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Hereditary properties of special Finsler manifolds

By ALY A. TAMIM (Giza)

Abstract. A necessary and sufficient condition for the horizontal second
fundamental form to be symmetric is derived. Necessary and sufficient conditions
on the imbedded Finsler manifold are established so that it inherits from the
ambient Finsler manifold the properties of being C-reducible, Landsberg, general
Landsberg, S3-like, Berwald–Cartan and p-reducible. Some special classes of
Finsler submanifolds are found.

Introduction

The theory of Finsler submanifolds is one of the most interesting theo-
ries in Finsler geometry. However, in considering submanifolds of a Finsler
manifold the immensity of difficulties is great. One of these difficulties is
the lack of symmetry of the horizontal second fundamental form; conse-
quently the horizontal Weingarten operator is not self-adjoint in general.
A second difficulty is that the induced and intrinsic connections of a Finsler
submanifold do not coincide in general ([1], [2], [9], [18], [22] etc.). Even
if we particularize our study to hypersurfaces of a Finsler manifold, the
unavoidable obstacles are still great ([6], [13], [15], [16], [19] etc.).

Various interesting results of Finsler submanifolds have been obtained
by a new method [3], [4] and [5]. By this method the induced and the
intrinsic connections are the same and all the fundamental tensor fields
are symmetric. Even by this method the theory of Finsler submanifolds
remains one of the most difficult theories in Finsler geometry. Some global
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results for submanifolds in a Minkowskian manifold have been found by
Z. Shen [17] by introducing the notions of mean and normal curvatures
which do not depend on any connection. However, our approach to the
study of the theory of submanifolds is based on the induced Finsler metric
in a natural way following the path of Riemannian geometry, so that if the
ambient manifold is Riemannian our formulas will reduce naturally to the
classical Riemannian formulas.

Because the geometry of submanifolds is described in terms of the sec-
ond fundamental form, it is natural to study isometric immersions whose
second fundamental forms are simple in some sense. We consider totally
umbilic Finsler immersions, i.e. immersions whose horizontal (respectively
vertical) second fundamental form is proportional to the metric (respec-
tively to the angular metric) tensor.

The main aim of this paper is twofold. On the one hand, we develop
the author’s studies of Finsler submanifolds ([18], [22]) to find new results
so as to enable us to solve some of the above mentioned problems; for
example we derive a necessary and sufficient condition for the horizontal
second fundamental form to be symmetric. On the other hand, we find a
special class of Finsler submanifolds for which the induced and intrinsic
connections coincide. Among the various items investigated in this pa-
per we find out another special class of submanifold for which the normal
connection is either v-flat or h-flat. Moreover, we show that a Finsler
submanifold of a C-reducible Finsler manifold is C-reducible. Thus the C-
reducibility property of a Finsler manifold is a hereditary property. The
totally geodesic property is also hereditary under vanishing of the nor-
mal curvature [18]. The locally Minkowskian property is hereditary under
the totally geodesic condition [22]. The Landsberg and general Landsberg
properties are hereditary under the totally geodesic condition. The infin-
itesimal isometry property is hereditary under the auto-parallel condition
[18]. Lastly, the S3-likeness property is hereditary under the v-umbilical
condition. The p-reducibility property is hereditary under some condi-
tions. Therefore, we establish necessary and sufficient conditions on the
imbedded Finsler manifold so that it inherits from the ambient Finsler
manifold the properties of being C-reducible, Landsberg, general Lands-
berg, S3-like, Berwald–Cartan and p-reducible.

It should be noticed that the present work is formulated in a prospec-
tive modern coordinate-free form.
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1. Notation and preliminaries

In this section, we give a brief account of the basic concepts necessary
for this work. For more details, we refer to [23] or [20]. We make the
general assumption that all geometric objects we consider are of class C∞,
except for the fundamental function on the zero section etc. The following
notations will be used throughout the paper:

V : a differentiable manifold of finite dimension n and of class C∞.

πV : TV −→ V : the tangent bundle of V .

π∗V : T ∗V −→ V : the cotangent bundle of V .

π : T V −→ V : the subbundle of nonzero vectors tangent to V .

P : π−1(TV ) −→ T V : the bundle, with base space T V , induced by π

and TV .

P ∗ : π−1(T ∗V ) −→ T V : the bundle, with base space T V , induced by π

and T ∗V .

F(V ): the R-algebra of differentiable functions on V .

X(V ): the F(V )-module of vector fields on V .

X(π(V )): the F(T V )-module of differentiable sections of π−1(TV ).

Ir
s(π): the module of π-tensor fields of type (r, s)).

Elements of X(π(V )) will be called π-vector fields. Tensor fields on
π−1(TV ) will be called π-tensor fields. The canonical vector field is the
π-vector field ϑ defined by ϑ(u) = (u, u) for all u ∈ T V . A tangent vector
X ∈ Tu(T V ) is said to be vertical if π∗(X) = 0. The linear space of all
such vectors is called the vertical space at u and is denoted by Vu(T V ).

The tangent bundle T (T V ) is related to the vector bundle π−1(TV )

by the exact sequence 0 −→ π−1(TV )
γ−→ T (T V )

ρ−→ π−1(TV ) −→ 0,
where the vector bundle morphisms are defined by ρ = (πT V , dπ) and
γ(u, v) = ju(v) respectively, where ju is the natural isomorphism ju :
TπV (v)V −→ Tu(TπV (v)V ).

Let ∇ be a linear connection (or simply a connection) in the vector
bundle π−1(TV ). We associate to ∇ the map K defined by K = ∇ϑ,
called the deflection map of ∇. A tangent vector X ∈ Tu(T V ) is said to
be horizontal if K(X) = 0. The linear space of all such vectors is called
the horizontal space at u and is denoted by Hu(T V ). The connection ∇
is said to be regular [8] if Tu(T V ) = Vu(T V )⊕Hu(T V ) for all u ∈ T V . If
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V is endowed with a regular connection, then we define a section β of the
morphism ρ by β = (ρ|H(T V ))−1 and call it the horizontal map associated
with ∇.

The torsion T and the curvature R of the connection ∇ are defined
by

T = d∇ρ, R(X, Y ) = ∇[X,Y ] − [∇X ,∇Y ] ∀ X, Y ∈ X(T V ).

