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Common fixed point theorems
for single-valued and multi-valued mappings

By ZEQING LIU (Liaoning), YUGUANG XU (Yunnan)
and YEOL JE CHO (Chinju)

Abstract. In this paper, we prove some common fixed point theorems for single-
valued and multi-valued mappings which extend, improve and unify a multitude of the
corresponding results by FisHER [1]-[10], FISHER and SEssA [11], Juncck [12], KiuM,
KM, LEEM and UME [14], L1v [15], OHTA and NIKAIDO [16] and others. At the same
time, we correct errors for the results in [14], [16] and [18].

1. Introduction

Let (X,d) be a metric space and f, g be selfmappings of X. Let
W and N denote the sets of nonnegative integers and positive integers,
respectively. For x,y € X and A, B C X, we define some notations as

follows:
Op(z) ={f"z:neW}, Oy(z,y)=0s(x)U0;(y),
Ofg(x) ={f"g"z:n, me W}, Opg(x,y) = Of4(x) UOy,4(y),
D(A,B) = inf{d(a, b):a€ A, be B},
§(A,B) =sup{d(a,b):a € A, be B}, 6(A,A) =6(A),
H(A,B) = max{sup{D(a,B) : a € A}, sup{D(A,b): b€ B}},
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CB(X)={A: Ais a nonempty bounded closed subset of X},
CL(X)={A: Ais a nonempty closed subset of X},
B(X) ={A: Ais a nonempty bounded subset of X},
Cy ={h:h:X — X is a mapping satisfying hf = fh},
Hy=13h:h:X — X is a mapping satisfying

r(N X)) c N e}

neN neN

The mapping f is called a closed mapping if y = fa whenever {z, },en C
X such that lim, o x, = x and lim,_,, fx, =y for some x,y € X. For
each t € [0,400), [t] denotes the largest integers not exceeding t. Let

& ={¢:¢:[0,+00) — [0,+00) is upper semicontinuous
and nondecreasing and ¢(t) < t for ¢ > 0}.
A number of generalizations of the well-known Banach contraction princi-
ple have received much attention in recent years. For instance, see [1]—[22].

Kmv, Kiv, LEEM and UME [14] considered the following conditions:
(1.1) there exists m,n € N and r € [0, 1) such that, for every z,y € X,

d((fg)"z, (fg)"y) <ré(Oy4(z,y)),

(1.2) there exists m,n € W such that, for any distinct z,y € X,

d((fg)™z, (fg)"y) < (O 4(z,y)),

and established two common fixed point theorems. REHMAN and AH-
MAD [18] extended the principle to multivalued mappings.

In this paper, we consider the following more general conditions (1.3)
and (1.4) instead of (1.1) and (1.2), respectively:
(1.3) there exists m,n,p,q € N and ¢ € ® such that, for any z,y € X,

d(f™g"z, fPg?y) < ¢(6(Oy.q(x,y))),

(1.4) there exists m,n,p,q € W with m + p,n + ¢ € N such that, for any
r,y € X with f™g"z # fPgly,

a7t <8( U hOss(),

hEHfg
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and obtain common fixed point theorems. On the other hand, we point out
that Theorem 2.4 of [14] is false and all the results of [18] are meaningless.

Lemma 1.1 [20]. Let ¢ € ®. Then, for every t > 0, ¢(t) < t if and
only if lim, . ¢"(t) = 0, where ¢" denotes the composition of ¢ with
itself n times.

Lemma 1.2. Let f be a closed mapping from a compact metric space
(X,d) into itself and A =, o f"(X). Then

(i) {fr:mneW}cCCyCHy;
(i)

(i) A= f(A);
(iv) 6(f"X) | 6(A) asn — oo.

