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Noncommutative line spaces derived from certain ovals
of 4-dimensional translation planes

By DIETER BETTEN (Kiel) and ROLF RIESINGER (Vienna)

Abstract. We start with a differentiable function f : R? — R? with the
property that derivation defines a spread (partition) of R*. Using chords of the
graph T' of f we construct a system of curves of R? having a base point. If I’
is an oval in the associated translation plane, then this system of curves can be
endowed with a join operation such that we get a noncommutative line space in
the sense of J. André.

1. Introduction

1.1. We construct examples of (in general) noncommutative geome-
tries in the sense of J. André with point set R?. Such a geometry will be
derived from any 4-dimensional compact projective translation plane con-
taining a closed oval tangent to the translation axis. More precisely, the
point set of the geometry will be the oval minus its point of tangency with
the translation axis, and the blocks will be the socket curves on the oval
that we shall introduce in Section 1.3. A socket curve contains a distin-
guished point, and this fact allows us to define an a priori noncommutative
operation of joining ordered pairs of points.

We shall give an explicit description of four examples of such geome-
tries. The ovals used for this are lines I'; of well known 4-dimensional shift
planes, compare [9, Section 74]. It turns out that in these examples, each
socket curve is a closed subset of I'y homeomorphic to R. It remains an
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open question whether or not this is true in general. Exactly one of the
four examples (namely that which is derived from a conic in the complex
plane) turns out to be commutative (in fact, it is the real affine plane).
Here the question arises whether or not there are other commutative (or
other affine) examples that can be obtained in the same way. The non-
commutative topological geometries we present are explicit examples for
the theory developed in [7].

The shift planes generated by the four examples of ovals considered
here are the parabola model of the complex plane and the complex skew
parabola plane, see [9, 74.2], and the two single shift planes generated by
the first and second Knarr surface, see [9, 74.24]. The generating ovals are
either algebraic R-varieties, or they are composed of two such varieties, a
fact that makes computation easy.

It is unknown whether or not each oval in a translation plane tangent
to the axis generates a shift plane, compare [9, 74.17]. The construction
of the socket curves reflects some of the difficulties arising in this context.
Hence, our paper can be seen as a contribution to the problems arising in
connection with differentiating of shift planes and integration of translation
planes, compare [9, Section 74].

1.2. Let f: R? — R? : (s,t) (w(s,t),z(s,t)) be an arbitrary dif-

ferentiable function and I'y := {(s,t,w(s,t), z(s,t)) = Dst ‘ (s,t) € RQ}

its graph. By virtue of (z1,22,23,24) — (1,21, 22,23, 24)R we embed
the affine space R* into the projective space PG(4,R); by ©Q we denote
the 3-space at infinity (z9p = 0) and by f34 the line at infinity with
xg = 11 = w2 = 0. Let 75; be the tangent plane of I'y at the point
ps,t- We call f a partition function, if the line set

(T4 N Q| (5,8) € RIU{lsy} =: Sy (1)

is a spread of 2. We speak of the derived spread Sy of the partition surface
['y. The spread Sy generates an affine translation plane As, whose point
set is R* and whose lines are the translates of the tangent planes Tot-
Usually As, is called the associated affine translation plane of f and its
projective closure Ps, the associated projective translation plane of f. The
lines of the spread Sy can be interpreted as points at infinity of Ps,, hence
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Sy can be seen as translation line of Ps,. In Section 2 we will prove that
Ps, is a compact connected translation plane.

We speak of an oval partition surface I'y, if I'j, U {£34} is' a compact
oval in the associated projective translation plane Ps,.

The logical transition from 1.1. to 1.2 is described in Section 5.

1.3. For the following we assume that I'; is a partition surface of R%. By
a chord of T'y we mean a line of R* which either is tangent to I ¢ or has at
least two common points with I'y; by Cr, we denote the set of all chords

of I'y. Let L be an arbitrary line of R* not meeting ¢34, then we call
{XGCFf |X” L} =: Zp, (2)

the chord cylinder® of 'y parallel to L and

U (XNTy) =ar 3)

XeZg

socket curve of the chord cylinder Zj, or socket curve corresponding to L.
Moreover, we consider the incidence structure &; = (I'y, Ar,, €) where
'y is the set of points and the line set Ar, consists of all socket curves on
I'y; we speak of the geometry & of socket curves on I'y. We can visualize
Gy in R? by applying the ground projection

v iR = R : (21, 29,23, 24) — (21,22,0,0). (4)

A point ps; € ar, C I'y is called a base point of ar, if the tangent plane
7s¢ of Ty at psy is parallel to L. By a star Aqp, (a,b) € R%, with base
point p,p we mean the set of all socket curves having the base point pg .
We will prove

Theorem 1. Let I'y be an oval partition surface. Then each star A,
(a,b) € R?, of socket curves on I'y with vertex p,p is a simple (schlicht)

covering of T'¢ \ {pa}-

Here we have to interpret ¢34 as point at infinity of the associated translation plane
Ps;.
2We use the terms “chord cylinder” and, later, “socket curve” only as names.
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Theorem 1 enables us to define an, in general, noncommutative geom-
etry on I'y in the sense of J. André.

