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On the indicator plurality function

By ANNA BAHYRYCZ (Krakéw) and ZENON MOSZNER (Krakéw)

Abstract. A solution of the conditional functional equation

f@)- fly) #0 = flz+y) = fz)- f(y),

for which there exists a number r € R(1)\{1} such that

flra) = f(x),
where f : R(n) := [0,00)"\{0} — R(n), 0 := (0,...,0) € R™ and =z + y := (z1 + 1,
ey T+ Yn), Ty = (T1Y1, .-, TnYn), T = (rx1,...,7Ty), for x = (x1,...,2n) €

R(n), y = (y1,...,yn) € R(n), is called an indicator plurality function.
We study under which assumptions this function f must have its values in the set

0(n) := {0,1}"\{0}.

1. Introduction

F. S. ROBERTS, generalizing a description of the social choice, which
was introduced by him in [5], [6], considers the following conditional equa-
tion

(1) f(@) - fy) #0= f(z+y) = f(z)- f(y),

where f : R(n) :=[0,00)"\{0} = R(n), 0:=(0,...,0) e R" and z +y :=
(T14Y1, - Tntyn), Ty = (X1Y1, - - ., TpYyy) for x = (21,...,2,) € R(n),
Y= 1, Yn) €ER(n).
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In the paper [2] the following description of all solutions f=(f1,..., fn)
of this equation was given:

expay,(z) forze Z,,

(2) fulz) = { 0 for z € R(n)\Z,,

where a, : R™ — R is an additive function (v = 1,...,n) and the sets Z,
satisfy the conditions

(3) ZyU---UZ, =R(n),
(4) ij#A0=>Zrn---NZr+ 210N Zin c 2 A Zindn,

where i = (i1,...,1n),J = (J1,---,Jn) €{0,1}", E1+Ey ={z+y: 2z € E;
and y € FEy} for E1, B C R™ and, here and subsequently E! = E,
E° :=R(n)\E for E C R(n).

For further reference we denote the whole above description (including
(2), (3) and (4)) by (A).

Therefore, the sets Z,, (it is known that Z, U {0} are cones over the
field Q of rational numbers) and the additive functions a, : R” — R are
the parameters giving the solution of the equation (1).

A solution of the equation (1) satisfying the additional condition

(5) Ir e R(1): [r#1and Ve € R(n) : f(rz) = f(z)],

we call shortly an indicator plurality function.

Z. MOSZNER proved in [3] that every function f : R(n) — R(n)
satisfying the condition (1) and the condition (5) with some r being an
algebraic number must have values in the set 0(n) := {0,1}"\{0}. A. Ba-
HYRYCZ in [1] showed that the above result holds for a transcendental
number r for n = 1,2. However, when n > 3, for every transcendental
number r there exists an indicator plurality function having values outside
the set 0(n).

From the description (A) of the solutions of the equation (1) it follows
that an indicator plurality function has all its values in the set 0(n) if and
only if all the additive functions a, are identically equal to zero.

We notice that condition (5) imposes on the functions a, and the sets
Z,, the conditions

(6) TZV == Zl/7
(7) a,(rx) =a,(z) for z€Z,.
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Now the following question arises: Does there exist a necessary and
sufficient condition imposed on the cones Z, satisfying (6) for which ful-
filment of the condition (7) by the additive functions would imply their
vanishing?

All linear spaces and all cones in this paper are considered over the
field Q, unless we assume differently.

First, we will prove the following

Lemma 1. We assume that Z C R(n)U{0} is a cone and for a r # 1:
rZd =27.
Then the conditions

(8) ZC(r—1linZ

for every additive function a : Z — R : if a(rz) = a(z)

for x € Z, then a =0 on Z are equivalent.