Proor. Let g be in Cf. Then

Ay =g(N X)) N o xc =

nenN nenN neN

A is a nonempty compact subset of X;

which implies that g € Hy and so Cy C Hy. Obviously {f":ne W} C Cy.
Assume that {z, }nen is a sequence in X with lim,, o fz, =a € X.
The compactness of X ensures that there exists a subsequence {x,, }ren
such that limg_.oc z,, =t € X and so the closedness of f implies that
= ft. Thus f(X) is a closed subset of X. Since X is compact, so
is f(X). Similarly, we infer that f™(X) is compact for any n > 2. It
is easy to see that A is a nonempty compact subset of X. It follows
from (i) that f(A) C A. Conversely, for any a € A and n € N, there
exists a, € f""1(X) with fa, = a. From the compactness of X, we may
(by selecting a subsequence, if necessary) assume that lim, . a, =t €
X. In view of {ag}tr>nt1 C f"(X) and the compactness of f™(X), we
immediately conclude that ¢ € f*(X) for all n € N. That is, t € A.
Since ft = a, then A C f(A). Therefore, we have A = f(A). Since
{6(f™(X))}nen is nonincreasing and bounded in below, {§(f™(X))}nen
is convergent. By the compactness of f™(X), there exist z,,y, € f™*(X)
such that d(x,,y,) = 0(f™(X)). Of course, we may extract subsequences
{xﬂk}kENa {ynk}kEN of {l‘n}, {yn} such that Tny — Ty Yny, — Y aS k — oo,
respectively. Note that z,,,y,, € f™(X) and that f™*(X) is closed for
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i > k > 1. This implies that z,y € f"(X) for k € N. Consequently,
2,y € (Npen [ (X) = A. Tt follows that

i(A) < klim O(f™ (X)) = klim ATy, Yn,) = d(z,y) < I(A),
which implies that

5(4) = lim 6(/™(X)) = lim 5(/"(X)).

k—o0

This completes the proof. O

2. Common fixed point theorems for single-valued mappings

Now, we give some common fixed point theorems for commuting
single-valued mappings.

Theorem 2.1. Let f, g be commuting mappings from a complete
metric space (X, d) into itself and fg be closed. Assume that Oy 4(x) is
bounded for all x € X and (1.3) holds. Then f and g have a unique
common fixed point w € X and lim; o (fg)' f®¢’xr = w for all x € X and
a,b € {0,1}. Moreover,

max{d((fg) f*g"z,w) : a,b € {0,1}} < $1H1(5(0y,4(x))
for all i € N, where k = max{m,n,p,q}.
Proor. For any i,7,s,t,h € W, it follows from (1.3) that

d(fiJrkJrs z+k+t fz+k+3

g i+k+h )

9

< ¢(5(Of,g(fz+k m-l-sgz—i-k n+t fi+k—p+jgi+k—q+h$)))
< B(Og(f1Hog ™ a, f1H gt ha)))
< ¢(6(0y,4((f9)"2))),

which implies that

(2.1) 3(O1,g((f9) " 2)) < #(8(014((£9)'x)))
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for all ¢ € W. We now write ¢ = sk +t for some s,t € W with ¢t < k — 1.
(2.1) ensures that

(2.2) 8(014((f9)'x)) < B(8(Os4((£9)*~ D+ w)))
< P*(6(0y((f9) 2 a)))

IN

< ¢*(0(0y,4((f9)'2)))
< ¢°(0(Oy,4(2)))-

It follows from Lemma 1.1 and the boundedness of Oy ,(z) and (2.2) that
(23) Tim 6(0y,((fa)'a)) = .

which means that {(fg)‘r};cn is a Cauchy sequence in X. By complete-
ness of X, there exists w € X such that lim; .. (fg)'z = w. Note that

d((fg)' f*g"m,w) < d((fg)' fe9"x, (fg)'x) +d((fg)'z,w)
< 6(0pg((f9)'x)) +d((f9)'z,w)

for a,b€{0,1}. By (2.3) we have lim d((fg)!f®g*x,w)=0 for a,be {0, 1}.
This implies that e
(2.4) w = lim (fg)'z = lim fg(fg)'s.

Since fg is closed, we have w = fgw. For any i,j,s,t € W, by (1.3), we
have

d(f'g’w, f*g'w) = d(f g7 Fw, g Ew)
< 0(0(O0p4(f'g’w, [*g'w)))
< ¢(6(Of,4(w))),

which means that
5(0yg(w)) < ¢(0(Of 4(w))).