2. Constructing noncommutative line spaces from oval
partition surfaces

Lemma 1. If f : R? — R? is a partition function, then the associated
projective translation plane Ps, of f is compact and connected.

PROOF. The map o : R? — Sf \ {l34} : (s,t) — 75, N Q is a homeo-
morphism because f is of class C'. By [9, 64.8(a), p. 355], Sy is compact
and Ps, is a topological translation plane. Moreover, Sy is homeomorphic
to the sphere So. As S9 is compact and connected, so the same holds for
the translation line Sy of Ps,. Now [9, 41.7(a)] and [9, 42.1] show that
Ps, is compact and connected. O

By L[pst, Ts4) we denote the pencil of lines with vertex ps; in the
tangent plane 7,;. Then for the star® A, we have

As,t = {aX | X e ﬁ[ps,ta'rs,t]}-

PROOF of Theorem 1. Let ps; € 'y \ {pyp} be arbitrary and let 7,

be the tangent plane of I'y at p, ;. There is exactly one plane 7‘6|L| p Which
is incident with p,; and parallel to 7,;. Now TJ , must be different from
the tangent plane of I'y at ps; because otherwise the translation line Sy,

the line 7,5, and the line 7,, of Ps, would be three different concurrent

tangents of the topological oval I'y U {34} of Ps,, a situation that con-
tradicts [6, (3.7),p.412]. Hence the topological oval I'y U {{34} of Ps, and
I

the line Tab of Ps, have exactly two points in common, namely ps; and a

point ¢ with ¢ € (Ff U {634}) \{Ps,t}. As 7,3 NQ(E Sp\ {€34}) and 34 are
skew lines of €2, so ¢ and ¢34 are different points of Ps,, i.e., ¢ € I'y. Thus
the line ps; V ¢ =: C' is the only chord of I'; which is incident with p;
and parallel to 7,;. Therefore ac is the only socket curve of A, ; which
contains pg ;. ]

3We follow the notation of K. Niemann [7, p. iiil.
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We take the concept “line space” from [1, Chpt. 1]:
Definition 1. A structure R = (X, ) with a set X # () and a map

U:X? > PX, (z,9)—zxUyCX

is called line space (L-space), if for all z,y € X the following properties
hold:

(LO) z U = {x}

(L1) z,y e x Uy

(L2) z€ (zUy)\{z} =2Uy=2Uz
Subsets of the form x LIy are called proper lines for x # y and improper
lines for z = y.

Let pqp, st be arbitrary points of the oval partition surface I'y; for
Pab 7# Ps¢ We define pgp Uy psy to? be the unique socket curve of the
star A,y which contains pg; for pay = ps¢ we put pay Ls ps¢ = {Dap}-
Obviously, the structure Ry := (I'f, Uy) is a line space. We call R the line
space of socket curves on the oval partition surface I'y. We can visualize
MR, in R? by the y-images of the socket curves.

Remark 1. Our construction can be extended to ovals I' of any affine
translation plane T, if I' satisfies the following two conditions:

1. I" plus one ideal point [ is an oval of the projective completion of T.
2. ' U{I} does not have three confluent tangents.

The second condition is always true for closed ovals in compact connected
planes of finite topological dimension and also for ovals in finite planes of
odd order.

3. Examples of oval partition surfaces

A generating line of a 4-dimensional shift plane is also called shift
surface.

Ezample 0. fo:R?* — R?: (s,t) — (s* —t2,2st); by [9, 74.2], Ty, is a
shift surface and, by [9, p.430], 'y, is a partition surface. We call I'y, the
classical partition surface.

“When it is clear from the situation we write the join symbol without subscript f.
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Example 1. Assume that w is a fixed real number with w > 1 and

22 2st) fort>0

‘R - R?: (s,t) — (s ’ =

h - (s,2) {(52 —wt?,2st) for t < 0;
by [9, 74.2], T'y, is a shift surface and, by [3, Proof of Satz 3], I'y, is a

partition surface. We call I'y, a skew classical partition surface®.

