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Gaussian curvature as a null homogeneous second-order
Lagrangian

By M. CRAMPIN (Walton Hall)

Dedicated to the 80th birthday of Professor Lajos Tamdssy

Abstract. A theory of multiple-integral variational problems for second-
order Lagrangians which are homogeneous is developed, leading to a simple suffi-
cient condition for such a Lagrangian to be null (a null Lagrangian is one whose
Euler-Lagrange equations vanish identically). The theory is illustrated by using
this criterion to show that the integrand in the Gauss-Bonnet formula in surface
geometry, namely k./g where & is the Gaussian curvature of a surface and g the
determinant of its metric, considered as a Lagrangian, is null.

1. Introduction

This paper is a contribution to the study of null Lagrangians in the
context of homogeneous problems in the calculus of variations, that is,
problems in which the fundamental, or variational, integral is indepen-
dent of the choice of parameters. The variational problems of geometry
are usually of this type, foremost among them the problem of the vari-
ation of the length integral in Riemannian geometry, which leads to the
geodesic equations in parameter-independent form, that is, without the as-
sumption that the parameter is arc length (or even that the geodesics are
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affinely parametrized). Finsler geometry is a natural generalization, and
the positive-homogeneity requirement for a Finsler function is the basic
example of the kind of condition that parameter independence imposes on
a Lagrangian. It is described for example in [5] how the idea of a homo-
geneous, or parameter-independent, variational problem can be extended
to multiple integral problems, of first order in derivatives. Taking another
point of view, one could say that a manifold equipped with a homoge-
neous first-order Lagrangian of the type that occurs in this theory is an
areal space as described for example in [6]. For some recent work on ho-
mogeneous Lagrangians, of which the present paper is an outgrowth, see
1), [2].

A null Lagrangian is one whose Euler-Lagrange equations vanish iden-
tically. Null Lagrangians have an important role to play in the study of
symmetries of Lagrangian systems, in Carathéodory’s approach to the the-
ory of fields of extremals, and in the construction of integral invariants:
see for example [4] for a general discussion, and [3] for a recent account of
the homogeneous first-order case.

I shall devote the first, and larger, part of this paper to the develop-
ment of a theory of homogeneous multiple-integral variational problems
for second-order Lagrangians, that is, those depending on derivatives of
the dependent variables up to and including the second. The endpoint of
the discussion will be the derivation of a simple sufficient condition for a
homogeneous second-order Lagrangian to be null.

I shall illustrate this theory with a familiar example from the geometry
of surfaces, here regarded as defined by local imbeddings of R? in R3. From
the point of view of the calculus of variations, the most obvious conclusion
to be drawn from the Gauss—Bonnet formula, which expresses the integral
[ kdA of the Gaussian curvature s with respect to the area form dA over
a compact region of a surface purely in terms of quantities defined on
the boundary of the region, is that the integrand x./g, where g is the
determinant of the metric, is a null Lagrangian. It is of second order in
the imbedding functions, and is pretty evidently homogeneous. It is of
interest to see how this observation fits into the general theory of null
homogeneous second-order Lagrangians developed in the first part of the
paper. I shall discuss this question in the second part of the paper.
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I shall use the Einstein summation convention for repeated indices,
whichever alphabet the indices are taken from.

2. Homogeneous second-order Lagrangians

Suppose given a manifold £ of dimension n. The bundle of 2-jets at
0 of smooth maps R™ — FE, for some integer m < n, is denoted by T(Qm)E.
The 2-jet of an immersion will be called a second-order m-frame, and the
bundle of second-order m-frames over E will be denoted by f(gm)E ; it is an
open submanifold of T(Qm)E , and is its restriction to f(lm)E C T(lm)E , Where
T(lm)E and f(lm)E are the corresponding first-order objects. I denote by
75 the projection f(zm)E — f(lm)E.

I write the coordinates on both T(lm)E and f(lm)E as (uA, uf‘), where

u?, A=1,2,...,n are coordinates on E and, for any o defining the 1-jet,
do4
A
x

where the z! are natural coordinates on R™. Then F (lm)E is defined by the
condition that the matrix (uf‘) has rank m. The extra fibre coordinates in
.7-"(2m)E will be denoted by ufj, with the understanding that uJAi = uf} when
i 7.