From Lemma 1.1, we easily infer that 6(Of 4(w)) = 0. Therefore w =
fw = gw, that is, the point w is a common fixed point of f and g. The
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uniqueness of the common fixed point w of f and g follows immediately
from (1.3). For any p € W and i € N, by (2.2), we have

(2.5) max{d((fg)' f*g"z, (f9)" ") : a,b € {0,1}}

< 8(0s,4((f9)'x)) < S1E(3(Oy,4(2)))-

Letting p tend to infinity in (2.5), by (2.4), we have

max{d((f9)'f*¢"x, w) : a.b € {0,1}} < ¢ H(3(Op,4(x))).
This completes the proof. O
Taking ¢(t) = rt in Theorem 2.1, we obtain the following:

Corollary 2.2. Let f, g be commuting mappings from a complete
metric sapce (X,d) into itself and fg be closed. Assume that Oy 4(z) is
bounded for all x € X and that there exist m,n,p,q € N and r € [0,1)
such that

(2.6) d(f™g"z, fPgly) < 1é(Oy4(z,y))

for all z,y € X. Then f and g have a unique common fixed point w € X
and lim; o (fg) f%g®x = w for all z € X and a,b € {0,1}. Moreover,

max{d((fg)' f*g"z,w) : a,b € {0,1}} < rlE6(O; 4 ())
for all i € N, where k = max{m,n,p,q}.

Remark 2.1. Corollary 2.1 with m = n and p = ¢ extends, improves
and unifies Theorem 1 of [8], Theorem 3 of [16] and Theorem 2.1 of [14].

Kiv, KiM, LEEM and UME [14] and OHTA and NIKAIDO [16] proved
the following theorems, respectively:

Theorem KKLU. Let f, g be commuting mappings from a compact
metric space (X, d) into itself and fg be closed. If (1.2) holds, then f and
g have a unique common fixed point w € X and lim; . (fg)‘x = w for all
z e X.
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Theorem ON. Let f be a continuous mappings from a compact met-
ric space (X, d) into itself. Assume that there exists k € W such that

for all distinct z,y € X. Then f has a unique fixed point w € X and
lim,, oo f"x = w for all x € X.

First we show, by an example, that (1.2) is not sufficient for the
conclusions of Theorem KKLU.

Ezample 2.1. Let X = {0,1} with the usual metric d. Define f,g :
X — X by f(0) = g(1) = 1 and f(1) = ¢g(0) = 0. Then (X,d) is a
compact metric space, f is continuous and fg = gf = f. The continuity
of f ensures that f is closed. Taking m = 1 and n = 2, then we have

d(fng (fg)2y) =0<1= 5(Of79($ay))

for all distinct x,y € X. Thus all the conditions of Theorem KKLU are
satisfied. But f and g have no common fixed point in X.

Next we point out that Theorem ON is meaningless for £ = 0. Sup-
pose that §(X) > 0. Since X is compact, there exist z,y € X with
d(X) =d(z,y). For k=0, by (2.7), we have

0(X) = d(z,y) <(Op4(x,y)) < (X)),

which is a contradiction. Thus X is a singleton for k£ = 0.

Now we establish the following result which is a correction of Theorem
KKLU and Theorem ON.

Theorem 2.3. Let f, g be commuting mappings from a compact met-
ric space (X,d) into itself and gf be closed. If (1.4) holds, then f and g
have a unique common fixed point w € X, which is also a unique common
fixed point of Hy,. Moreover, lim;_,oo(fg)' f®g°x = w for all x € X and
a,be {0,1}.

PrROOF. Let A = ();cn(f9)'(X). It follows from Lemma 1.2 that
A is a nonempty compact subset of X and tht fg(A) = A. In virtue of
f(A) C A and g(A) C A, we have A = fg(A) = gf(A) C g(A) C A and
so A = g(A). Similarly A = f(A). Thus fmg"(A) = A = fPgi(A). We
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claim that A is a singleton. If not, then 6(A) > 0. Obviously there exist
a,b,x,y € A with §(A) = d(a,b),a = f™g"x and b = fPgly. Using (1.4)
and Lemma 1.2, we obtain