PROOF. We can assume that r > 1.
((8) = (9)). Let B be a base of the space lin Z, such that B C Z. Then
every x € lin Z has a representation x = Zle q:;bi, where k € N (the set
of natural numbers), ¢; € Q and b; € B. We extend the additive function
a: Z — R to an additive function @ : lin Z — R in the standard way:

k k
a(x) = Zqia(bi) for == Z%‘bi-
i=1 i=1

We will show that a(rz) = a(z) for z € linZ. For z = 25:1 gib; € lin Z,
by the definition of the function @ and from the fact that a(rz) = a(z) for
z € Z, we obtain

Since rb; € Z for every ¢ € {1,...,k}, so rb; = Zé.:l qijbij, where [ € N,

¢i; € Q and b;; € B, and a(rb;) = Zé‘:l gija(bij) and re = T(Zle qibi) =
k k ! k l

Dim1 €irhi = Dy G (20— @isbis) = i1 D1 €iibis-
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Therefore
koo k !
a(ra) = Z Z%qwa(bw) = ZQi<qua(bw)>
i=1 j=1 i=1 j=1
k
= Zqia(rb,) = a(x),
=1

which was to be proved.
For every xz € Z, also r%lx €lin Z and

a(x)+a<rilx) :a<ri1x) :a<ri1x>,

hence a(x) = a(x) = 0.

For the proof of the reverse implication ((9) = (8)) assume that Z
is not contained in (r — 1)lin Z and we will construct an additive function
a:Z — R, such that a(rz) = a(z) on Z and a # 0. We notice that the set
(r—1)lin Z is a vector space.

From z € (r — 1)lin Z it follows that there exists z € lin Z such that
x = (r—1)z. Since rz € lin Z and —z € lin Z, we have z € lin Z. From the
above and from the fact that Z ¢ (r—1)lin Z we conclude that (r—1)lin Z
is a proper subspace of the space lin Z. Let P be a complement of the space
(r—=1linZ, ie. linZ = (r —1)lin Z & P. The function a(x; + x2) = z2
for x1 € (r —1)linZ and x5 € P restricted to Z satisfies all the desired
conditions. In particular, the condition a(rz) = a(z) is fulfilled because
a((r—1)x) =0. O

We notice that in the above lemma we cannot replace the condition
(8) in the implication (9) == (8) by the condition Z C (r — 1)Z.

Ezample. Define

k .2
Z:{zeR(l);z:M,
(r—1)m
where k € N, n € (NU{OD)\{1}, ¢ € Qand 3 ¢ > 0, 2 € z} u {0},
where Z is the set of entire numbers.
We will show that Z is a cone. Let z,2* € Z. Then

L= Doim1 4T and  2* — D1 4T ’
(r—1)m (r—1)m
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where k € N, n,m € (NU{OD\{1}, ¢, 7 € Q, 32 ¢ >0, 5 ¢ >0,
2 € 4.
We can assume that m < n. Then

S (g + g )
(r—1)n

k . _ ko s
21':1 qr® + (r—1)nm Zi:1 q;ir*
(r—1)»

for m = n,
z+ 2" =

for m < n.

We notice that S°F (¢ +¢f) = S ¢i + S8 g > 0 for m = n and
Zle ¢ +0= Ele q; > 0 for m < n. Therefore z + 2* € Z. It is easily
seen that gz € Z for every ¢ € Q4 and z € Z, hence Z is a cone and
rZ = Z. Let a: Z — R be an additive function, such that a(rz) = a(x)
for v € Z. Let z = % € Z. Then %7)2‘1_&221 € Z and from the
additivity of the function a we obtain

(e (Sl (@D g
(r —1)nt2 (r—1)" (r —1)nt2 '
Since
a Z?:l ar —u r Z?:l g’ —a r? Zf:l g
(r—1)nt2 (r —1)nt2 (r—1)nt2 ’

we get
k 2
a Zi:l qir =0
(r—1)" ’

Therefore a(z) = 0 for every z € Z. We notice that 1 € Z (k = 1,
¢1=1,2 =0,n=0) but TT11 ¢ Z, hence Z ¢ (r —1)Z and obviously
Zc (r—1)lnZ.

By Lemma 1 there follows immediately the following

Theorem 1. The indicator plurality function f has its values only in
the set 0(n) if and only if the sets Z, in its description (A) fulfilling the
condition (6) satisfy the condition

Z,C(r—1lnZz, (v=1,...,n)

with r occurring in (6).
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We notice that for n = 1 we have Z; = R(1) and the condition (10)
is obviously fulfilled.

