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On weakly conformally symmetric Ricci-recurrent spaces
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Abstract. The present paper is concerned with n-dimensional (n > 3) Rie-
mannian spaces are weakly conformally symmetric. It is proved that such a space
satisfying the second Bianchi identity can be endowed with a uniquely determined
semi-symmetric metric connection with respect to which the conformal curvature
tensor is weakly symmetric. Finally we study weakly conformally symmetric
Ricci-recurrent spaces.

1. Introduction

The notion of weakly symmetric and weakly projective symmetric
spaces was introduced by TAMASsY and BINH [1]. A non-flat Riemannian
space V,, (n > 2) is called a weakly symmetric space if the curvature tensor
Ry, i satisfies the condition:

Rhyijig = aiRpiji + buRiijr + di Rpjk + €jRuik + frRniji (1.1)

where a, b, d, e, f are 1-forms (non-zero simultaneously) and the comma
)

,” denotes covariant differentiation with respect to the metric tensor of
the space.
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The 1-forms a, b, d, e, f are called the associated 1-forms of the space,
and an n-dimensional space of this kind is denoted by (W .S),,. Such a space
have been studied by M. PrvaNovIC¢ [2], T. Q. BinH [3], U. C. DE and
S. BANDHYOPADHYAY [4] and others. In [4] DE and BANDHYAOPADHYAY
proved that the associated 1-forms d and f are identical with b and e
respectively. Hence (WS),, is characterized by the condition

Rpijkg = aiRpiji + bpRiiji + biRuijk + e Rpak + e Rpiji- (1.2)

In the same paper [4] DE and BANDHYOPADHYAY proved the existence
of a (WS),, by considering a metric. In a subsequent paper [5] DE and
BANDHYOPADHYAY introduce the notion of weakly conformally symmetric
spaces.

An n-dimensional (n > 3) non-conformally flat Riemannian space is
called weakly conformally symmetric if its conformal curvature tensor
Chiji defined by

1
Chiji = Rhiji — nf(ghkRz‘j — gnjRit + 9ij Ruk — ginRhj)

2
R (1.3)
T 1) (0 = 9) ki Ins9in)
satisfies the condition
Chijig = @Chiji + bpCliji, + diChiji + €;Chitk + fkChiji (1.4)

where a, b, d, e, f are 1-forms (non-zero simultaneously). Such a space is
denoted by (WCS),. Since the conformal curvature tensor Cj,jj, satisfies
the skew-symmetric property for the indices, h, ¢ and j, k, like curva-
ture tensor Rp;ji also, the defining relation (1.4) can be expressed in the
following form:

Chijig = @Chiji + bpCliji, + biChiji + €;Chitk + €xChiji- (1.5)

It is well known that the conformal curvature tensor satisfies the conditions

Czhjk: + C]hki + Cli:lij =0, (1.6)
Crjr = Cipp = Cijr = 0, (1.7)
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Chijk = —Chikj = —Clinjk = Cjkni- (1.8)

An n-dimensional Riemannian space is said to be Ricci-recurrent [6]
if its Ricci tensor is non-zero and satisfies the conditions

Rijr = M\ Rij, (1.9)

where A\ is a non-zero 1-form.

If the 1-forms a = b = e = o in (1.5), then the space is called confor-
mally symmetric [7]. If the 1-forms are all equal, the space is called confor-
mally quasi-recurrent space introduced by M. PRVANOVIC [8]. Confomally
symmetric Ricci-recurrent spaces have been studied by W. ROTER [9].

2. Semi-symmetric metric connection
In general, the tensor Czhjk does not satisfy the second Bianchi identity
h h h
Cijkt+ Cirj + Cije = 0. (2.1)

In this section we suppose that condition (2.1) holds in the investigated
(WCS),.
Transvecting (1.5) with ¢g** we obtain

Ciina = aCip + 0°Cliji + biCiyy. + €y, + exCly. (2.2)
Using (1.6) and (1.8) from (2.1) and (2.2) it follows that
ACly + A;Chy + ACli; = 0, (2.3)

where A; = a; — 2e;.
Contracting h and [ in (2.3) and using (1.7) we get

ApCly = 0. (2.4)
Transvecting (2.3) with A! and using (2.4) we obtain
AACl, =0. (2.5)

Hence A;A' = 0, since by assumption C@'hjk # 0. Thus we can state the
following
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Theorem 1. The vector A; = a; — 2e; in a (WCS),, is a null vector.
Now we shall prove

Theorem 2. A weakly conformally symmetric space can be endowed
with a uniquely determined semi-symmetric metric connection with respect
to which the conformal curvature tensor is weakly conformally symmetric.