The horizontal and mixed torsion tensors, denoted respectively by A and
T , are defined, for all X̄, Ȳ ∈ X(π(V )), by

A(X̄, Ȳ ) = T(βX̄, βȲ ), T (X̄, Ȳ ) = T(γX̄, βȲ ).

The horizontal, mixed and vertical curvature tensors, denoted respectively
by R, P and S, are defined, for all X̄, Ȳ , Z̄ ∈ X(π(V )), by

R(X̄, Ȳ )Z̄ = R(βX̄, βȲ )Z̄, P (X̄, Ȳ )Z̄ = R(γX̄, βȲ )Z̄,

S(X̄, Ȳ )Z̄ = R(γX̄, γȲ )Z̄.

2. Some specifications

Throughout this work, (V, L̄) will denote an n-dimensional Finsler
manifold and (M, L) an m-dimensional Finsler submanifold of (V, L̄), where
n = m + p, p ≥ 1. Entities of (V, L̄) will be marked by a bar “–”. Let ḡ

be the Finsler metric on T V and g the Finsler metric on TM induced by
ḡ. The two metrics g and ḡ are related by

g = ḡ|π−1(TM). (1)

For every u ∈ TM , let Nu be the orthogonal complement of π−1
u (TM)

in π−1
u (TV ) with respect to ḡu. Then N =

⋃
u∈TM Nu −→ TM is a vector

bundle, called the induced normal bundle for the given immersion. Let
Γ(N ) be the F(TM)-module of differentiable sections of N . The elements
of Γ(N ) will be called π-normal vector fields.

The Cartan connection ∇̄ in π−1(TV ) and the induced connection ∇
in π−1(TM) are related by the Gauss formula [9]

∇̄X Ȳ = ∇X Ȳ + H̃(X, Ȳ ), (2)
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for all X ∈ X(TM) and all Ȳ ∈ X(π(M)), where H̃ is the second funda-
mental form for the given immersion. For every ξ ∈ Γ(N ), the induced
normal connection (or simply the normal connection) ∇⊥ in the normal
vector bundle N is related to ∇̄ by the Weingarten formula

∇̄Xξ = −B̃ξX +∇⊥Xξ, (3)

where B̃ξ is the Weingarten operator associated to ξ. We have

ḡ(H̃(X, Ȳ ), ξ) = g(B̃ξX, Ȳ ). (4)

It will be noticed that the normal connection ∇⊥ is g⊥-metric, where

g⊥ = ḡ|N . (5)

For every X̄, Ȳ ∈ X(π(M)), the horizontal and vertical second funda-
mental forms, denoted respectively by H and Q, are defined by

H(X̄, Ȳ ) = H̃(βX̄, Ȳ ), Q(X̄, Ȳ ) = H̃(γX̄, Ȳ ). (6)

As the induced connection is regular and S̄(X̄, Ȳ )ϑ = 0, we have

Q(X̄, ϑ) = 0, S(X̄, Ȳ )ϑ = 0, Q(X̄, Ȳ ) = Q(Ȳ , X̄). (7)

The normal curvature vector N and the normal curvature No are given by

N(X̄) = H(X̄, ϑ) and No = N(ϑ). (8)

The horizontal maps β and β̄ are related, for every X̄ ∈ X(π(M)), by

β(X̄) = β̄(X̄) + γN(X̄). (9)

As a vector field X on TM can be represented in the form

X = γK(X) + βρX, (10)

it follows from (6) and (10) that

H̃(X, Ȳ ) = H(ρX, Ȳ ) + Q(K(X), Ȳ ), ∀ Ȳ ∈ X(π(M)). (11)

Using equations (2), (8) and (9), the π-torsion tensors T and T̄ are related,
for every X̄, Ȳ ∈ X(π(M)), by

T̄ (X̄, Ȳ ) = T (X̄, Ȳ ) + Q(X̄, Ȳ ),

T̄ (N(X̄), Ȳ )− T̄ (N(Ȳ ), X̄) = A(X̄, Ȳ ) + H(X̄, Ȳ )−H(Ȳ , X̄).



 (12)
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Theorem 1. The horizontal second fundamental form H is symmetric

if and only if No = 0 or T̄ (X̄, ξ) = 0 for every X̄ ∈ X(π(M)), ξ ∈ Γ(N ).

Proof. It should firstly be noticed that [18] No = 0 if and only if
N = 0 and that N = 0 implies A = 0 and H is symmetric. By equation
(12), it is clear that H is symmetric if T̄ (X̄, ξ) = 0 ∀ ξ ∈ Γ(N ).

Conversely, if H is symmetric, then it follows from (12) that

ḡ(T̄ (N(X̄), Ȳ ), ξ) = ḡ(T̄ (N(Ȳ ), X̄), ξ) ∀ X̄, Ȳ ∈ X(π(M)), ξ ∈ Γ(N ).

By the symmetry of the torsion tensor T̄ , the above equation takes the
form

ḡ(T̄ (X̄, ξ), N(Ȳ )) = ḡ(T̄ (Ȳ , ξ), N(X̄)).

Setting Ȳ = ϑ in this equation, it follows that ḡ(T̄ (X̄, ξ), No) = 0. But
ḡ(T̄ (X̄, ξ), No) = 0 if and only if No = 0 or T̄ (X̄, ξ) = 0. This completes
the proof. ¤

For ξ ∈ Γ(N ), the horizontal and vertical Weingarten operators, de-
noted respectively by Bξ and Wξ, are defined by

Bξ = B̃ξ ◦ β, Wξ = B̃ξ ◦ γ. (13)

It follows from (10) and (13) that

B̃ξ = Bξ ◦ ρ + Wξ ◦K. (14)

Equations (4), (6), (11) and (14) imply that

ḡ(Q(X̄, Ȳ ), ξ) = g(WξX̄, Ȳ ), ḡ(H(X̄, Ȳ ), ξ) = g(BξX̄, Ȳ ). (15)

We recall the following lemma (from [18]) which will be used in the
sequel:

Lemma 1. For every X, Y ∈ X(TM) and every Z̄ ∈ X(π(M)), we

have

R̄(X, Y )Z̄ = R(X, Y )Z̄ + B̃H̃(Y,Z̄)X − B̃H̃(X,Z̄)Y + (∇Y H)(ρX, Z̄)

− (∇XH)(ρY, Z̄) + (∇Y Q)(K(X), Z̄)− (∇XQ)(K(Y ), Z̄)

−H(T(X, Y ), Z̄) + Q(R(X, Y )ϑ, Z̄),
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where ∇Q is given by (∇XQ)(Ȳ , Z̄) = ∇⊥XQ(Ȳ , Z̄) − Q(∇X Ȳ , Z̄) −
Q(Ȳ ,∇XZ̄).