5(A) =d(f™g"z, fPgly) < 5( U h(Of,g(x,y))>

hGHfg

< 5( U h(A)) < 6(A),

hGHfg

which is a contradiction. Hence A = {w} for some w € X and fw =
gw = w. Suppose that u is also a common fixed point of f and g. Then
u = (fg)"u for all n € N and hence u € A = {w}, which means that
u = w, that is, w is a unique common fixed point of f and g. It is easy to
verify that w is a unique common fixed point of H,. Moreover, Lemma 1.2
ensures that

d((f9)' f*g"=,w) < 6((fg)'X) — 6(A) =0 asi— oo,

where a,b € {0,1}. Consequently, lim; .. (fg)!f*g*x = w for a,b € {0, 1}.
This completes the proof. O

From Lemma 1.2 and Theorem 2.3, we have the following:

Corollary 2.4. Let f, g be commuting mappings from a compact
metric space (X, d) into itself and gf be closed. Assume that there exist
m,n,p,q € W, m+p, n+q € N such that

(2.8) d(f"g"z, f9y) <5< U h(Of,g(fv,y))>

hECfg

for all z,y € X with f™g"x # fPgly. Then f and g have a unique
common fixed point w € X, which is also a unique common fixed point of
C4. Moreover, lim; o (fg)' f®¢°x = w for all x € X and a,b € {0,1}.

Remark 2.2. Corollary 2.4 extends, improves and unifies Theorem 6
of [1], Theorem 4 of [2], Theorem 4 of [3], Theorem 9 of [4], Theorem 2 of [5],
Theorem 4 of [7], Theorem 5 of [9], Theorem 2 of [10] and Theorem 4.2
of [12].

We provide some examples to demonstrate that the hypotheses of
Theorems 2.1 and 2.3, Corollaries 2.2 and 2.4 are necessary.
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Ezample 2.2. Let X = [1,400) with the usual metric d. Define map-
pings f,g: X — X by fx = 2z and gx = 3x for all x € X, respectively.
Then (X, d) is a complete metric space, fg = gf and fg is closed. Further-
more, (1.3) and (2.6) are satisfied with m =p =1, n=q =2, ¢(t) = 5t
and r = % All of the conditions of Theorem 2.1 and Corollary 2.2 are
satisfied except for the boundedness assumption, but f and ¢ have no

common fixed point in X.

Ezample 2.3. Let X = [0, 1] with the usual metric d. Define mappings
fig: X = X by fo = 3(2*+3) and gz = (1—a)3 for all z € X,
respectively. Then (X, d) is a compact metric space, fgr = i(4 —x) is
closed and fg(1) = % #0=gf(1). Take m=n=p=q =1, ¢(t) = %t
and r = % It is easy to verify that f and g satisfy the following:

1 1
d(f™g"x, fPgly) = Z!w —y| < 5!:1: —yl < d(5(05 4(2,9)))

for all z,y € X and

1 1
d(f™g"x, fPgly) = le -yl < 5!96 —y| <6(0f,4(z,y))

forall z,y € X with f"g"x # fPg%y. Thus, the conditions of Theorems 2.1
and 2.3, Corollaries 2.2 and 2.4 are satisfied except for the commutativity
assumption. But f and g however have no common fixed point in X.

Ezxample 2.4. Let X = [0, 1] with the usual metric d. Define mappings
fr9: X — X by f(0) =1, fe = Lz for # € (0,1] and g = f2. Then f
and g are commuting and (X, d) is a compact metric space. Take m =
n=p=gq=1, ¢(t) = %t and r = % Since limi_wo% = lim; o ﬁ =
lim; 00 fg(%) =0and 0 # é = fg(0), so fgis not closed. For z,y € (0, 1],

.} gx? J gy z y z y f g ‘CU) y N

For x =0,y € [0,1], we have

1 1 1 1
d <—-11-= - ==90(0 .
(fgz. fgy) < 9’ gy' <5 =500r4(2,y))
Thus, the conditions of Theorems 2.1 and 2.3, Corollaries 2.2 and 2.4
are satisfied except for the closedness assumption. But f and ¢ have no
common fixed point in X.
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Theorem 2.5. Let f, g be closed mappings from a compact metric
space (X, d) into itself. Assume that there exist m,n € N such that

29 d(f"e.g"y) <5( U w05, | t<og<y>>)

hEHf tGHg

for all x,y € X with f™x # ¢g"™y. Then f and g have a unique common
fixed point w € X, which is also a unique common fixed point of Hy and
H,. Moreover, lim;_, flx =1lim;_o ¢g'z = w for all x € X.

