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Riemannian submersions and slant submanifolds

By JOSÉ L. CABRERIZO (Sevilla), ALFONSO CARRIAZO (Sevilla),

LUIS M. FERNÁNDEZ (Sevilla) and MANUEL FERNÁNDEZ (Sevilla)

Abstract. We study the relationship between slant submanifolds in both Com-
plex and Contact Geometry through Riemannian submersions. We present some con-
struction procedures to obtain slant submanifolds in the unit sphere and in a Stiefel
manifold. We also generalize them by means of the Boothby–Wang fibration. Finally,
we show some characterization theorems of three-dimensional slant submanifolds.

0. Introduction

The geometry of slant submanifolds has been increasingly studied
since B.-Y. Chen defined slant immersions in complex manifolds as a
natural generalization of both holomorphic and totally real immersions
(see [7]). Later, a similar notion of slant submanifold was introduced in
Contact Geometry, which is specially important for submanifolds tangent
to the structure vector field of a contact metric manifold. The purpose of
the present paper is to study the close relationship between both theories
through Riemannian submersions.

In particular, we prove that, in some conditions, a submanifold of an
almost Hermitian manifold is slant if and only if its lift by a Riemannian
submersion is a slant submanifold of an almost contact metric manifold.
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We use this result as a method to find interesting examples. Examples of
proper slant submanifolds of a Sasakian-space-form of constant φ-sectional
curvature c have been given in [4], [10] (c = −3) and [6] (c < −3), but, until
now, there were no examples in a Sasakian-space-form with c > −3. In
fact, in this paper we exhibit a construction procedure to obtain examples
of slant submanifolds in the unit sphere with its usual Sasakian structure
(c = 1). Afterwards, we extend it in order to get ample examples in
Sasakian-space-forms with constant φ-sectional curvature c, for any c>−3.

Moreover, we also construct examples of slant immersions into a Stiefel
manifold and we generalize both procedures by using the Boothby–Wang
fibration. Finally, we present some classifications of three-dimensional slant
submanifolds of R5, by attending to their second fundamental form.

1. Preliminaries

In this section, we recall some basic formulas and definitions about
slant submanifolds in both Complex and Contact Geometry, which we shall
use later. For details and background on complex and contact manifolds,
we refer to the standard references [1], [13].

A submanifold N of an almost Hermitian manifold (Ñ , g, J) is said
to be slant [7] if for each nonzero vector X tangent to N at p, the angle
θ(X), 0 ≤ θ(X) ≤ π/2, between JX and TpN is a constant, called the
slant angle of the submanifold. In particular, holomorphic and totally
real submanifolds appear as slant submanifolds with slant angle 0 and
π/2, respectively. A slant submanifold is called proper slant if it is neither
holomorphic nor totally real. In the case where N is a Riemann surface and
Ñ is a Kaehler manifold, S. S. Chern and J. G. Wolfson introduced
the notion of Kaehler angle, defined to be the angle between J∂/∂x and
∂/∂y, where z = x +

√−1y is a local complex coordinate on N [9]. It is
clear that if N is a surface with constant Kaehler angle α, then it is a slant
submanifold with slant angle θ satisfying θ = α (resp. θ = π − α) when
α ∈ [0, π/2] (resp. α ∈ (π/2, π]).

Put JX = PX+FX, for any tangent vector field X, where PX (resp.
FX) denotes the tangential (resp. normal) component of JX. Then, θ-
slant submanifolds are characterized by the formula:

P 2 = − cos2 θ Id .
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A special type of proper slant submanifold is that of Kaehlerian slant
submanifold, i.e., a proper slant submanifold satisfying ∇′P = 0, where
∇′ denotes the Levi–Civita connection on N . It is easy to show that a
Kaehlerian slant submanifold is a Kaehlerian manifold with respect to the
induced metric and with the almost complex structure given by (sec θ)P .

In a similar way, given a submanifold M tangent to the structure
vector field ξ of an almost contact metric manifold (M̃, φ, ξ, η, G), it is
said to be slant [4] if the angle θ(X) between φX and TpM is a constant,
which is independent of the choice of p ∈ M and X ∈ Tp(M) \ Span(ξp).
In particular, for θ = 0 (resp. θ = π/2) we obtain the invariant (resp.
anti-invariant) submanifolds. Now, if we denote by TX (resp. NX) the
tangential (resp. normal) component of φX, there is an equation which
characterizes θ-slant submanifolds:

T 2 = − cos2 θ(Id−η ⊗ ξ).

