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Coincidence of correspondences
in Kahler—Finsler manifolds

By RADU PETER (Cluj-Napoca)

Abstract. In this paper we present some results on coincidence of correspon-
dences and fixed point properties in Kéhler—Finsler manifolds. We follow the method
of FRANKEL [6], which was generalized for the Finsler case by the author and L. Koz-
MA [8].

1. Introduction

Holomorphic correspondences are generalizations of holomorphic map-
pings as multivalued maps of a complex manifold ([4], [7]). Fixed points
of correspondences of complex Kahler manifolds have been studied by
T. FRANKEL [6]. He proved that for a Kéhler manifold of positive sec-
tional curvature a correspondence always has a fixed point (i.e. it intersects
the diagonal of N x N). The method of its proof, based upon the second
variation formula of geodesics, proved effective in different situations ([1],
[6]). L. Kozma and the present author generalized Frankel’s results on
intersections of submanifolds for the case of Finsler manifolds [8]. In this
paper the result of Frankel concerning correspondences are extended to
the Finslerian case. We mention that we deduce results on coincidence
of correspondences, while Frankel’s theorem refers only to fixed points of
a correspondence. The proof follows the line of the original version of
Frankel, however, at some points more elaborated arguments are needed
due to the Finslerian context. Though S. S. CHERN says [5] that Finsler
geometry is more natural than Riemannian geometry as a concept, the
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computational part of the subject requires much more effort. For the re-
cent flourishing literature of Finsler geometry see [2], [3], [10], [11]. Our
basic reference in this paper is [1].

2. Preliminaries

We recall some facts about Kahler-Finsler manifolds (see [1]).
Let M be a complex manifold of complex dimension n. The complex-
ification T M of the real tangent bundle is decomposed as

TeM =T"M & T M

where THYM is the holomorphic tangent bundle over M and T%! M is the
conjugate of THOM . THOM is also a complex manifold of dime TV°M = n.
T1OM and T M are the eigenspaces of the complex structure .J belonging
to the eigenvalues 7 and —i, respectively.

A complex Finsler metric on a complex manifold is a continuous func-
tion F : TY9M — R satisfying

i) G := F? is smooth on M = TM \ {zero section},

ii) F(v) >0, Yv e M,

iii) F(pe(v)) = |€|F(v) for all v € THOM and € € C.
Recall that pue : THOM — THOM is given by ue(p,v) = (p,&v), ¥(p,v) €
TYOM and € € C. F is called strongly pseudoconvex if the Levi matrix
(G,5) is positive definite on M, where

. oG?
T ueor”

The complex vertical bundle is

G

Ve = kerdn C T(CM.

There is a canonical isomorphism ¢, : T ;Eg) — V,. The complex radial

vertical vector field ¢+ : M — V is defined by L(v) = 1y(v) Yo € T'OM. The
projection dmr commutes with J. It follows that we have the splitting V¢ =
Y10 4 Y01 The complex vertical bundle is V = V10 = kerdr ¢ THOM.
The complex horizontal bundle is a complex subbundle of T(C]\7 which is
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a direct summand of V and is J-invariant. We have also the splitting
He = HY + H%!, and the complex horizontal bundle is H = H'°.

The complex horizontal map is a complex bundle map © : V¢ —
Tc which commutes with J and the conjugation and which satisfies the
relation (dmo®),|y1.0 = ¢y t|y1.0. The complex radial (Liouville) horizontal
vector field is given by y = © o ¢.

Then there exists a unique good vertical connection which makes the
Hermitian structure (G,3) in the vertical bundle V parallel. It can be

extended via the horizontal map to a complex linear connection on M.
This is called the complex Chern—Finsler connection V.
The geodesics o are characterized by the equation

\V/ TH =0

TH TH

where TH is the horizontal lifting of the tangent vector T = &, and T
means the conjugate of T
A vector field U along a curve ¢ is said to be parallel along o iff

\V UH =0.

TH{TH

The torsions 6, and 7 of V are defined as follows
0(X,Y)=VxY —VyX —[X,Y], VX,Y €X(T"°M)
7(X,Y)=VxY —VgX — [X,Y], VXY € X(T"°M).

The curvature € is defined as usual. The holomorphic bisectional curvature
is given as follows [1]:

R(T,U) = (T +T" U + TYUHTH),  VI,U € T'OM.
In the case of Chern—Finsler connection this takes the form
R(T,U) = (™, T")yuH 7y — (Ut T"u", ).

A strongly pseudoconvex Finsler metric F' is called Kahler if its (2,0)
torsion 6 satisfies 0(H,x) = 0, VH € H, where y denotes the horizontal
Liouville vector field and it is called strongly Ké&hler if its (2,0) torsion
satisfies 0(H, K) =0, VH, K € H.
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The horizontal (1,1) torsion is defined by
T(X,Y) = O(r(X,Y))

where O is the horizontal map. The symmetric product ({-,-)) : HxH — C
is locally given by

((H,K))y = Gap(v)H*H?, ¥ H,K € H,, v € M.