Applying Lemma 1 for X = γX̄, Y = γȲ and taking equations (6),
(7) and (13) into account, we have

Proposition 1. For every X̄, Ȳ ∈ X(π(M)), we have

S̄(X̄, Ȳ )Z̄ = S(X̄, Ȳ )Z̄ + WQ(Ȳ ,Z̄)X̄ −WQ(X̄,Z̄)Ȳ

+ (∇γȲ Q)(X̄, Z̄)− (∇γX̄Q)(Ȳ , Z̄).

Definition 1. A Finsler manifold (V, L̄) is said to be a Berwald–Cartan
manifold [7] if its third curvature tensor S̄ vanishes.

Proposition 1 and Definition 1 imply

Corollary 1. For a Finsler submanifold M of a Berwald–Cartan man-

ifold V , we have

(a) S(X̄, Ȳ )Z̄ = WQ(X̄,Z̄)Ȳ −WQ(Ȳ ,Z̄)X̄,

(b) (∇γȲ Q)(X̄, Z̄) = (∇γX̄Q)(Ȳ , Z̄).

Let RN be the curvature transformation of the normal connection∇⊥.
Using equations (2) and (3), we get

Lemma 2. For every X, Y ∈ X(TM) and for every ξ ∈ Γ(N ), we

have

R̄(X,Y )ξ = RN(X, Y )ξ + H̃(X, B̃ξY )− H̃(Y, B̃ξX)

+ B̃∇⊥Y ξX − B̃∇⊥XξY + TB̃ξ
(X, Y ),

where by TB̃ξ
(X, Y ) we mean the operator defined by

TB̃ξ
(X, Y ) = ∇XB̃ξY −∇Y B̃ξY − B̃ξ[X, Y ].

For every X, Y ∈ X(T V ) and every Z̄, W̄ ∈ X(π(V )), we will use the
notation

R̄(X,Y, Z̄, W̄ ) = ḡ(R̄(X, Y )Z̄, W̄ ).

The vertical Ricci tensor is the covariant π-tensor field Ric of degree 2,
defined for every X̄, Ȳ ∈ X(π(V )) by Ric(X̄, Ȳ ) = trace of the map Z̄ −→
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S̄(X̄, Z̄)Ȳ . The vertical Ricci map is the linear transformation Rico defined
by Ric(X̄, Ȳ ) = ḡ(Rico(X̄), Ȳ ). The vertical scalar curvature is the map
Sc : T V → R defined by Sc = trace of the map X̄ −→ Rico(X̄).

Using Proposition 1 and Lemma 2, and taking into account equations
(1), (5)–(7), (13), (15) and the fact that the vertical Weingarten operator
is self-adjoint, one can prove

Proposition 2. For every X̄1, X̄2, X̄3, X̄4 ∈ X(π(M)) and for every

ξ1, ξ2 ∈ Γ(N ), we have

(1) R̄(X̄1, X̄2, ξ1, ξ2) + P̄ (N(X̄1), X̄2, ξ1, ξ2)− P̄ (N(X̄2), X̄1, ξ1, ξ2)

+ S̄(N(X̄1), N(X̄2), ξ1, ξ2)

= RN (X̄1, X̄2, ξ1, ξ2) + g(Bξ2X̄1, Bξ1X̄2)− g(Bξ1X̄1, Bξ2X̄2),

(2) S̄(X̄1, X̄2, X̄3, X̄4) = S(X̄1, X̄2, X̄3, X̄4)

+ ḡ(Q(X̄1, X̄4), Q(X̄2, X̄3))− ḡ(Q(X̄1, X̄3), Q(X̄2, X̄4)),

(3) S̄(X̄1, X̄2, ξ1, ξ2) = SN (X̄1, X̄2, ξ1, ξ2) + g([Wξ1 ,Wξ2 ]X̄1, X̄2).

Let ¯̀be the π-form [21] defined by ¯̀(X̄) = L̄−1ḡ(X̄, ϑ), ∀ X̄ ∈ X(π(V )).
The angular metric tensor h̄ is defined by h̄ = ḡ − ¯̀⊗ ¯̀. Let ϕ̄ be the
π-tensor field defined by ϕ̄ = I − L̄−1 ¯̀⊗ ϑ, where I is the identity trans-
formation.

Definition 2. An n-dimensional Finsler manifold (V, L̄), n ≥ 3, is an
S3-like manifold [23] (or in terms of local coordinates [12]) if the π-tensor
field S̄ has the form

S̄(X̄, Ȳ , Z̄, W̄ ) = λ̄L̄−2
[
h̄(X̄, Z̄)h̄(Ȳ , W̄ )− h̄(X̄, W̄ )h̄(Ȳ , Z̄)

]
, (16)

for every X̄, Ȳ , Z̄, W̄ ∈ X(π(V )), where λ̄ ∈ F(V ); that is, λ̄ depends on
position only.

In [23] we have shown

Proposition 3. For an S3-like manifold, we have:

(a) S̄(X̄, Ȳ )Z̄=λ̄L̄−2[h̄(X̄, Z̄)ϕ̄(Ȳ )− h̄(Ȳ , Z̄)ϕ̄(X̄)] ∀X̄, Ȳ , Z̄ ∈X(π(V )),

(b) Ric = (n− 2)λ̄L̄−2h̄,
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(c) Rico = (n− 2)λ̄L̄−2ϕ̄,

(d) Sc = (n− 1)(n− 2)λ̄L̄−2.

Corollary 2. If the ambient Finsler manifold V is S3-like, then the

π-tensor field S of the imbedded manifold M is given by

S(X̄1, X̄2, X̄3, X̄4) =
Sc

(n− 1)(n− 2)

× [h(X̄1, X̄3)h(X̄2, X̄4)− h(X̄1, X̄4)h(X̄2, X̄3)]

+ ḡ(Q(X̄1, X̄3), Q(X̄2, X̄4))− ḡ(Q(X̄1, X̄4), Q(X̄2, X̄3)).