PROOF. A connection of the form
_ i h oh
F]k - {j ]{} + (5] Sk - g]kS 5

where S; is a vector field, is a semi-symmetric metric connection. In fact,
denoting the operator of covariant differention with respect to this connec-
tion by V, we have

_ 8gii = -
Vigij = 87;; = Thgrj — Tiigir = 0,
while the torsion tensor has the form
]k} — P ij — Skfs S 6]{)

We shall denote the tensors determined with respect to T’ by a tilde
above. For example, R Sk is the curvature tensor of this connection, RZ] is
the Ricci tensor, R is the scalar curvature, while

~ ~ 1 ~ ~ ~ ~
R
Y (6lgi; — g

It is known that [10]
C’L]k Cz]k
Applying the operator V to (2.6) and using (2.2), we get

(2.6)

VCly, = asCly, + V' Cuijie + biCliy + ,Cly + enCli, — S"Cuiji
— SiCly = S;Chy. — SkClyo + 608 Clip. + gisS™Cl, (2.7)
+ gJSS Czrk: + gksSTCZr



On weakly conformally symmetric Ricci-recurrent spaces 383

Therefore, if S; = A;, i.e., if
. i

and if we take into account (2.4) and (2.6), we find,

VO = asCfty + (0" — A")Cuiji + (b — A))C

sjk
(2.8)
+ (ej — Aj)Cly, + (er — Ap)Cl,

which implies that the conformal curvature tensor is weakly conformally
symmetric with respect to the connection V. This completes the proof of
the theorem. O

If, in particular, A; = b; = e;, then (2.8) reduces to @SCZ,C = aSijk.
Hence we can state the following

Corollary. A weakly conformally symmetric space can be endowed
with a uniquely determined semi-symmetric metric connection with respect
to which the conformal curvature tensor is recurrent if the associated vector
S; of the semi-symmetric connection is equal to the associated vectors b;
and e; of a weakly conformally symmetric space.

3. Weakly conformally symmetric Ricci-recurrent space

A Ricci-recurrent space is defined by (1.6). Transvecting (1.6) with
g%, we obtain
Ry = AR (3.1)
Hence if R # 0, the recurrence vector Ay is gradient. W. ROTER [9] proved
that in a Ricci-recurrent space the following relations

;lm
and
, 1
Rm-Rj = §RRij (3.3)
hold.
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In view of the known result R} & = %Rvj (1.6) implies that
s 1
AsRS = §R)\j. (3.4)

Transvecting (1.5) with ¢g** we obtain

Cfgij = alCZ‘Sjk + bS(Jlijk + bZ-ijk + eijlk + ekajl.

)

3 S - S - S
Since Csjk = stk =C

ks = 0, the above equation reduces to

= T, (3.5)

S
ijk,s
where T = as + bs.
It is known that in a Riemannian space [11, p. 91]
n—3 1 1
Como =13 [(R’f BECEDR g”’) ) (R““ I g’fﬂ

which in view of (1.6) and (3.4) yields,

n—3 1
Ol = —— || Ry — ————Rg;i |\
(G = K

(3.6)
— | Rir — ik | A
(= g o )
Since TsT'Cyj;, = 0, equation (3.6) implies
TR — 1 RT ) M\ = (TR — — Ry ) A, (3.7)
U T —1) )T TR T (1) ) '

Transvecting (3.7) with R’;’ using (3.3) and (3.4), and then comparing it
with (3.7) we get
1

T.R} = S RT;. (3.8)

Transvecting (1.5) with 7" and by virtue of (3.6) and (3.8) we get

n—3 1 2
i (o gy o) e (= gyt o
1
= TR, — m(TkRij —TjRix) (3.9)
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3—n

Ty —2)

R(Ty9ij — T Rix,)-

Now
TR R, = T°R} Ry = —~T° R Rigji

ijk
= —T°Ri,R.j, = T°Ri R}, by (3.2)

1 i
= SRTT;; by (38).

Transvecting (3.9) with R} and using the above relation and (3.3) we
obtain
n—3 s 2
1 ARip = A Rip) = ToRpjp — ——— (TieRjp — TjRiyp)
which, by contraction with ¢/ yields
n—3
n—1
Now using (3.4) and (3.8) we obtain T} = \.
Thus we can state the following

. ) .
(RA, = \jR}) = TR} — ———(TiR — T;R}).

Theorem 3. In a weakly conformally symmetric Ricci-recurrent space
with R # 0, the relation A\, = a + by holds.
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