PROOF. Put A = (o fY(X) and B = (,cy ¢ (X). In view of
Lemma 1.2, we have f(A) = A # 0, g(B) = B # 0 and A and B are
compact. Thus there exist a,z € A and b,y € B with d(a,b) = §(A, B),
a= f"zr and b = g"y. We assert that §(A, B) = 0. If not, by (2.9) and
Lemma 1.2, we have

d(f™x, g"y) < 5( U #(0s(), U t(Og(y))> < 4(4, B).

heHy teH,
Thus we have
0(A,B) =d(a,b) =d(f™x,g"y) < §(A, B),

which is a contradiction. Therefore 6(A, B) = 0 and there is some w € X
with A = B = {w}. It is clear that fw = gw = w. The rest of the proof
is identical with the proof of Theorem 2.3. This completes the proof. [

Remark 2.3. Theorem 2.3 contains Theorem 2.5 of [15] as a special
case.

3. Remarks on fixed point theorems
of Rehman and Ahmad

In [18], REEHMAN and AHMAD proved the following:

Theorem RA1. Let (X,d) be a complete metric space and S,T :
X — CB(X) satisty the following:

(3.1) H(Sz, Ty) < k{D(x, Sz)D(y, Ty)}*

for all x,y € X, where k € (0,1). Then S and T have a unique common
fixed point w € X.
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Corollary RA2. Let (X,d) be a compact metric space and S,T :
X — CL(X) satisfy (3.1). If S or T' is continuous, then S or T has a fixed
point in X.

Theorem RA3. Let (X,d) be a complete metric space and S,T :
X — B(X) satisfy the following:

(3.2) 5(Sw, Ty) < k{H(x,Sx)H(y, Ty)}*

for all z,y € X, where k € [0,1). Then S and T have a unique common
fixed point w € X.

Corollary RA4. Let (X,d) be a compact metric space and S,T :
X — CL(X) satisfy (3.2). If S or T' is continuous, then S or T has a fixed
point in X.

Corollary RA5. Let (X,d) be a compact metric space and S, T :
X — B(X) satisfy (3.2). Then S and T have a unique common fixed
point uw € X and Su =Tu = {u}.

Theorem RAG6. Let {T,,},cn be a sequence of self mappings of a
complete metric space (X,d). If there exists a constant h such that, for
allz,y e X andi,j € N,i1,7 € N

W=

(3.3) d(Tix, Tyy) < h{d(z, Tix)d(y, Tjy)} 2,

for some h € (0,1), then {7}, },en has a unique common fixed point w € X.
Theorem RA7. Let (X,d) and (X,d') be metric spaces satisfying the
following:
(i) d(z,y) < d'(z,y) for all x,y € X;
(ii) X is complete with respect to d;

(iii) f,g: X — X are self-mappings such that f is continuous with respect
to d and, for all x,y € X,

(3.4) d'(fz, fy) < h{d (z, fo)d (y, gy)}*

for some h € [0,1). Then f and g have a unique common fixed point
we X.

We assert, by the following results, that Theorems RA1, RA3, RAG,
RA7 and Corollaries RA2~RAb5 are meaningless.
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Theorem 3.1. Let (X,d), S, T and w be as in Theorem RA1. Then
weSw=Tw=Sx=Tx forallz € X.

PROOF. For any x € X, by (3.1) and Theorem RA1, we have
H(Tz,Sw) < k{D(z,Tx)D(w, Sw)}* = 0,

which implies that Tx = Sw. Similarly, Sx = Tw. Therefore w € Sw =
Tw = Sx =Tx for all z € X. This completes the proof. O

Corollary 3.2. Let (X,d) be a compact metric space and S,T : X —
CL(X) satisfy (3.1). Then there exists w € X such that w € Sw =Tw =
Sx =Tz for all z € X.