In fact, this follows from Proposition 2 by taking into account Propo-
sition 3 and the fact that h = h̄|π−1(TM).

A result of [23] states that:

Lemma 3. For every X̄, Ȳ , Z̄ ∈ X(π(V )), we have

(a) ∇̄γX̄ L̄ = ¯̀(X̄),

(b) (∇̄γX̄
¯̀)(Ȳ ) = L̄−1h̄(X̄, Ȳ ),

(c) (∇̄γX̄ ϕ̄)(Ȳ ) = −L̄−1{ϕ̄(X̄)¯̀(Ȳ ) + L̄−1h̄(X̄, Ȳ )ϑ}.
(d) (∇̄γX̄ h̄)(Ȳ , Z̄) = −L̄−1[h̄(X̄, Ȳ )¯̀(Z̄) + h̄(X̄, Z̄)¯̀(Ȳ )],

(e) ∇̄β̄X̄ L̄ = ∇̄β̄X̄
¯̀= ∇̄β̄X̄ h̄ = ∇̄β̄X̄ ϕ̄ = 0.

The mixed π-torsion tensor T̄ induces a π-tensor field of type (0, 3),
denoted again by T̄ , defined by, T̄ (X̄, Ȳ , Z̄) = ḡ(T̄ (X̄, Ȳ ), Z̄) ∀ X̄, Ȳ , Z̄ ∈
X(π(V )); it also induces a π-form C̄ defined by C̄(X̄) = trace of the map
Ȳ −→ T̄ (X̄, Ȳ ).

Definition 3. An n-dimensional Finsler manifold (V, L̄), where n ≥ 3,
is a C-reducible [23] (or in terms of local coordinates [10]) manifold if the
π-tensor field T̄ can be expressed in the form

T̄ (X̄, Ȳ , Z̄) = h̄(X̄, Ȳ )ᾱ(Z̄) + h̄(Ȳ , Z̄)ᾱ(X̄) + h̄(X̄, Z̄)ᾱ(Ȳ )

for any X̄, Ȳ , Z̄, W̄∈X(π(V )), where ᾱ is the π-form given by (n+1)ᾱ=C̄.

If c̄ is the π-vector field associated with ᾱ under the duality defined
by the metric ḡ, then we have [23]
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Proposition 4. For a C-reducible manifold (V, L̄), the π-tensor field

S̄ takes the form

S̄(X̄, Ȳ , Z̄, W̄ ) = h̄(X̄, W̄ )σ̄(Ȳ , Z̄)− h̄(X̄, Z̄)σ̄(Ȳ , W̄ )

+ h̄(Ȳ , Z̄)σ̄(X̄, W̄ )− h̄(Ȳ , W̄ )σ̄(X̄, Z̄),

where σ̄(X̄, Z̄) = 1
2c

2h̄(X̄, Z̄) + ᾱ(X̄)ᾱ(Z̄) and c2 = ḡ(c̄, c̄).

The mixed curvature tensor P̄ induces a π-tensor field of type (0, 3),

denoted by ̂̄P , defined by ̂̄P (X̄, Ȳ , Z̄) = ḡ(P̄ (X̄, Ȳ )ϑ, Z̄) for all X̄, Ȳ , Z̄ ∈
X(π(M)).

Proposition 5. For every X̄1, X̄2, X̄3 ∈ X(π(M)), we have

̂̄P (X̄1, X̄2, X̄3) = P̂ (X̄1, X̄2, X̄3) + ḡ(Q(X̄1, X̄3), N(X̄2)).

Proof. Applying Lemma 1 for X = γX̄1, Y = βX2, Z̄ = ϑ and using
(6)–(8) and (9), we get

P̄ (X̄1, X̄2)ϑ = P (X̄1, X̄2)ϑ + WN(X̄2)X̄1 − (∇γX̄1
N)(X̄2) + H(X̄2, X̄1)

−N(T (X̄1, X̄2)).

Consequently, by equation (15), we deduce that

̂̄P (X̄1, X̄2, X̄3) = P̂ (X̄1, X̄2, X̄3) + ḡ(Q(X̄1, X̄3), N(X̄2)).

This completes the proof. ¤
Definition 4. An n-dimensional Finsler manifold (V, L̄), where n ≥ 3,

is called a p-reducible manifold [23] (or in terms of local coordinates [11])

if the π-tensor field ̂̄P can be expressed in the form

̂̄P (X̄, Ȳ , Z̄) = δ̄(Z̄)h̄(X̄, Ȳ ) + δ̄(X̄)h̄(Ȳ , Z̄) + δ̄(Ȳ )h̄(X̄, Z̄)

for every X̄, Ȳ , Z̄ ∈ X(π(V )), where δ̄ is given by δ̄ = −∇̄β̄ϑᾱ.

Corollary 3. If the ambient Finsler manifold is p-reducible, then

the π-tensor field P̂ of the imbedded manifold M is given, for every

X̄1, X̄2, X̄3 ∈ X(π(M)), by

P̂ (X̄1, X̄2, X̄3) = δ̄(X̄3)h(X̄1, X̄2) + δ̄(X̄1)h(X̄2, X̄3) + δ̄(X̄2)h(X̄1, X̄3)

− ḡ(Q(X̄1, X̄3), N(X̄2)).
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Indeed, this follows from Proposition 5 and Definition 4 by taking into
account the fact that h = h̄|π−1(TM).

3. Totally v-umbilic submanifolds

As in Section 2, (M, L) will denote an m-dimensional Finsler subman-
ifold of an (m + p)-dimensional Finsler manifold (V, L̄), p ≥ 1.

Let ē1, ē2, . . . , ēm denote an orthonormal π-frame in the vector bundle
π−1(TM) at a point u ∈ TM . The vertical mean curvature normal vector
ν at u is defined by

ν =
1
m

m∑

α=1

Q(eα, eα). (17)

Definition 5. A submanifold M of a Finsler manifold V is said to be
totally v-umbilic if Q = L−1 h⊗ ν.

Lemma 4. For a totally v-umbilic submanifold M of a Finsler mani-

fold V , we have Wξ = L−1 ḡ(ν, ξ)ϕ for every ξ ∈ Γ(N ).

Proof. Since M is totally v-umbilic, it follows from (15) that
L−1h(X̄, Ȳ )ḡ(ν, ξ) = g(WξX̄, Ȳ ) for every X̄, Ȳ ∈ X(π(M)), ξ ∈ Γ(N ).
Consequently the result follows from the nondegeneracy of the metric g.