Ezample 2 and 3. f R? = R?: (s,t) — (st— 253+ ks, (> + ks?) —
1—1284); we put fa =: flo) and f3 =: f_y) and call I'y, and Ty, the first resp.
second Knarr surface. By [9, 74.24], I'y, and I'y, are shift surfaces and

partition surfaces.

We show next that all four examples are oval partition surfaces.

Given two planar functions f and g on R which are both convex,
POLSTER [8] constructs a planar function f x g on R?, called the product
of f and g, as follows

(f % 9)(@1,22) = (f(21) — gla2), z122) for (x1,22) € R?.

In particular, for ¢ : R — R : z +— 22

we get the shift surface I'jyq
which is the image of the classical shift surface I'y, under the affinity
a: RY — R : (21,29, 73,74) — (1‘1,332,1'3,%934). Suppose w > 1 and

choose f = ¢ and g = ¢, with

2 <
qw:RHR:xH{ZE 5 for z < 0

wx* for x >0,
then I'gyq, = @(I'f,). By [8, Prop.3.4.1 and 3.5.2|, I'gxq and I'ysq,,, are oval
partition surfaces, hence the same is valid for Iy, and I'y, .

The Knarr surfaces I'y, and I'y, are oval partition surfaces because of
[4, Prop. 3].

5This example belongs to a larger class of shift planes, see [9, 74.30 and 74.31].
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Only now we are allowed to speak of the line spaces Ry, (j =0,... ,3)
of socket curves on the classical, the skew classical partition surface, the
first and second Knarr surface, respectively.

4. Testing the examples for commutativity

A line space R = (X, U) with x Uy = y U x for all 2,y € X is called
commutative, otherwise noncommautative.

Theorem 2. (a) The line space (I'y,,Ls,) of socket curves on the
classical partition surface is commutative.

(b) The line space (I'f,, Uy, ) of socket curves on a skew classical par-
tition surface is noncommutative.

(c) The line spaces (I'y,,ys,) and (I'y,,Uys,) of socket curves on the
first resp. second Knarr surface are noncommutative.

PROOF. (a) The classical partition surface I's, = {(s,t, s> — 2, 2st) =:
pst | s,t € R} is the intersection of the two quadratic coordinate hyper-
cylinders:

Cai = {(w1, 22,23, 24) € R" | 2] — a3 — 23 = 0} (5)

and

Cmu:{(x1,$2,$3,$4) €R4 ‘ 2.%‘1.%’2—1‘4:0}. (6)
Let L = {(dl,dQ,dg,d4)f ‘ ¢ e R} with (dl,dQ,dg,d4) e R? \ {(0,0,0,0)}
be an arbitrary line not meeting ¢34, i.e., (di,d2) # (0,0). In order to
describe the socket curve ay, of the chord cylinder of I'y, parallel to L, we
take the line D = {pg; + (d1,d2,d3,ds) - € | £ € R} and determine D N Cy;
and D N Cyy,. This is equivalent to the determination of the zeros of the
two polynomials

§-p1(§) € R[] with p1(€) := §(d12 — d22) + 2sdy — 2tdy — d3 resp.
5 . p2(§) S R[f] with pg(g) = 2fd1d2 + 28d2 + Qtdl — d4

in the unknown £. The line D is a chord of I'y, if, and only if, the poly-
nomials p1(§) and p(§) have a common zero. Firstly, we discuss the case
with dids # 0 and d3 — d3 # 0.
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Case didy # 0 and d3 — d3 # 0. By [10, p. 55 Elimination] the two
(linear) polynomials p;(£) and p2(€) have a common zero if, and only if,
their resultant vanishes. For the resultant R of p1(£) and p2(§) we compute

R = —2dy(d? 4 d3)s + 2d1(d? + d3)t + 2dydodz — dy(d? — d3).  (7)

For fixed (dy,ds,ds,ds) and variable (s,t) = (z1,72) € R? the condition
R = 0 describes the y-image of the socket curve ar; obviously, v(ar) is a
(straight) line®.

Also for the remaining cases the socket curve images y(ay ) are (straight)
lines.

This shows together with Theorem 1 that the v-image of Ry, is the
classical model of the real affine plane.

