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On weakly conformally symmetric Ricci-recurrent spaces
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Abstract. The present paper is concerned with n-dimensional (n > 3) Rie-
mannian spaces are weakly conformally symmetric. It is proved that such a space
satisfying the second Bianchi identity can be endowed with a uniquely determined
semi-symmetric metric connection with respect to which the conformal curvature
tensor is weakly symmetric. Finally we study weakly conformally symmetric
Ricci-recurrent spaces.

1. Introduction

The notion of weakly symmetric and weakly projective symmetric
spaces was introduced by Tamássy and Binh [1]. A non-flat Riemannian
space Vn (n > 2) is called a weakly symmetric space if the curvature tensor
Rhijk satisfies the condition:

Rhijk,l = alRhijk + bhRlijk + diRhljk + ejRhilk + fkRhijl (1.1)

where a, b, d, e, f are 1-forms (non-zero simultaneously) and the comma
’ , ’ denotes covariant differentiation with respect to the metric tensor of
the space.

Mathematics Subject Classification: 53.
Key words and phrases: weakly symmetric spaces.



380 U. C. De

The 1-forms a, b, d, e, f are called the associated 1-forms of the space,
and an n-dimensional space of this kind is denoted by (WS)n. Such a space
have been studied by M. Prvanović [2], T. Q. Binh [3], U. C. De and
S. Bandhyopadhyay [4] and others. In [4] De and Bandhyaopadhyay

proved that the associated 1-forms d and f are identical with b and e

respectively. Hence (WS)n is characterized by the condition

Rhijk,l = alRhijk + bhRlijk + biRhljk + ejRhilk + ekRhijl. (1.2)

In the same paper [4] De and Bandhyopadhyay proved the existence
of a (WS)n by considering a metric. In a subsequent paper [5] De and
Bandhyopadhyay introduce the notion of weakly conformally symmetric
spaces.

An n-dimensional (n> 3) non-conformally flat Riemannian space is
called weakly conformally symmetric if its conformal curvature tensor
Chijk defined by

Chijk = Rhijk − 1
n− 2

(ghkRij − ghjRik + gijRhk − gikRhj)

+
R

(n− 1)(n− 2)
(ghkgij − ghjgik)

(1.3)

satisfies the condition

Chijk,l = alChijk + bhClijk + diChljk + ejChilk + fkChijl (1.4)

where a, b, d, e, f are 1-forms (non-zero simultaneously). Such a space is
denoted by (WCS)n. Since the conformal curvature tensor Chijk satisfies
the skew-symmetric property for the indices, h, i and j, k, like curva-
ture tensor Rhijk also, the defining relation (1.4) can be expressed in the
following form:

Chijk,l = alChijk + bhClijk + biChljk + ejChilk + ekChijl. (1.5)

It is well known that the conformal curvature tensor satisfies the conditions

Ch
ijk + Ch

jki + Ch
kij = 0, (1.6)

Cr
rjk = Cr

irk = Cr
ijr = 0, (1.7)
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Chijk = −Chikj = −Cihjk = Cjkhi. (1.8)

An n-dimensional Riemannian space is said to be Ricci-recurrent [6]
if its Ricci tensor is non-zero and satisfies the conditions

Rij,k = λkRij , (1.9)

where λk is a non-zero 1-form.
If the 1-forms a = b = e = o in (1.5), then the space is called confor-

mally symmetric [7]. If the 1-forms are all equal, the space is called confor-
mally quasi-recurrent space introduced by M. Prvanović [8]. Confomally
symmetric Ricci-recurrent spaces have been studied by W. Roter [9].

2. Semi-symmetric metric connection

In general, the tensor Ch
ijk does not satisfy the second Bianchi identity

Ch
ijk,l + Ch

ikl,j + Ch
ilj,k = 0. (2.1)

In this section we suppose that condition (2.1) holds in the investigated
(WCS)n.

Transvecting (1.5) with gsh we obtain

Cs
ijk,l = alC

s
ijk + bsClijk + biC

s
ljk + ejC

s
ilk + ekC

S
ijl. (2.2)

Using (1.6) and (1.8) from (2.1) and (2.2) it follows that

AlC
h
ijk + AjC

h
ikl + AkC

h
ilj = 0, (2.3)

where Ai = ai − 2ei.
Contracting h and l in (2.3) and using (1.7) we get

AhCh
ijk = 0. (2.4)

Transvecting (2.3) with Al and using (2.4) we obtain

AlA
lCh

ijk = 0. (2.5)

Hence AlA
l = 0, since by assumption Ch

ijk 6= 0. Thus we can state the
following
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Theorem 1. The vector Ai = ai − 2ei in a (WCS)n is a null vector.