PROOF. Since (X,d) is a compact metric space, CL(X) = CB(X).
Thus Corollary 3.2 follows from Theorem 3.1. 0

Theorem 3.3. Let (X,d), S and T be as in Theorem RA3. Then
there exists w € X such that Sz = Tz = {w} for all x € X.

PROOF. It is easy to verify that (3.2) is equivalent to the following;:

[SIE

(3.5) 0(Sz, Ty) < k{d(x, Sx)o(y, Ty)}

for all z,y € X, where k € [0,1). We claim that there exists w € X
such that 6(w, Sw)dé(w,Tw) = 0. Otherwise, d(x,Sx)d(z, Tx) > 0 for all
x € X. We consider the following two cases:

Case 1. Suppose that &k = 0. (3.5) implies that Sx = Ty for all

xz,y € X. Take x € X and y € Sz. Then §(y,Ty) = d(y, Sz) = 0, which
is a contradiction.

Case 2. Suppose that k € (0,1). Take zy € X and select a sequence
{Zn}nen in X such that zo,41 € Sz, for n € W and zg,, € Txg,_; for
n € N. (3.5) ensures that

NI

d(z2n, Sapn) < 8(Sxon, Tron—1) = k{d(x2n, Sxan)d(T2n—1,Tx2,-1)}2,
which implies that

(xon, Stapn) < 16(x2n—1,TTon_1),



Common fixed point theorems 451

where r = k? € (0,1). Similarly, §(xo,_1,TT2,_1) < 16(22n_2, STon_2).
Set M = max{d(x2, Sx2),(x1,T21)}. For m > n > 2, we have

(36) maX{(S(an, S$2n),5($2n_1,T$2n_1)}

< r? max{6(T2n_2, STan_2),0(Tan_3, TTon_3)} < r*"~V M

and
m—1 m—1 . 7nn_2
(3.7 d(@n,rm) < Z d(zi, zit1) < Z rTM < M

Since r € (0,1) and (X, d) is complete, {zy, }nen is a Cauchy sequence in
X and so it converges to some w € X. Using (3.5), we have

0(w, Sw) < d(w, xont2) + 6(Sw, ron12)
d(w, $2n+2) + 5(Sw, Tl’2n+1)
d

(w’ x2n+2) + k{é(wa Sw)6($2n+la Tx2n+l)}% .

IN A

IN

Letting n tend to infinity, by (3.6), (3.7) and boundedness of S, we imme-
diately obtain d(w, Sw) = 0, which is also a contradiction.

Consequently, §(w, Sw)d(w,Tw) = 0 for some w € X. We assume
without loss of generality, that é(w, Sw) = 0, that is, Sw = {w}. Using
(3.5), for any x € X, we have

§(w,Tx) = §(Sw, Tx) < k{§(w, Sw)s(z, Tx)}? =0,

which implies that Tx = {w}. Clearly Tw = {w} = Tx = Sw. On the
other hand, by (3.5), we have

§(w, Sx) = 6(Sz, Tw) < k{5(z, Sz)d(w, Tw)}* = 0.

Therefore, Sx = {w} = Txz. This completes the proof. O

Corollary 3.4. Let (X,d) be a compact metric space and S,T : X —
B(X) satisfy (3.2). Then there exists w € X such that {w} = Sz = Tx
forall x € X.

PRrROOF. It follows from the compactness of X that CL(X) C B(X).
Thus Corollary 3.4 follows from Theorem 3.3. O
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Theorem 3.5. Let (X,d), {T,,}nen and w be as in Theorem RAG.
Then T,,x = w for allx € X andn € N.

PROOF. Theorem RAG ensures that T,,w = w for alln € N. By (3.2),
for all z € X and 7,7 € N, we have

d(w, Tjz) = d(Tyw, Tjz) < h{d(w, Tyw)d(z, Tjz)}? =0,

which implies that Tz = w. This completes the proof. Il

Theorem 3.6. Let (X,d),(X,d’), f,g and w be as in Theorem RA7.
Then fr =gx =w forall x € X.

PrOOF. In view of (3.3) and Theorem RA7, we have
d'(w, gv) = d'(fw, gz) < h{d'(w, fw)d (v, g2)}* =0,

which implies that w = gz for all x € X. Similarly, fx = w for all z € X.
This completes the proof. O
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