There is no loss of generality in restricting attention to jets at 0, for if
o: R™ — FE is a smooth map, the 2-jet of o at x € R™ is the 2-jet of 0 ot,
at 0, where t,: R™ — R"™ is the translation t,y = x + y. Any smooth o
defines a map ¢: R™ — T(2m)E which sends z € R™ to the 2-jet of ¢ at z,
or equivalently the 2-jet of o ot, at 0. Similar considerations apply to the
1-jet bundles.

Each point & € F(Qm)E determines an ordered set of m linearly inde-
pendent elements of TTg(g)f(lm)E, say {&1,&2,...,&m}, as follows. Let o be

a map whose 2-jet at 0 is £&. We extend ¢ to a map 6: R™ — f(lm)E, as

described above, and set
. 0
& = 0x0 <8m2> .
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This clearly depends only on the 2-jet of o at 0, and in fact in coordinates

(where (u”t, uf, uﬁ) are the coordinates of £). The expression on the right

defines, as the coordinates vary, a vector field along the map 75, which will
be denoted by A;.

The terminology (calling a 2-jet a frame) comes from this representa-
tion, and uses the common meaning of the term “frame”, namely a linearly
independent set of vectors. Thus points of ]-"(lm)E can be considered as m-
frames (of tangent vectors) at points of E; points of ]:(Qm)E as m-frames at
points of F, (1m)E (though it should be remembered that such frames are not
arbitrary but must satisfy the symmetry conditions (¢;, duf} = (&, dul)).

Let ¢: R™ — R™ be an orientation-preserving diffeomorphism of a
neighbourhood of 0 that leaves 0 fixed, and o a smooth map R"™ — FE.
Then if (uf‘,uﬁ) are the jet coordinates of the 2-jet of o at 0, those of

o o1 are (vf,vﬁﬁ) where
A _ A0Y A _ oA OpT oY A OPYP

v,

i = U Ot (0)7 Ujk = Umn Ord (O)W(O) + Uyp Oxd Ok (O)

This generates a right action of a certain group G2 on ]:(Qm)E . The group
G4 consists of pairs (a,b) where a is a constant m x m matrix of positive
determinant and b a constant type (1,2) tensor symmetric in its lower
indices. The group multiplication law is (a,b) - (a, I;) = (a-a,c) where a-a
is the matrix product of ¢ and a and c is the tensor given by
chy, = bl abag’ + al,bly.

Thus Gy is the semi-direct product of GL(m)™, the group of mxm matrices
of positive determinant, with the space of symmetric type (1,2) tensors,
determined by the action of the former on the latter specified above. The
group G acts on .7-"(2m)E by

A, A A A, Al A A
(u uf ufy) — (u v ag, ufn,al afl + ) b?k)

I denote this action by R(g ). It makes ]-'(2m)E into a principal fibre bundle.
I call the base (that is, the quotient of f(Qm)E under the action) the second-
order sphere bundle over F, and denote it by S(zm)E . A point of S? )E can

(m
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be regarded as an oriented m-dimensional second-order contact element at
a point of F.
The action of G5 on F, 2m

. (m)
on f(m)E:

E is fibred over an action of G; = GL(m)™"

T3 0 Rigp) = Rao 1y,
where R, denotes the right action of a € GL(m)" on f(lm)E. This action
makes F, (1m)E into a principle fibre bundle over the first-order sphere bundle

S(lm) E. The diagram

2 1
]—"(m)E — j’-'(m)E

! l

2 1
S(m)E — S(m)E

is commutative. I shall denote by p: F- \E — S' | E the projection.

m) (m)
A function L on ]—"(Qm)E is said to be homogeneous if it satisfies

Lo Ryp) = (deta)L
for all (a,b) € Ga. The coordinate expression of this condition is

L(uA, uf‘aﬁ, u,‘j‘ma}”az + ufb?k) = det(aZl)L(uAy Uf‘, ufk)'

The homogeneity of L is the necessary and sufficient condition that the
variational integral it defines does not depend on the parametrization,
provided the orientation is unchanged.