¤

Theorem 2. Suppose that M is a totally v-umbilic submanifold of a

Finsler manifold V . Then either ∇⊥γϑ ν = 0 or M is a regular curve in V .

Proof. Applying Lemma 1 for X = γX̄, Y = γϑ and using (7), we
get (∇γϑQ)(X̄, Z̄) = (∇γX̄Q)(ϑ, Z̄). As a matter of fact (∇γX̄Q)(ϑ, Z̄) =
−Q(X̄, Z̄), we have

∇γϑQ = −Q. (18)

As the imbedded manifold M is v-umbilic, it follows from Lemma 3 that

∇γϑQ = L−1h⊗ (∇⊥γϑν − ν). (19)

Substituting (19) into (18) we get h ⊗∇⊥γϑ ν = 0. But h ⊗∇⊥γϑ ν = 0
if, and only if, h = 0 or ∇⊥γϑ ν = 0. As h(X̄, Ȳ ) = g(ϕ(X̄), Ȳ ) for every
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X̄, Ȳ ∈ X(π(M)), then h = 0 implies ϕ = 0. Consequently I = L−1` ⊗ ϑ

which means that M is a submanifold of dimension one. This completes
the proof. ¤

Combining Proposition 2 and Lemma 4, we have

Proposition 6. For a totally v-umbilic submanifold M of a Berwald–

Cartan manifold V , SN vanishes.

Definition 6. A Finsler submanifold M of a Finsler manifold V is
said to be a v-minimal submanifold if its vertical mean curvature vector ν

vanishes identically.

Theorem 3. If M is a totally v-umbilic and minimal submanifold of

a Finsler manifold V , then Q vanishes.

Proof. If M is totally v-umbilic, then Q = L−1 h ⊗ ν. It follows
from Lemma 4 that trace Wξ = (m− 1)L−1 ḡ(ν, ξ) for all ξ ∈ Γ(N ). If M

is minimal, then trace Wξ = 0 for every ξ. Hence W vanishes identically.
Consequently, we deduce from (15) that Q vanishes identically. ¤

Proposition 2 and Definitions 1 and 5 imply

Lemma 5. Let M be a totally v-umbilic submanifold of a Berwald–

Cartan manifold V . We have, for every X̄1, X̄2, X̄3, X̄4 ∈ X(π(M)),

S(X̄1, X̄2, X̄3, X̄4) = ‖ν‖2L−2

× [
h(X̄1, X̄3)h(X̄2, X̄4)− h(X̄1, X̄4)h(X̄2, X̄3)

]
,

where ‖ν‖2 = ḡ(ν, ν).

Theorem 4. Let M be a submanifold of a Berwald–Cartan mani-

fold V . Then

(a) If M is totally v-umbilic and minimal, then M is Berwald–Cartan.

(b) If M is totally v-umbilic, then M is S3-like.

Proof. (a) follows from Lemma 5.

(b) follows from Lemma 5 by using the method illustrated in the course
of the proof of Proposition 16 of [23]. ¤
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The Cartan connection in π−1(TM) associated with the metric g is
called the intrinsic connection of the submanifold M . It should be empha-
sized that the induced and intrinsic connections do not coincide in general
([2], [9], [18], [22] etc.), contrary to the Riemannian case. Nevertheless, we
have

Theorem 5. For a totally v-umbilic submanifold M of a Finsler man-

ifold V, the induced and intrinsic connections of M coincide if and only if

M is v-minimal, totally geodesic or is a regular curve in V .

Proof. It should firstly be noticed that [18] M is totally geodesic if
and only if No = 0 and that No = 0 if and only if N = 0. Secondly,
the induced and intrinsic connections coincide if and only if the horizontal
torsion tensor A vanishes [2].

Now, by equation (12), we have, for every X̄, Ȳ , Z̄ ∈ X(π(M)),

g(A(X̄, Ȳ ), Z̄) = ḡ(T̄ (N(X̄), Ȳ ), Z̄)− ḡ(T̄ (N(Ȳ ), X̄), Z̄).

By the symmetry of the torsion tensor T̄ it follows, using equation (12)
again, that

g(A(X̄, Ȳ ), Z̄) = ḡ(Q(Ȳ , Z̄), N(X̄))− ḡ(Q(X̄, Z̄), N(Ȳ )). (20)

As M is totally v-umbilic, equation (20) implies that

g(A(X̄, Ȳ ), Z̄) = L−1[h(Ȳ , Z̄)ḡ(ν, N(X̄))− h(X̄, Z̄)ḡ(ν, N(Ȳ ))]. (21)

If h = 0, ν = 0 or N = 0, equation (21) shows that the horizontal torsion
tensor A vanishes. (Note that h = 0 implies that M is a regular curve
in V , as shown in the proof of Theorem 3.) Therefore, the induced and
intrinsic connections coincide.

Conversely, assume that the horizontal torsion tensor A vanishes.
Then equation (21) reduces to

h(Ȳ , Z̄)ḡ(ν,N(X̄)) = h(X̄, Z̄)ḡ(ν, N(Ȳ )).

Setting Ȳ = ϑ in the last equality, we have h(X̄, Z̄)ḡ(ν, No) = 0. But
h(X̄, Z̄)ḡ(ν, No) = 0 if and only if h = 0, ν = 0 or No = 0. Hence the
result. ¤

From Theorem 3 and from Theorem 1 of [18], we have

Corollary 4. The induced and intrinsic connections coincide on a

totally v-umbilic minimal submanifold M of a Finsler manifold V .
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4. Totally umbilic Finsler submanifolds

As before, let (M,L) be an m-dimensional Finsler submanifold of an
(m + p)-dimensional Finsler manifold (V, L̄), p ≥ 1.

In [22] we have shown that a submanifold M of a Finsler manifold V is
totally h-umbilic if and only if H = g⊗µ, where µ = 1

m

∑p
i=1(trace Bξi)ξi,

and ξ1, ξ2, . . . , ξp is an orthonormal frame in the induced normal bundle
at a point u ∈ TM . Therefore, for a totally h-umbilic submanifold M , we
have H = L−2g ⊗No, N = L`⊗ µ and No = L2µ.