In contact geometry, the similar notion to Kaehlerian slant submani-
folds is given by proper θ-slant submanifolds satisfying

(∇XT )Y = cos2 θ(g(X, Y )ξ − η(Y )X),

for any tangent vector fields X, Y , where ∇ denotes the Levi–Civita con-
nection on M . This non-trivial fact is shown in [4]. Therefore, by fol-
lowing the complex case notation, we call such a submanifold a Sasakian
slant submanifold. On the other hand, the possibility of obtaining an in-
duced contact metric structure on a slant submanifold of a contact metric
manifold is studied in [5].

2. Main results

Let M̃ be a (2m + 1)-dimensional almost contact metric manifold
with structure tensors (φ, ξ, η,G) and Ñ be a real 2m-dimensional almost
Hermitian manifold with structure (J, g). Let suppose that there exists a
Riemannian submersion π : M̃ → Ñ satisfying the conditions:

i) The vertical subspace Vp of the submersion at p ∈ M̃ is equal to
the span of ξp,

ii) φX∗ = (JX)∗,
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for any vector field X on Ñ , where ∗ denotes the horizontal lift with respect
to π. In fact, since π is a Riemannian submersion, we also have

iii) G(X∗, Y ∗) = g(X, Y ),

for any vector fields X,Y on Ñ .
Now, let M be an (n + 1)-dimensional submanifold tangent to the

structure vector field ξ of M̃ and N be an n-dimensional submanifold
of Ñ . Throughout in this section we assume that the following diagram
commutes

(2.1)

M −−−−→ M̃
y

y π

N −−−−→ Ñ

where M is the set of fibres over N .
Then, we state the following theorem:

Theorem 2.1. In the above conditions, we have:

(a) M is θ-slant in M̃ if and only if N is θ-slant in Ñ .

Moreover, if M̃ is a Sasakian manifold, we also have:

(b) M is Sasakian θ-slant in M̃ if and only if N is Kaehlerian θ-slant

in Ñ .

Proof. Statement (a) follows directly from i)–iii). In fact, in any
almost contact metric manifold, φξ = 0, and then, the condition of M

being a slant submanifold is really related to its contact distribution, which
is the horizontal subspace of the submersion at any point.

Now, suppose that M̃ is a Sasakian manifold and denote by ∇ (resp.
∇′) the Levi–Civita connection on M (resp. N). It follows from the well-
known O’Neill equations of the submersion that

∇X∗Y ∗ = (∇′XY )∗ + η(∇X∗Y ∗)ξ, η(∇X∗Y ∗) = −G(X∗, TY ∗),

for any vector fields X,Y on Ñ tangent to N . Then, we have

(∇X∗T )Y ∗ = ((∇′XP )Y )∗ −G(X∗, T 2Y ∗)ξ, (∇ξT )Y ∗ = 0,

which imply (b). ¤
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Notice that, in particular, statement (a) of Theorem 2.1 implies state-
ments (3) and (4) of [13, Proposition 3.2, p. 459].

By using Theorem 2.1, we can show the following construction proce-
dure for giving examples of proper slant submanifolds in the unit sphere.

Let π : S2m+1 → CPm(4) be the well-known Hopf fibration, where
S2m+1 (resp. CPm(4)) is endowed with its usual Sasakian (resp. Kaehle-
rian) structure. Given any isometric immersion f : N → CPm(4), then
M = π−1(N) is a principal circle bundle over N with totally geodesic fi-
bres and the lift f̂ : M → S2m+1 of f is an isometric immersion such that
the following diagram commutes:

M
f̂−−−−→ S2m+1

y
y π

N
f−−−−→ CPm(4).

It follows from Theorem 2.1 that, in order to obtain a θ-slant subman-
ifold of S2m+1, it is enough to consider a θ-slant submanifold of CPm(4).
For example, we could take the examples given in [11]. The above proce-
dure was first pointed out by B.-Y. Chen and Y. Tazawa in [8].