A homogeneous Lagrangian does not of course pass to the quotient
under the Go action to define a function on S(Zm)E. It can, however,
be described as an object on S(Qm)E, as follows: (a,b) — deta™! is a
representation of G, and a homogeneous Lagrangian is a cross-section of
the line bundle over S(2m)E associated with the principle bundle f(Qm)E by
this representation.

The space of fundamental vector fields on f(Qm)E corresponding to the
G2 action is spanned by

Al —uA—a —i—u“}C 9 Jk—uA—a
7 7 A 7 A i M A
8uj 0 ok 8ujk
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The first of these vector fields is 73-related to a vector field on f(lm)E,
denoted by the same symbol, which is a fundamental vector field corre-
sponding to the GG action. The second projects to zero.

The homogeneity condition can be expressed in differential form using
these fundamental vector fields: it is equivalent to the conditions

ANL=¢L, AFL=0

(where 7 is the Kronecker delta).
It turns out that any m-form A on S(lm)E can be used to construct a

homogeneous Lagrangian L on f(zm)E: I shall say that A is a Lagrangian
form corresponding to the Lagrangian function L. The construction of
a Lagrangian function from a Lagrangian form proceeds as follows. Let
S f(zm)E and let {¢;} be the corresponding m-frame at 74 (£) € .7"(1m)E.

I shall write p} = p; o 73: note that

pso Riap) = p1oRyomy = promy = ph.
Set
L&) = A1) (p1a1, p1ada, - -, P14&m)-

Then L is a function on f(Qm)E , and we can write
L= (pIA) (A1, Ag,... Apy).

I shall now show that L is homogeneous, that is to say, that L o R, =
(deta)L for every (a,b) € Gy. The frame corresponding to the point
Rap)(§) is {R(qp)+&i}. From the representation

of &; and the formula

A, A A A, AL A A
(u”, u ,ujk) = (u?, Ay U @5 A+ U, bgk)

for the action of (a,b) it can be seen that

Riapyi = al&; + EALL
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Thus p1Rqp)«&i = az &j, from which it follows that

L(R(a)(§)) = Apd(Riay0) (at'&i,, a8y, ... ain,,)
= (det a’))\p%(f) (&1,&2,...,&m) = (deta)L(§)

as claimed.

The variational problem associated with a Lagrangian function L is
the problem of finding extremals o: C — FE of the integral fC(é}*L)dmx,
where C' is a compact connected m-dimensional submanifold of R™ with
boundary 0C' and d™x is the canonical volume form, subject to variations
that leave 0(9C) fixed. It is easy to see that when L is the Lagrangian
function of a Lagrangian form A,

(6*L)d™x = (p3 0 6)*\.

If X happens to be an exact form, then so is (6*L)d™x for any o; the value
of the integral fc(&*L)dmx then depends only on the value of the integrand
on the boundary, and so the variational problem for variations that leave
o(0C) fixed is trivial. Thus the Lagrangian function corresponding to an
exact Lagrangian form is null. In fact it is not necessary to check that A
is exact: it is enough to know, for example, that pi\ is exact to draw the
same conclusion.

3. Gaussian curvature

The integrand of the integral [ kdA that appears in the Gauss—Bonnet
formula defines a homogeneous Lagrangian of order 2: that is, there is a
homogeneous Lagrangian L on ]-"(2771)]R:3 such that

6*L = ky/det(gij)

where k is the Gaussian curvature of the surface given by the embedding
o: R? = R3, and gij its metric. According to the Gauss-Bonnet formula
this Lagrangian must be null. I shall show that this result can be derived
by using the construction of a null homogeneous second-order Lagrangian
function from an exact Lagrangian form as described above.
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Consider the 2-form p on .7-"(12)}1%3 defined by