In the following the second variation formula will play a crucial role
(see [1]).

Consider F' : TY'°M — R be a Kihler Finsler metric on a complex
manifold M. Take a geodesic oy : [a,b] — M with F(¢) = 1 and a regular
variation ¥ : (—¢,¢) X [a,b] — M of 0. Then it is known [1, p. 103],

d?ly,

—5 (0 =Re(Vy U™, T7) |7

UH+U

b
)
+/ {||VTH+THUHH?,— aRe<UH,TH>d

~Re[(Q(r#,T"UH, 1)~ (U T U, TH)

2

&

&

+ <<7-H(UH,TH)’UH>>& _ <<7_H(TH’UH)’UH>> } }dt.

3. Product of Kahler Finsler manifolds

In this section we construct the product of strongly Kahler Finsler
manifolds.

Let (My, Fy), (M2, F5) be two strongly Kéahler Finsler manifolds with
the Chern—Finsler connection. Consider the product manifold M; x My
with the metric

F(’Ul,vg) = \/Flz(Ul) + FQQ(UQ) V(Ul,vg) € TMy x TMs,.

This is homogeneous, smoot@n@ositive definite on M, 1 X ]\72 because
Fy, F5 have these properties on M7, M>. The Levi matrix of F' is positive

~ o~ A
definite on M; x M5 because it is of the form (0 g) where A, B are
the Levi matrix of Fy, F5.
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Let H1, Hz be the horizontal bundle of the manifolds (M, Fy), (Ma, F3)
and H = H; @ Has.

The metrics Fy, F5 induce the Hermitian structures (,); and (, )2 on
the horizontal bundles. It follows that on the bundle H = H; © Hy we
have the Hermitian metric

(X+U,Y+V)=(X,Y)1 + (U, V).

The Chern—Finsler connection of the product manifold is related to
the Chern—Finsler connections of M; and My as follows:

VoY +V) =VxY + ViV, VX,Y € X(H1), U,V € X(Ha).

From these relation follows that the product manifold is strongly Kéahler
if the manifolds M; and My are. The holomorphic bisectional curvature
of My x M, satisfies the relation:

RX+UY +V)=R(X,Y)+ R(U,V)
VX, Y e TVOM;, and U,V € THOM,.

We have the isomorphism ,, : Tr M7 — THOM;
1 .
Vu € TrMy  u, = §(u —iJu).

Using the above isomorphism we can associate to F' a function F° :
TrM; — RT by setting

Vu € TrMy  F°(u) = F(u,).

It is shown in [1, p. 114] that the geodesics of F' and F° are the same if F'
is Kéhler.

Applying these facts we show that if o = (a,3) is a geodesic for
F, then a and (8 are geodesic for F} and Fy, resp. In fact, « is also
a geodesic for F°, therefore, applying our result about geodesic on real
warped product in [9] for f = 1, a and 3 are geodesic for FY and F¥, resp.
It follows by [1, p. 114] again that « and ( are geodesics for F} and F5
resp.
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4. The main result

A holomorphic correspondence of a complex manifold N of dimen-
sion n with itself is an n-dimensional complex analytic submanifold of
N x N. Two (holomorphic) correspondences V, W are said to have a co-
incidence iff V. N W # (). A holomorphic correspondence V.C N x N
is called transversal if T(, )V @© T(p.q({p} x N) = Tip,q)(N x N) and
Tip,g)V @ Tip,q)(N x {q}) = Tp,o)(N x N) hold for all (p,q) € V. Since
Tip.o)({p} x N) and T, (N x {q}) are orthogonal, it follows that any
vector orthogonal to V' at (p, q) cannot be tangent to {p} x N or N x {q}.

A holomorphic map f : N — N gives rise to a correspondence, the
graph G(f) of f; G(f) = {(p. f(p))| p € N}. G(f) is a special type of
correspondence since f is single valued. Let A = {(p,p)| p € N} be the
diagonal of N x N. It is clear that a map f has a fixed point whenever
G(f) intersects the diagonal A. A correspondence will be said to have a
fixed point if it intersects the diagonal.

The main result is the following

Theorem 1. T'wo holomorphic compact correspondences V., W — one
of them is transversal — of a connected strongly Kéahler Finsler manifold
N with positive holomorphic bisectional curvature have a coincidence.

PROOF. The correspondences are complex analytic submanifolds V/,
W of N x N. On the product manifold N x N we consider the metric
F:T'YON x T1'ON — R* given by

F(vy,v9) = \/Ff(vl) + F2(vp) for (vy,vp) € TN x THON.

We use the notations used in [1] and [8]. We take M = N x N and
V', W are submanifolds of M.