Definition 7. A Finsler submanifold M of a Finsler manifold V is called
an h-minimal submanifold [9] if the horizontal mean curvature vector µ

vanishes identically.

Definition 8. A Finsler manifold (V, L̄) is a Landsberg manifold [18]
if it satisfies the condition that P̄ (X̄, Ȳ )ϑ = 0 for all X̄, Ȳ ∈ X(π(V )).

Proposition 7. For a totally h-umbilic and totally v-umbilic subman-

ifold M of a Landsberg manifold V , the π-tensor field P ⊗ϑ takes the form

P ⊗ ϑ = −ḡ(µ, ν)ϕ⊗ `.

Proof. Applying Lemma 1 for X = γX̄, Y = βȲ , Z̄ = ϑ and using
equations(6)–(9) and (13), we get

P̄ (X̄, Ȳ )ϑ = P (X̄, Ȳ )ϑ + WN(Ȳ )X̄ − (∇γX̄H)(Ȳ , ϑ)−N(T (X̄, Ȳ )).

As the ambient manifold V is Landsberg, P̄ ⊗ ϑ = 0. Consequently, we
have P (X̄, Ȳ )ϑ = −WN(Ȳ )X̄. Using equation (15) we deduce, for every

Z̄ ∈ X(π(M)), that

P̂ (X̄, Ȳ , Z̄) = −ḡ(Q(X̄, Z̄), N(Ȳ )). (22)

Assume that M is totally h-umbilic and totally v-umbilic. Then N(Ȳ ) =
L`(Ȳ )µ and Q(X̄, Z̄) = L−1h(X̄, Z̄)ν respectively. Substituting into (22),
we get P̂ (X̄, Ȳ , Z̄) = −ḡ(µ, ν)h(X̄, Z̄)`(Ȳ ). The result then follows from
this relation and the nondegeneracy of the metric g. ¤

Corollary 5. A totally h-umbilic and totally v-umbilic submanifold

M of a Landsberg manifold V is Landsberg if and only if µ = 0, ν = 0 or

M is a regular curve in V .
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Lemma 6. For a totally h-umbilic and totally v-umbilic submanifold

M of a Finsler manifold V , the horizontal torsion tensor A takes the form

A = ḡ(ν, µ) ` ∧ ϕ.

Proof. If M is totally h-umbilic and totally v-umbilic, it follows from
(20) that g(A(X̄, Ȳ ), Z̄) = ḡ(ν, µ)[h(Ȳ , Z̄)`(X̄) − h(X̄, Z̄)`(Ȳ )]. By this
equality and the nondegeneracy of g the result follows. ¤

From Lemma 6, we have

Theorem 6. A necessary and sufficient condition for the induced

and intrinsic connections of a totally h-umbilic and totally v-umbilic sub-

manifold M of a Finsler manifold V to coincide is that M is h-minimal,

v-minimal or a regular curve in V .

5. Submanifolds of C-reducible manifolds

Throughout this section, unless otherwise stated, the ambient Finsler
manifold (V, L̄) will be a C-reducible manifold.

Theorem 7. A submanifold of a C-reducible manifold is C- reducible.

Proof. Taking into account equation (1), it follows that

h = h̄|π−1(TM), C =
(

n + 1
m + 1

)
C̄|π−1(TM).

Consequently, equation (12) and Definition 3 imply that T̄ (X̄, Ȳ , Z̄) =
T (X̄, Ȳ , Z̄) for all X̄, Ȳ , Z̄ ∈ X(π(M)). Hence the result. ¤

Remark 1. A special case of the above result was obtained (in terms
of local coordinates) by Matsumoto [13] and Singh [16], where hyper-
surfaces had been considered.

Proposition 8. For a submanifold M of a C-reducible manifold V ,

the vertical second fundamental form Q takes the form Q = h⊗ c̄, where

c̄ is as defined in Proposition 4.

Proof. Using equation (12), it follows that
ḡ(Q(X̄, Ȳ ), ξ) = ḡ(T̄ (X̄, Ȳ ), ξ) for all X̄, Ȳ ∈ X(π(M)), ξ ∈ Γ(N ). Using
Definition 3 the above equality reduces to ḡ(Q(X̄, Ȳ ), ξ) = h(X̄, Ȳ )ᾱ(ξ),
since h̄(X̄, ξ) = 0 and h = h̄|π−1(TM). Thus, we have Q = h⊗ c̄. ¤
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Corollary 6. If c̄ is tangential to a submanifold M of a C-reducible

manifold V , then the vertical second fundamental form Q vanishes.

Proposition 9. The horizontal torsion tensor A of a submanifold M

of a C-reducible manifold V is given, for every X̄, Ȳ ∈ X(π(M)), by

A(X̄, Ȳ ) = ḡ(c̄, N(X̄))ϕ(Ȳ )− ḡ(c̄, N(Ȳ ))ϕ(X̄).

Proof. Using Proposition 8, equation (20) takes the form

g(A(X̄, Ȳ ), Z̄) = h(Ȳ , Z̄)ḡ(c̄, N(X̄))− h(X̄, Z̄)ḡ(c̄, N(Ȳ )).

The result follows from the nondegeneracy of g and the above equation. ¤

Corollary 7. The horizontal torsion tensor A of a totally h-umbilic

submanifold M of a C-reducible manifold V is given by A = Lḡ(c̄, µ) `∧ϕ.

The following result is a generalization of Theorem 2.2 of [15].

Theorem 8. For a submanifold M of a C-reducible manifold V , the

induced and intrinsic connections of M coincide if and only if M is totally

geodesic, c̄ = 0 or c̄ is tangential to M .

Proof. Notice first that the induced and intrinsic connections of M

coincide if and only if the horizontal torsion tensor A vanishes [2]. If M is
totally geodesic, c̄ = 0 or c̄ is tangential to M , Proposition 9 implies that
A vanishes.

Conversely, assume that the horizontal torsion tensor A vanishes. It
follows, from Proposition 9 again, that

ḡ(c̄, N(X̄))ϕ(Ȳ ) = ḡ(c̄, N(Ȳ ))ϕ(X̄) for every X̄, Ȳ ∈ X(π(M)).

