl<;< ) 5 (3

c=1d=1
p—1p—1 _
< <r'ak+s'al>>
2+m Z
r=1s=1 \acA p

|e—d|<ép
p—1p-1 . sd
33 e dpre (<)

c=1d=1
lc—d|<ép
1 [6p] p—1p-1
Izm‘ﬁb@_l) 2'2 w™
w=0 c=1d=1
d
p—1p—1
rolirme SIS S e ()
r=1| c=1d=1
|e—d|<ép
p—1lp—1)p—1p—1 e — sd
+0 p72fm+%+e. ZZ|C d‘m < )
r=1s=1| c=1d=1
lc—d|<dp

[6p]

= pgim~¢(p—1)<2~ Z{)w”(p—l—w)) +0(1)
p—1
ol B i) ot

c=1
2 5m+1pm+2 6m+2pm+2 .
— . -1 — O(p™*! 9] ( §+6)
o= (T 2 o) 40 p
6m+1 5m+2

20— 1) (2 - ) o ().

This completes the proof of Theorem.
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