This condition is also satisfied for n = 2. This follows from the fact
that for n = 2 the sets Z9 U {0} and Z9 U {0} are also cones ([2] p. 179)
and from the following

Lemma 2. We assume that Z C R(n) U {0} and Z° U {0} are cones.
Then Z C (r —1)1lin Z for every r € R\{1}.

PROOF. It is suffices to show that Z C (r — 1)lin Z for all r > 1.
We take r > 1 and € Z\{0}. We consider the cases:
1) -2 € Z. Then

r—1

x=(r—1)

1
1@ € (r—=1)Zc(r—1)linZ.

2) ﬁx € Z°. We notice that for every ¢ € Q, such that 1 < ¢ < r we

have =%z € Z. Indeed, if =%z € Z°, then because —5z € Z° and

Z° U {0} is a cone, we would have 4=tz € Z° and

r—qx+q—1 r—q+q-—1
r—1 r—1" r—1

x:xEZO,

which contradicts the fact that € Z\{0}. Since =z € Z, -~z €
lin Z and

- - —1 1
—:_(ix—i—m: %x:(q—l)r_lxehnz,
we have L=z €linZ, thus z = (r — 1) 25z € (r — 1)lin Z. O

We notice that the converse of Lemma 2 is not true, even if we assume
that Z is a cone satisfying the condition rZ = Z and the condition Z C
(r —1)lin Z is replaced by a stronger one: Z C (r —1)Z.

Ezample. We assume that r > 1 and consider the set Z={(z,0,...,0)€

k rZi
R(n)U{0}:z= szii‘l];,, where [ € NU {0}, ¢; € Q, z; € Z}.

It is easy to check that Z is a cone satisfying the condition rZ = Z.
Since <z € Z for every z € Z, the condition Z C (r — 1)Z is satisfied.
Z° is not closed with respect to addition, because there exists m € N\{1}

such that %/r ¢ Q and then
(%/r,0,...,0), (= %/r+[%/r]+1,0,...,0) € Z°
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but

(/7,0,...,0) + (= %/r+[¥/r]+1,0,...,0) = ([¥/r] +1,0,...,0) € Z,
where [ /7] is the greatest integer of {/r.
The condition (10) for n = 2 follows also by the following

Lemma 3. We assume that Z C R(2)U{0} is a cone. Then a subspace
lin Z is a vector space over R.

PROOF. We consider the cases:
1) Z =4{0}. Then lin Z = {0}.

2) Z # {0}. Only two subcases are possible:
a) Z is contained in a line [ given by y = ax (a > 0) or in z = 0,
b) Z is contained neither in a line y = ax (a > 0) nor in = 0.
Ad a) Then lin Z C I. We will show that [ C lin Z. We assume that [ has
a representation y = ax (a > 0) [in case = = 0 the proof runs analogously].
There exists zo > 0, such that (zg,azg) € Z (because Z # {0} and it is
contained in the line y = ax). We take an arbitrary > 0. Then we have
(v,az) € Z ClinZ or (z,ax) € Z° = R(2)\Z. If (z,ax) € Z°, then we
choose ¢ € Q4 such that qr < xg. The pair (zg — gz, a(xo — gx)) belongs
to R(2). We suppose that (zg — gz, a(zg —gz)) € Z°. Then, since Z°U {0}
is a cone over Q, we get (qz,aqr) € Z° and

(o — qz,a(xg — qx)) + (qz,aqx) = (x9,axy) € VA

and this contradicts our assumption. Therefore (xg — gz, a(zo — qx)) € Z,
hence (qr — xo, a(qr — o)) € linZ and since (zo,axo) € Z, we have
(qz,aqx) € lin Z and thus (z,az) € lin Z, which was to be proved.

Ad b) There exist points (x1,y1), (z2,y2) € Z such that x1 + x2 > 0 and
the line containing these points has no representation y = ax (a > 0). We
denote by [; the line passing through the points (0,0) and (z;,y;)(i = 1, 2).