We need only to show that V' and W intersect. Suppose VNW = (.
Then there exists a minimal geodesic o : [a,b] — M. Let o(a) € V,
o(b) € W. o is orthogonal to V and W in o(a) and o(b), respectively i.e.
o (a) L Tétg)HV and ¢ (b) L Té}l’g)HW. According to the last argument
of the previous section the geodesic has the form o = («, 5) € N x N where
both « and (3 geodesics. By the assumption of transversality of V or W
we have & # 0 and (8 # 0. Then it follows that F' is smooth along o.
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We construct a regular variation ¥ : (—¢,¢) x [a,b] — M such that
VTH+TH UH = 0. Denoting by H(-,(b)Tl’OM the horizontal lift of T1°M to
horizontal space in &(b), let P C HswmT LOM be the parallel translation

of T f(l o)(V) with respect to the Chern-Finsler connection along ¢ to the

point ¢(b). Considering the horizontal lifts to M along & we get

dime (P N TS, (W)
= dimc P + dime (T, W) — dime (P + T, W) > 1,

for dim¢ (P + TaH(b)W) < 2dim¢ N —1.

So we can choose a vector U in the intersection. Its parallel trans-
lation along ¢ will be denoted by U, too. Since U is orthogonal to &
at the end point, it remains orthogonal along the entire curve by the met-
rical property of the Chern—Finsler connection. We consider the regular
variation of ¢ with transversal vector field U.

In this case the second variation formula reduces to the following form

dzlz H H b
W(O):RQ<VUH+UHU 7Tj >d|a
’ H |2 0 H H 2
{1V U7 = | R T |~ RelRe (7.0

because of Proposition 2.6.7 in [1, p. 120].
The first term of the integral is zero for U is parallel along ¢. Fur-
thermore, UH and TH are orthogonal.
By the hypothesis on the holomorphic sectional curvature all the terms
will be negative or zero except the first one at most.
In fact we have
d?ls

W(O) =Re(Vyu, gn UM, TH)s

b

a

- / ’ Re[R; (T, U)]dt.

The integral is positive because Rg (T, U) = Rs(T1,Ur) + Rg (T2, Ua) where
Ti =a&a#0and Ty, = 8 # 0 and Uy, Uy are orthogonal to 17, T resp.

By the minimality of o it follows that ddzl? (0) > 0 for any transversal
vector field U.

If we consider the variation belonging to the transversal vector JU,
we show that the initial terms in the second variation cannot be posi-
tive in the same time (for the variations corresponding to U¥ and JU#
respectively). This will give the contradiction.
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H
Therefore we calculate V LTTH JUS.

Vo un i gmrJUT = J(V yunUT + Vomn UM,
Using the torsion we have

VyunU? =Vue JUR 4 [JUR UH] +0(JU, UH).

The last term §(JUH,UH) vanishes because F is strongly Kihler
Finsler metric and using again the Proposition 2.6.7 in [1, p. 120] it follows:

Vg UY =V J0" — [UH, 70"
= J[VyuUH + [UH,T]] - [UH, 70"
— IV U+ g [UH, T - [uH 7T,
It follows now

VopnsgprJUT = J(Vyu JUT + [JUT UT] 4 JVunUT

H
v U

+ J[Jut Ut - gt T - o, TT.

+J[UH, T - [UH,TT"]) = -V

Now V _and W_are complex manifolds, U H is a horizontal lift, and
tangent to V and W in 6(a) and ¢ (b) respectively. Since the horizontal
space is a complex linear space, and we use the Chern—Finsler connection,
all the brackets above are horizontal vectors, and are orthogonal to T in
d(a) and &(b). So

Re(V —u JUR THY = —Re(V

H pH
JUELTO a U TT).

UH4U
This means that d;;? (0) cannot be non-negative for U and JU at the
same time, which gives the contradiction. O

5. Coincidence of mappings in Kéhler Finsler manifolds

In this section we derive a theorem about coincidence of mappings
in Kahler Finsler manifolds of positive holomorphic bisectional curvature.
Let f,g : N — N be two holomorphic maps. We say that f and g have
coincidence if G(f)NG(g) # 0. Amap f: N — N is called biholomorphic

if f is a holomorphic diffeomorphism.
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Theorem 2. Let N be a compact strongly Kahler Finsler manifold of
positive holomorphic bisectional curvature and f,g : N — N biholomor-
phic maps. There exists at least one point p € N such that f(p) = g(p).

PRrROOF. We consider the manifolds V' = G(f) and W = G(g) resp.
Both of these manifolds have complex dimension n, equal to the complex
dimension of the manifold N. We apply now Theorem 1 for V., W and N
and we obtain that G(f) N G(g) # 0. O

Corollary 3. Let N be a compact strongly Kahler Finsler manifold of
positive holomorphic bisectional curvature and f : N — N a holomorphic
map. The map f has at least one fixed point.
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