We can also consider the lift of the Veronese sequence in order to get
new examples of proper slant immersions into S2m+1. We recall that the
Veronese sequence ψ0, . . . , ψm is defined, for any p = 0, . . . , m, by

ψp : S2 → CPm : ψp[z0, z1] = [gp,0(z0/z1), . . . , gp,m(z0/z1)],

where [z0, z1] ∈ CP1 = S2, and

gp,j(z) =
p!

(1 + zz)p

√(
m

j

)
zj−p

∑

k

(−1)k

(
j

p− k

)(
m− j

k

)
(zz)k,

for any j = 0, . . . ,m. It was shown in [2] that every ψp is a conformal
minimal immersion with constant curvature and constant Kaehler angle
αp such that

tan2 αp

2
=

p(m− p + 1)
(p + 1)(m− p)

.

By combining this procedure and a D-homothetic deformation, we
may also obtain the following theorem, similar to [6, Theorem 3.5]:
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Theorem 2.2. Let c be a constant with c > −3. Then, there ex-

ist proper slant submanifolds in a Sasakian-space-form with constant φ-

sectional curvature c.

Proof. First, we can choose a proper slant submanifold of S2m+1,
given by the above construction procedure. We denote the usual Sasakian
structure on S2m+1 by (φ, ξ, η,G). Then, for any c > −3, we consider the
constant a = 4/(c + 3) > 0 and the D-homothetic deformation:

φ̃ = φ, ξ̃ =
1
a
ξ, η̃ = aη, G̃ = aG + a(a− 1)η ⊗ η.

It was shown in [1] that S2m+1 with this structure is a Sasakian-space-
form with constant φ-sectional curvature (4/a)− 3 = c.

Finally, it is easy to prove that a D-homothetic deformation maps
slant submanifolds into slant submanifolds. ¤

A more elaborate construction procedure for obtaining slant sub-
manifolds in a certain almost contact metric manifold can be shown as
follows. Let H be the closed connected subgroup in S3 × S3 given by
H = {(z, z) : z ∈ S1} and consider the homogeneous space (S3 × S3)/H.
Since this is a compact simply connected 5-dimensional spin manifold with
H2((S3×S3)/H;Z) = Z, it follows from a classic result of Smale [12] that
it is diffeomorphic to S2 × S3. On the other hand, if we denote by V (2, 4)
the Stiefel manifold of orthonormal 2-frames in 4-space, it is known that
V (2, 4) is diffeomorphic to (S3 × S3)/H and then, there is a diffeomor-
phism f : V (2, 4) → S2 × S3. Let π̃ : S3 → S2 be the Hopf fibration and
put F = (id × π̃) ◦ f . Hence, F : V (2, 4) → Q2 is a submersion, where
Q2 denotes the complex quadric S2 × S2. Now, put S2

∗ = S2 \ {(0, 0, 1)}
and let E : S2

∗ → C be the corresponding stereographic projection, which
preserves the complex structure of C.

Then, V (2, 4)∗ → Q2∗ → C2 is a submersion, where Q2∗ (resp.
V (2, 4)∗) denotes the manifold S2

∗ × S2
∗ (resp. F−1(Q2∗)). It is clear that,

if we consider on C2 its usual Kaehler structure, V (2, 4)∗ can be endowed
with a natural almost contact metric structure such that (E, E)◦F |V (2,4)∗
is a Riemannian submersion satisfying the above stated conditions i)–ii).
Hence, we obtain ample examples of slant surfaces in V (2, 4)∗ by consid-
ering the lifts of slant surfaces in C2 (see, for instance, [7]).

Moreover, we can give a generalization of the previous construction
procedures. Let M̃ be a (2m + 1)-dimensional compact regular contact
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manifold. According with a classical result of Boothby–Wang [3], one
can see M̃ as a circle bundle over a 2m-dimensional compact symplectic
manifold Ñ :

π : M̃ −→ Ñ .

Since Ñ carries a global symplectic form Ω, there exist a Riemannian
metric g and a tensor field J of type (1, 1) such that (g, J) is an almost
Kaehler structure on Ñ with Ω as its fundamental 2-form. Denote by η the
contact form on M̃ with d η = π∗Ω and ξ its characteristic vector field and
define a tensor field φ and a Riemannian metric G on M̃ by φX = (Jπ∗X)∗

and G = π∗(g)+η⊗η, respectively. Then, it can be proved that (φ, ξ, η,G)
is a K-contact structure on M̃ and π : (M̃, G) → (Ñ , g) is a Riemannian
submersion. Now, we have:

Theorem 2.3. In the above conditions, let M be a submanifold of M̃ .