Similarly as in the proof of the case a) we get R? = {l1,l3} C lin Z,
where {l1,l2} denotes a subspace of the space lin Z spanned by the lines
l1,1s. O

It confirms the results from the paper [1] for n = 1,2. For n > 3
the result of this paper (the existence of an indicator plurality function f
having its values outside the set 0(n)) proves that for every transcendental
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number r € R(1) there exists an indicator plurality function (and so a
cone) for which the conditions (10) are not saisfied.

In the example given in [1], such a cone is a set D N [0, +00), where
the set D is defined by a long construction on p. 27 in [1], because 1 €
DN 0,+00) and 5 ¢ lin(D N[0, +00)) = D.

For an algebraic number r # 1 the conditions (10) are satisfied, as it
follows from the following

Lemma 4. Ifr # 1 is an algebraic number and Z is a cone such that
rZ C Z, then Z C (r—1)lin Z.

PROOF. Since r is an algebraic number, there exists a polynomial of
rational coefficients p;(z) such that py(r) = 0. Two cases are possible:

pi(1) # 0 or p1(1) = 0. If p1(1) # 0, then we put p(z) = _%' If
p1(1) = 0, then we consider a polynomial ps obtained by dividing p; ()
by (x — 1)*, where 1 is a root of order k of the polynomial p;(x) and we

put p(x) = —zzgf;. For this polynomial p(z) : p(1) = —1 and p(r) = 0,

therefore

p(x) = (z = D]ama™ + -+ a1z + ag] — 1,

where a; € Q for every j € {0,...,m}.
Since p(r) = 0, for r # 1 we obtain

1
r—1

=™ 4+ -+ oqr + ag.

Therefore for every z € Z, where Z is a cone such that rZ C Z, we have

—zelinZ. O

We obtain in this way, via the theorem 1, another proof of the above
mentioned results from the paper [3]. In the construction of the solution of
equation (1) satisfying (5) with some transcedental number r, which was
given in [1], the Axiom of Choice is used. Below we will show that one
cannot give this construction without using non-measurable set.

We adopt the following definition (see [4]):

A function f = (f1,..., fn) : R(n) — R(n) is called nearly measurable
if for every ¢ € R(n) the sets A;(c) = {tc € R(n) : fi(tc) # 0} for i =
1,...,n are Lebesgue linearly measurable.

We will show the



On the indicator plurality function 477

Theorem 2. If a solution f of equation (1), satisfying (5) with some
r # 1, is nearly measurable, then it satisfies the conditions (10), because
Z, U{0} for v =1,...,n are cones over R.

PROOF. Let us fix an arbitrary ¢ € R(n). By (3) and (4) we get
A ()N NAl(e) + A (e) NN Aln(e) € A1 (e) N - N Alrdn(c)

for every i1,...,0n,J1,..-,Jn € {0,1} such that (i1j1,...,inJn) # 0 and
AYce)n---NA%(c) = 0. The sets A2 (c)N---N Al (c) are measurable and
disjoint for different sequences of indices i1,...,%,, moreover the set of
positive Lebesgue measure D(c) := {tc:t € R(1)} = Ai(c)N---NA,(c) is
the sum of all such sets, thus there exists a sequence of indices (i1, . .., i,) #
0 such that A% (¢) N ---N Al (c) is of positive measure.

We have

A’f(c)ﬁ-~-ﬂAf{l(c)—|—A’f(c)ﬁ---ﬂAil”(c) C Aill(c)ﬂ~--ﬁAfL”(c),

therefore according to the theorem of STEINHAUS [7] there exists a segment
of the half-line D(c) having positive lenght and contained in A} (¢)N---N
Aln(c). Since AJ*(c)N---N Ain(c) is a cone

D(c)=A%e)n---NAin(c)=Z"n---NZi" N D(c).

If ¢ € Zj, then i, # 0 and Z* N---N Zi» N D(c) C Zj, N D(c), therefore
Z N D(c) = D(c), hence tc € Zj, for every t € R(1). Because Z U {0} is
a cone, it follows that it is a cone over R. O

Corollary. A nearly measurable solution of the equation (1) satisfying
(5) with some r # 1 must have its values in the set 0(n).
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