Setting Ȳ = ϑ in the above equality, the left hand side vanishes identically.
Hence ḡ(c̄, No)ϕ = 0. But ḡ(c̄, No)ϕ = 0 if and only if either ϕ = 0, or
ḡ(c̄, No) = 0. If ϕ = 0, then M is a submanifold of dimension one, which
contradicts Theorem 7. Therefore ḡ(c̄, No)ϕ = 0 if and only if M is totally
geodesic, c̄ = 0 or c̄ is tangential to M . This completes the proof. ¤

The proof of the following result is not difficult.

Lemma 7. For all X̄ ∈ X(π(M)), we have

(∇̄β̄ϑᾱ)(X̄) = (∇βϑα)(X̄)− (∇̄γNoᾱ)(X̄)− ᾱ(H(ϑ, X̄)).
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Corollary 8. If No = 0, then we have, for every X̄ ∈ X(π(M)),

(∇̄β̄ϑᾱ)(X̄) = (∇βϑα)(X̄).

Definition 9. A Finsler manifold (V, L̄) is a Berwald manifold [21] if the
torsion tensor T̄ has the property that ∇̄β̄X̄ T̄ = 0 for every X̄ ∈ X(π(V )).

Definition 10. A general Landsberg manifold [21] is a Finsler manifold
(V, L̄) such that the trace of the linear map Ȳ → P̄ (X̄, Ȳ )ϑ is zero for all
X̄ ∈ X(π(V )). It is characterized by the condition that ∇̄β̄ϑC̄ = 0.

Definition 10 together with Corollary 8 imply

Proposition 10. A totally geodesic submanifold of a general Lands-

berg manifold is a general Landsberg manifold.

In [23] we have shown the following results:

Proposition 11. For a Finsler manifold (V, L̄), we have:

(a) A C-reducible manifold is a Landsberg manifold if and only if it is

a general Landsberg manifold.

(b) A C-reducible manifold is a Berwald manifold if and only if it is a

general Landsberg manifold.

Propositions 11(a), 10 and Theorem 7 imply

Proposition 12. A totally geodesic submanifold of a C-reducible gen-

eral Landsberg manifold is a Landsberg manifold.

From Propositions 11(b), 10 and 12 together with Theorem 7, we have

Theorem 9. A totally geodesic submanifold of a C-reducible general

Landsberg manifold is a Berwald manifold.

Definition 11. The normal connection ∇⊥ is v-flat [1], if SN vanishes
identically.

Proposition 6 and Definition 11 imply

Theorem 10. If M is a totally v-umbilic submanifold of a Berwald–

Cartan manifold V , then ∇⊥ is v-flat.

Theorem 11. If M is a totally v-umbilic submanifold of a C-reducible

manifold V , then ∇⊥ is v-flat.
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Proof. Since M is totally v-umbilic, we have, by Lemma 4,Wξ =
L−1ḡ(ν, ξ)ϕ for every ξ ∈ Γ(N ). Consequently, it follows from Proposi-
tion 2 that

S̄(X̄1, X̄2, ξ1, ξ2) = SN (X̄1, X̄2, ξ1, ξ2),

for all X̄1, X̄2 ∈ X(π(M)), ξ1, ξ2 ∈ Γ(N ). On the other hand, since the
ambient Finsler manifold V is C-reducible, Proposition 4 implies

S̄(X̄1, X̄2, ξ1, ξ2) = h̄(X̄1, ξ2)σ̄(X̄2, ξ1)− h̄(X̄1, ξ1) σ̄(X̄2, ξ2)

+ h̄(X̄2, ξ1) σ̄(X̄1, ξ2)− h̄(X̄2, ξ2) σ̄(X̄1, ξ1).

But since h̄(X̄i, ξi) = 0; i = 1, 2, then S̄(X̄1, X̄2, ξ1, ξ2) = 0 and conse-
quently SN = 0. Hence ∇⊥ is v-flat. ¤

Theorem 12. A totally v-umbilic submanifold M of a Landsberg

manifold V is a Landsberg manifold if, and only if, M is v-minimal, totally

geodesic or is a regular curve in V .

Proof. In the course of the proof of Proposition 7 we have shown
that the mixed curvature tensor P of a submanifold M of a Landsberg
manifold V can be represented in the form P (X̄, Ȳ )ϑ = −WN(Ȳ )X̄ for

every X̄, Ȳ ∈ X(π(M)). As M is totally v-umbilic, the last equation takes
the form

P (X̄, Ȳ )ϑ = −L−1 g(ν, N(Ȳ ))ϕ(X̄).

The result then follows from the above equation and Definition 8. ¤

6. Submanifolds of S3-like manifolds

In this section, unless otherwise stated, the ambient Finsler manifold
(V, L̄) will be an S3-like manifold.

Using Proposition 2 and taking Definition 2 into account, the following
result can be proved in an analogous way as Theorem 11.

Theorem 13. Suppose that M is a totally v-umbilic submanifold of

an S3-like manifold V . Then ∇⊥ is v-flat.

From Definition 5 and Corollary 2, we have
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Lemma 8. The vertical scalar curvature Sc of a totally v-umbilic

submanifold M of an S3-like manifold V is given by

Sc = (m− 1)(m− 2)
[

Sc
(n− 1)(n− 2)

+ L−2‖ν‖2

]
.

Theorem 14. A totally v-umbilic submanifold M of an S3-like man-

ifold V is S3-like.

Proof. Using Definition 5, Corollary 2 implies, for all X̄1, X̄2, X̄3,X̄4∈
X(π(M)), that

S(X̄1, X̄2, X̄3, X̄4) =
(

Sc
(n− 1)(n− 2)

+ L−2‖ν‖2

)

× {h(X̄1, X̄3)h(X̄2, X̄4)− h(X̄1, X̄4)h(X̄2, X̄3)}.

Using Lemma 8, we conclude from the above equality that

S(X̄1, X̄2, X̄3, X̄4) =
Sc

(m−1)(m−2)

× (
h(X̄1, X̄3)h(X̄2, X̄4)− h(X̄1, X̄4)h(X̄2, X̄3)

)
,

which means that M is an S3-like manifold. This completes the proof. ¤

Remark 2. Theorem 14 generalizes Theorem 6.1 of Abatangelo,

Dragomir and Hojo [1], where the authors obtained the same conclusion
but under much more restrictive conditions.

Definition 12. A Finsler manifold (V, L̄) is locally Minkowskian [23] if
and only if R̄ = 0 and ∇̄β̄X̄ T̄ = 0 for every X̄ ∈ X(π(V )).