Then, M is a S1-invariant θ-slant submanifold if and only if M = π−1(N),
where N is a θ-slant submanifold of Ñ .

Proof. Let N be a submanifold of Ñ and denote by M = π−1(N).
Then, M is a submanifold of M̃ and the characteristic vector field ξ is
tangent to M , in particular, M is S1-invariant.

The converse of the above stated fact also holds, that is, if M is a
S1-invariant submanifold of M̃ , then ξ is tangent to M and there exists a
submanifold N in Ñ with M = π−1(N). Hence, the proof concludes by
applying Theorem 2.1. ¤

3. Some applications

We now proceed to show some applications of the above stated re-
lationship between slant submanifolds and Riemannian submersions, by
considering the differential map given by

π : R5 −→ C2; (x1, x2, y1, y2, z) 7−→ 1
2
(y1, y2, x1, x2).

It is easy to see that, if we have on R5 (resp. C2) its usual Sasakian (resp.
Kaehlerian) structure, then π is a Riemannian submersion satisfying con-
ditions i)–ii). Therefore, by using this submersion, we can obtain examples
of slant submanifolds in R5 by taking the lifts of Examples 2.1, 2.3, 2.4
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and 2.5 of [7]. Notice that those examples will be similar to Examples 3.7–
3.10 of [4].

Now, suppose that we have a 3-dimensional submanifold M tangent
to the structure vector field on R5 and a surface N in C2 satisfying dia-
gram (2.1). Then, we have the following classification theorem:

Theorem 3.1. In the above conditions, M is a 3-dimensional slant

submanifold of R5 with parallel mean curvature vector if and only if M is

one of the following submanifolds:

(a) a submanifold locally isometric to an open portion of the product of

a plane circle and a circular cylinder.

(b) a submanifold locally isometric to an open portion of the product of

a circular cylinder and R.

(c) a minimal slant submanifold in R5.

Moreover, if either case (a) or case (b) occurs, then M is an anti-invariant

submanifold.

Proof. First, it is known that if the mean curvature vector of M is
parallel then the mean curvature vector of N is also parallel, and that M

is minimal if and only if N is minimal (see, for instance, [13, p. 462–463]).
Hence, the proof of this theorem follows from Theorem 1.1 of [7, p. 50] and
by taking into account that, if M is an anti-invariant submanifold, then
η(∇X∗Y ∗) = 0, for any X, Y tangent to N , which means that, in this
case, M is locally isometric to the Riemannian product of N and R. ¤

In the same conditions, we can also classify the submanifold M at-
tending to a particular behaviour of its second fundamental form σ:

Theorem 3.2. M is a 3-dimensional slant submanifold of R5 satisfy-

ing

(3.1) (∇Xσ)(Y, Z) = G(Y, TX)NZ + G(Z, TX)NY

for any tangent vector fields X,Y, Z orthogonal to ξ, if and only if M is

one of the following submanifolds:

(a) a submanifold locally isometric to an open portion of the product of

a plane circle and a circular cylinder.

(b) a submanifold locally isometric to an open portion of the product of

a circular cylinder and R.
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(c) a lift by π of an open portion of a plane in C2.

Moreover, if either case (a) or case (b) occurs, then M is an anti-invariant

submanifold.

Proof. It follows from the O’Neill equations that

(∇X∗σ)(Y ∗, Z∗) = ((∇Xσ′)(Y, Z))∗+G(Y ∗, TX∗)NZ∗+G(Z∗, TX∗)NY ∗,

for any X,Y, Z tangent to N , where σ′ denotes the second fundamental
form of N , and so, M satisfies (3.1) if and only if σ′ is parallel.

Therefore, this proof works as that of Theorem 3.1, by applying now
Theorem 1.2 of [7, p. 51]. ¤

A sufficient condition for a submanifold M , in the above conditions,
to satisfy equation (3.1) is to be totally contact geodesic, i.e., such that

σ(X, Y ) = η(X)σ(Y, ξ) + η(Y )σ(X, ξ),

for any tangent vector fields X and Y . In fact there are examples of totally
contact geodesic slant submanifolds in R5 (see, for instance, Example 3.7
of [4]).
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