(b) Now we put

(st —t%,2st)  fort >0
Pt := (s,t,8% —wt?,2st) fort <0

with w > 1, and Fi resp. FJ% = {pst|s,t €Rand t>0resp. t <0}; we
denote the tangent plane of I'y, at p,; by 75;. Moreover,

Cu = {(21, 22,23, 24) € R | 2F — w2} — w3 = 0}. (8)

Now F?l and Fi are proper subsets of the two different classical partition
surfaces ®1 := Cg; N Cyy and @, := Cy N Chyy, respectively. We get T'y,

by tacking together 1“?1 and F?l along their common parabola Fi N F?l =

{(5,0,5%,0) | s € R} := peom: at each point = € peom the surfaces ®; and
®,, have the same tangent plane. We prove the assertion (b) by showing:

Po,0 U p11 # p1,1 U poo. 9)

Let 7'(|)|70 be the plane which is parallel to 79 and incident with p11; we
compute:

700 = {(21, 2,23, 24) € R* | 23 = 24 = 0}

6This way of finding the description of socket curves via a resultant has the advantage
that it works, mutatis mutandis, for all partition surfaces that are algebraic varieties.
The first and second Knarr surface I'y, and I'y, are of this kind.
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and

7_(‘]"0 = {($1,$2,£B3,l’4) € R4 | T3 = 0’ Ty = 2}

By Theorem 1, (7’&0 \ {p1,1}) NT'f, contains exactly one point, say ps to;

we get:
1
1/4
Psoto = <_w / 7_11)1/4’0’2) .

According to the definition, pg oL p1,1 is the socket curve corresponding to
G := p1.1VDsy 1, (Where V denotes the join in the affine space R*). Clearly,

Pso,to € P00 LUP11- (10)

Let 71”71 be the plane which is parallel to 711 and incident with pg o, i.e.,

= (€, 26 — 20,26 +20) | (&,) € B2}

By Theorem 1, (71”71 \ {po,o}) N Ty, contains exactly one point, namely
Psitn = (2,2,0,8). Thus we have that pi1 U poo is the socket curve
corresponding to

H:= 0,0V Psyty = {(272707 8)5 | € R}'

By HIl we denote the line which is parallel to H and incident with Dsoto-
It suffices to show

(H” \ {pso,to}) N Ff1 =0, (11)
because from (11) follows that HIl is no chord of T’ £, and therefore

Pso,to & P1,1 L po,o (12)

which together with (10) implies (9).
We are now going to prove (11). We compute

H“:{(—w”++%,7£ﬁ+aga2+8g::Q‘geR}

It turns out to be convenient to begin with the determination of the
intersection of H \{Pso,to } and the quadratic hypercylinder C,, described

by (6):
Vw+ 142w
29w

(H” \ {pSO,to}) N Cru = {bﬁo} with & =
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We will show that the point bg, is not on the quadratic hypercylinder Cg;
described by (5). For bg, € Cqi we compute the following condition:

0:w+4w3/4—4w1/4—1

=(z=1)(z+1)(z+2—V3)(z 4+ 2+ V3) with z = w!/%.

The zeros z = 1 and z = —1 are impossible because of w > 1 and w € R,
respectively; as —2 + /3 < 0 and —2 — /3 < 0, so the two other zeros are
also impossible. Consequently,

bey ¢ Cai- (13)

Secondly, we show that the point be, is not on the quadratic hypercylinder
Cy described by (8). For b, € C, we compute the following condition:

0= —4w? — 1 — 4w'/* + w? + 4w™/* + 403/
=(z—1)(2+ 1> A(2)B(2)C(2)

with

A(z) = <22+(1—\/§)z+1), B(z) = (z+;+;f—;\f2<‘/§>,

and C(z):= <z + % + %\/g—l— ;ﬁf/ﬁ) .

As above z = 1 and z = —1 are impossible. The polynomial A(z) has no
real zero. Because of —%—%\/g—i—%\@{l/g < 0 and —%—%\/g—%ﬂ{l/g < 0,
the zeros of B(z) and C(z) are also impossible. Thus we have

bey & C. (14)
From (13) and (14) we deduce bg, ¢ ®1 U ®,, which implies bg, ¢ I'f,.
Hence we have (HI'\ {ps,1,}) NTy, = 0.
(c) We put

1 1 1
p!ﬂ = <3, t, st — 553 + ks, §(t2 + ks?) — 1254> )
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(k] 4 L s
Cop =1 (x1, 22,73, 24) € R* | 2129 — 5551 +kxi—23=0,,
and

k 1 1
Clgk]l - {(x17$27333’934) eR? ‘ 5(95% + kx?) — Eﬂz% — T4 = }
for k € {0, —1}.

Knarr’s surfaces are the intersections of the two coordinate cylinders C(Elz]b

and C, [k]

biq 1 symbols

k
Lpyy = ch

cub

nCy for ke {0,-1}.