(n-du;) A (n-dup)
NG )

where u;, i = 1,2, are the vector-valued functions on F(IQ)RS whose com-

IU/:

ponents are uf‘ and n is the vector-valued function on .7-"(12)]R3 given by

_up X
V9

with ¢g;; = u; - u; and g = det(g;;). Then for an embedding o defining a
surface, 6*n is a unit normal field on the surface, and 6*u = kdA (using
the definition of k in terms of the determinant of the second fundamental
form). Now p is a 2-form on F, (12)R3, whereas we seek a 2-form on S(IQ)R?’ to
serve as the Lagrangian form. In order for p to pass to the quotient, that
is to be the pull-back of a 2-form on 8(12)R3, it must be invariant under the
action of GL(2)", and must give zero when any of its vector arguments
is vertical with respect to the projection p;: ]-'(12)]R3 — 8(12)R3. It is clear
that p is invariant: when one acts with an element a of GL(2)" both the
numerator and the denominator get multiplied by det a. Furthermore, for
the fundamental vector fields Ag generated by the action,

(Az,n-duw zéin-ui = 0.

There is therefore a well-defined 2-form A on 8(12)R3 such that pjA = p,
and A is the required Lagrangian form.

One can show that p is closed by a direct calculation, with a certain
amount of effort. However, it is also possible to find a 1-form of which it
is the exterior derivative, by using some equations related to the second
structure equation. In fact one can introduce these “structure equations”
on .7:(12)R3, or indeed on any manifold on which one can find a set of three
orthonormal R3-valued functions.

Suppose that vq, a = 1,2, 3, are R3-valued functions on any manifold
M, which are orthonormal, that is, they satisfy v, - vy = 04 where 9§ is the
matrix of the Euclidean metric on R3. Then for any vector field X on M
we have

X(vq) v+ ve - X(vp) =0.
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But for any vector-valued function v, X(v) is a vector-valued function,
and may be expressed in terms of the basis of vector-valued functions vy;
thus there are 1-forms w? on M such that

X (vq) = (X, b))y

(summation over b assumed): in fact we can write
dacwy = dvg - Vp.

Then from the differentiation formula above,

dacwp + Opews = 0.
Furthermore, for any pair of vector fields X, Y on M,

X(Y (va)) = (X(Y,08) + (V.0 (X, b)) v,

from which follow the “structure equations”

dw? + Wb AwE =0.

Now let v, be orthonormal vector-valued functions on ]:(IQ)R?) such that
v1 and vo are linear combinations of u; and us and vs = n; for example,
we could obtain the v; from the u; by the Gram—Schmidt process. Then
I claim that

1= dws = —dw?.
We have
dwi = wi A w3,

from the structure equations. But
wh =n-dv;.
We can write v; = Vij u; for some functions Vij , where by orthonormality

VIV, - w = guViFV) = 645
Thus
n-dv; =n- (V/du; +u;dVy) = V/ (n- du,),
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whence

dwy = wi Aw? = (det V) (n - duy) A (n - duy).
But from the orthogonality conditions g(det V)? = 1, so that

dw% _ (n-dup) A (n-duy) -y

V9

as claimed.

On a surface w? becomes the connection form (that is, 6*w? is the con-
nection form of the surface defined by o, with respect to the orthonormal
frame induced from v; and vs). Thus the equation dwi = —wi A w3 is a
sort of master version of Gauss’s equation, and dw? = —pu of the second
structure equation, of surface theory; I emphasise that these equations re-
late geometrical objects defined on f(12)R3 , not on any particular surface.
These objects do depend on the choice of vi and vo; however, it is easy to
see that replacing them by another orthonormal pair obtained by applying
a variable rotation has the effect of adding df to wi, where the function @
is the angle through which they are rotated to obtain the new pair; w3 Aw3
is unchanged.

The observation that the Gauss—Bonnet integrand defines a null La-
grangian is of course not new. It is to be found, amongst other places no
doubt, in [4], together with a proof of the result in something of the spirit
of the foregoing. However, the authors say of their proof that “any compu-
tation will be somewhat artificial if it is not guided by geometric intuition”,
and that lacking such intuition their proof “is merely clever guesswork”.
What their approach lacks is firstly an appreciation of the importance of
the fact that the integrand is homogeneous, and secondly the realization
that surface geometry itself provides the clue to the understanding of the
geometrical objects involved.
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