Definition 13. The normal connection ∇⊥ is h-flat [1], if RN vanishes
identically.

Proposition 13. For a submanifold M of an S3-like locally Minkows-

kian manifold V , the π-tensor field R takes the form

R(X̄, Ȳ , Z̄, W̄ ) = ḡ(H(X̄, Z̄), H(Ȳ , W̄ ))− ḡ(H(X̄, W̄ ),H(Ȳ , Z̄)),

for every X̄, Ȳ , Z̄, W̄ ∈ X(π(M)).
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Proof. Applying Lemma 1 for X = βX̄, Y = βȲ and taking equa-
tions (6), (8), (9) and (13) into account, we deduce, for any W̄ ∈ X(π(M)),
that

R̄(X̄, Ȳ , Z̄, W̄ ) + P̄ (N(X̄), Ȳ , Z̄, W̄ )− P̄ (N(Ȳ ), X̄, Z̄, W̄ )

+ S̄(N(X̄), N(Ȳ ), Z̄, W̄ )

= R(X̄, Ȳ , Z̄, W̄ ) + ḡ(H(X̄, W̄ ), H(Ȳ , Z̄))− ḡ(H(X̄, Z̄),H(Ȳ , W̄ )).

If the ambient manifold V is locally Minkowskian, then R̄ = P̄ = 0.
Consequently the above equation takes the form

R(X̄, Ȳ , Z̄, W̄ ) = S̄(N(X̄), N(Ȳ ), Z̄, W̄ ) + ḡ(H(X̄, Z̄),H(Ȳ , W̄ ))

− ḡ(H(X̄, W̄ ),H(Ȳ , Z̄)). (23)

As V is an S3-like manifold, we conclude that S̄(N(X̄), N(Ȳ ), Z̄, W̄ ) = 0.
Hence the desired result follows from (23). ¤

Theorem 15. Suppose that M is a totally h-umbilic submanifold of

a locally Minkowskian manifold V . Then ∇⊥ is h-flat.

Proof. Since M is totally h-umbilic, we have N = L` ⊗ µ, Bξ =
ḡ(µ, ξ)I, and S̄(N(X̄1), N(X̄2))ξ = 0 for every ξ ∈ Γ(N ). Consequently,
for every X̄1, X̄2 ∈ X(π(M)) and every ξ1, ξ2 ∈ Γ(N ), it follows from
Proposition 2 that

R̄(X̄1, X̄2, ξ1, ξ2) + P̄ (N(X̄1), X̄2, ξ1, ξ2)− P̄ (N(X̄2), X̄1, ξ1, ξ2)

= RN (X̄1, X̄2, ξ1, ξ2).

As the ambient manifold V is locally Minkowskian, we deduce that R̄ =
P̄ = 0. Hence the result follows from the above equation. ¤

7. Submanifolds of p-reducible manifolds

Throughout this section the ambient Finsler manifold (V, L̄) will be a
p-reducible manifold.
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Proposition 14. For a totally v-umbilic submanifold M of a p-re-

ducible manifold V , the π-tensor field P̂ is given, for every X̄1, X̄2, X̄3 ∈
X(π(M)), by

P̂ (X̄1, X̄2, X̄3) = δ(X̄3)h(X̄1, X̄2) + δ(X̄1)h(X̄2, X̄3) + δ(X̄2)h(X̄1, X̄3)

+
L−1

m + 1
{ḡ(ν, N(ϕ(X̄3)))h(X̄1, X̄2) + ḡ(ν, N(ϕ(X̄1)))h(X̄2, X̄3)

+ ḡ(ν, N(ϕ(X̄2))) h(X̄1, X̄3)} − L−1h(X̄1, X̄3) ḡ(ν,N(X̄2)).

Proof. Since M is totally v-umbilic, Corollary 3 implies that, for
every X̄1, X̄2, X̄3 ∈ X(π(M)),

P̂ (X̄1, X̄2, X̄3) = δ̄(X̄3)h(X̄1, X̄2) + δ̄(X̄1)h(X̄2, X̄3)

+ δ̄(X̄2) h(X̄1, X̄3)− L−1h(X̄1, X̄3) ḡ(ν, N(X̄2)).
(24)

By the nondegeneracy of the metric ḡ, equation (24) gives rise to

P (X̄1, X̄2)ϑ = h(X̄1, X̄2)m̄ + δ̄(X̄1)ϕ(X̄2) + δ̄(X̄2)ϕ(X̄1)

− L−1 ḡ(ν,N(X̄2))ϕ(X̄1),

where m̄ is the π-vector field associated with δ̄ under the duality defined
by the metric ḡ. Taking the trace of the above equation, we have

δ̄(X̄1) = δ(X̄1) +
L−1

m + 1
ḡ(ν, N(ϕ(X̄1))). (25)

Substituting (25) into (24), the result follows. ¤

Theorem 16. A totally v-umbilic submanifold M of a p-reducible

manifold is p-reducible if and only if M is v-minimal or totally geodesic.

Proof. If M is either totally geodesic or v-minimal, then Proposition
14 implies, for every X̄1, X̄2, X̄3 ∈ X(π(M)), that

P̂ (X̄1, X̄2, X̄3) = δ(X̄3)h(X̄1, X̄2)

+ δ(X̄1)h(X̄2, X̄3) + δ(X̄2)h(X̄1, X̄3),

which means that M is a p-reducible manifold.
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Conversely, assume that the imbedded manifold M is p-reducible, then
it follows from Proposition 14, that

ḡ(ν, N(X̄2))h(X̄1, X̄3) =
1

m + 1
{ḡ(ν, N(ϕ(X̄3)))h(X̄1, X̄2)

+ ḡ(ν, N(ϕ(X̄1)))h(X̄2, X̄3) + ḡ(ν,N(ϕ(X̄2)))h(X̄1, X̄3)}.

Setting X̄2 = ϑ in the above equation, the right hand side vanishes iden-
tically. Hence ḡ(ν, No)h = 0. But ḡ(ν, No)h = 0 if and only if either h = 0
or ḡ(ν,No) = 0. If h = 0, then ϕ = 0. But ϕ = 0 implies that M is a
submanifold of dimension one (as shown in the proof of Theorem 2) which
contradicts Definition 4. Therefore ḡ(ν, No)h = 0 if and only if ν = 0 or
No = 0. This completes the proof. ¤
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