The line Ty := {(1,0,k,0)§ | £ € R} belongs to the tangent plane of

T fug Bt the point p[[ﬂ). In order to determine the socket curve ary, on

L'y, we assume that (s,t) € R? is fixed and intersect the line T [Ud =
(] + (1,0,k,00¢ | € € R} with G} and €} This is equivalent to the
determination of the zeros of the two polynomials £ - pi(§) € R[{] and
§-pa(&, k) € R[¢] with

p1(€) = €% +3s¢ —3t+3s° and

p2(& k) = (€ +2s) (—25% — 256 — €% + 6k)

in the unknown &. The line T[llld is a chord of I fig if, and only if, the

polynomials p;(£) and pa(€, k) have a common zero. Firstly, p1(£) and
(€ +25) have a common zero if, and only if, their resultant Ry := —3t + s2
vanishes. Secondly, p (&) and (—2s%—2s¢ —£2+6k) have a common zero if,
and only if, their resultant R (k) := s* — 6ks? + 36k% — 36kt + 9t> vanishes.

For variable (s,t) € R? the condition Ry = 0 yields the rational curve

1 1 1
{(s, gsz,ks, —%54 + 51{:52) ‘ s € ]R} =:¢y for ke {0,-1}. (15)
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7 [k ]

We will show now: ¢y is the socket curve' corresponding to Ty and py

is a base point on cy for k € {0,—1}.

Case k=0. The condition Ro(0) =0 implies s* +9t2 =0; as (s, ) € R?,
so s =t = 0. The point p([)] belongs to the curve c(g, hence ¢ is the
complete socket curve on I" fiop O the direction Tjp), in symbols cpg) = aTy) -

[0]

Obviously, pyy is a base point of ATy -

Case k = —1. The condition Re(—1) = 0 implies (3t + 6)? + s* +

. -1
652> = 0, and consequently, s = 0 and t = —2. The line K := {17([)7_}2 +
(1,0,—1,0)¢ | £ € R} meets L'y, exactly in p([)__l}2 and two complex con-

jugate points, therefore K is no real chord of I’ fioa) and po g_f aTy_y)-
Thus ¢[_q is the complete socket curve on Ff[—l] to the dlrectlon 11—y}, in

(1]

symbols ¢;_j) = ar,_,,. Obviously, Poo 18 a base point of ar_

[-1] 1

Because of pgg € Clk) = a1y, We have pgg € pg}o I_ngg = ary,, = CK

for k € {0,—1}. By T?Ek% we denote the tangent plane to the Knarr surface

r fu B pgﬂg, and by T:)[,]f:l,H the plane which is parallel to Té% and incident

with p[k] (k € {0,—1}). We get:
T;»E'f%” = {3317332,333,334) eR*
(6 — k)z1 — 322 + 23 = (9 — 3k)z1 — 319 + 24 = 0}
for k € {0,—1}. It is easy to verify

(A i) e =0 tor ke (0,1 (1)

By Theorem 1 (T:,[)k;” \ {p[k] )ynT fuy contains a single point, say ¥ and
rlkl e pg% Llp[k] (k € {0,—1}). From (16) follows rl¥ ¢ K = amy, =

"We point out that for the Knarr surfaces socket curves admitting a rational parametric
description are the exception to the rule. In general, socket curves on the Knarr surfaces
can be described as algebraic varieties.
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pg% pgf%, therefore

Phy Upsh # Py Uphy for k € {0,-1}. 0

5. Remark on ovals and partition surfaces

In Subsection 1.2 we took the approach using a partition surface, and
then made the additional assumption that the surface is an oval. For
the purposes of the present paper the point of view taken in 1.1 is more
appropriate, since the differentiability of f will not be used. If we start
from any 4-dimensional compact translation plane P containing a compact
oval O tangent to the translation axis, then after passage to an affine
representation with the translation axis being the line at infinity and the
point of tangency of O being the infinite point of the y-axis, the affine
part of the oval becomes an oval partition surface as defined in 1.2, and
the corresponding spread is the spread defining the affine part of P. This
follows from the results of [6] as we show now.

Indeed, by the definition of an oval, O is the graph I'; of a function f.
The main result of [6] asserts that O is a topological oval. This means
that given any pair of sequences z,,y, in O such that both converge to
the same point p, the secants x,, V y, (or, in case x,, = yp,, the tangents in
these points) converge to the tangent at p. This implies that the function
f is continuously differentiable and that the tangent planes of I'y in the
analytic sense are just the geometric tangents of the oval. Moreover, it is
shown in [6] that the tangents of O form an oval in the dual projective
plane, and this implies that each point at infinity is incident with precisely
one tangent. It follows that I's is a partition surface defining the spread
which generates P.

The authors thank the referee for his helpful proposals for improve-
ment.
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