Now we shall prove

Theorem 2. A weakly conformally symmetric space can be endowed

with a uniquely determined semi-symmetric metric connection with respect

to which the conformal curvature tensor is weakly conformally symmetric.

Proof. A connection of the form

Γ̃h
jk =

{
i

j k

}
+ δh

j Sk − gjkS
h,

where Si is a vector field, is a semi-symmetric metric connection. In fact,
denoting the operator of covariant differention with respect to this connec-
tion by ∇̃, we have

∇̃kgij =
∂gij

∂xk
− Γ̃r

klgrj − Γ̃r
kjgir = 0,

while the torsion tensor has the form

T i
jk = Γ̃i

jk − Γ̃i
kj = Skδ

i
j − Sjδ

i
k.

We shall denote the tensors determined with respect to Γ̃ by a tilde
above. For example, R̃h

ijk is the curvature tensor of this connection, R̃ij is
the Ricci tensor, R is the scalar curvature, while

C̃h
ijk = R̃h

ijk −
1

n− 2
(gijR̃

h
k − gikR̃

h
j + δh

k R̃ij − δh
j R̃ik)

+
R̃

(n− 1)(n− 2)
(δh

kgij − δh
j gik).

It is known that [10]

C̃h
ijk = Ch

ijk. (2.6)

Applying the operator ∇̃ to (2.6) and using (2.2), we get

∇̃C̃h
ijk = asC

h
ijk + bhCsijk + biC

h
sjk + ejC

h
isk + ekC

h
ijs − ShCsijk

− SiC
h
sjk − SjC

h
isk − SkC

h
ijs + δh

s SrC
r
ijk + gisS

rCh
rjk

+ gjsS
rCh

irk + gksS
rCh

ijr.

(2.7)
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Therefore, if Si = Ai, i.e., if

Γ̃h
jk =

{
i

j k

}
+ δh

j Ak − gjkA
h,

and if we take into account (2.4) and (2.6), we find,

∇̃sC
h
ijk = asC

h
ijk + (bh −Ah)Csijk + (bi −Ai)Ch

sjk

+ (ej −Aj)Ch
isk + (ek −Ak)Ch

ijs

(2.8)

which implies that the conformal curvature tensor is weakly conformally
symmetric with respect to the connection ∇̃. This completes the proof of
the theorem. ¤

If, in particular, Ai = bi = ei, then (2.8) reduces to ∇̃sC
h
ijk = asC

h
ijk.

Hence we can state the following

Corollary. A weakly conformally symmetric space can be endowed

with a uniquely determined semi-symmetric metric connection with respect

to which the conformal curvature tensor is recurrent if the associated vector

Si of the semi-symmetric connection is equal to the associated vectors bi

and ei of a weakly conformally symmetric space.

3. Weakly conformally symmetric Ricci-recurrent space

A Ricci-recurrent space is defined by (1.6). Transvecting (1.6) with
gij , we obtain

R,k = λkR. (3.1)

Hence if R 6= 0, the recurrence vector λk is gradient. W. Roter [9] proved
that in a Ricci-recurrent space the following relations

RriR
r
jlm + RrjR

r
ilm = 0 (3.2)

and

RriR
r
j =

1
2
RRij (3.3)

hold.
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In view of the known result Rs
j,s = 1

2R,j (1.6) implies that

λsR
s
j =

1
2
Rλj . (3.4)

Transvecting (1.5) with gsh we obtain

Cs
ijk,l = alC

s
ijk + bsClijk + biC

s
ljk + ejC

s
ilk + ekC

s
ijl.

Since Cs
sjk = Cs

jsk = Cs
jks = 0, the above equation reduces to

Cs
ijk,s = TsC

s
ijk, (3.5)

where Ts = as + bs.
It is known that in a Riemannian space [11, p. 91]

Cs
ijk,s =

n− 3
n− 2

[(
Rij,k − 1

2(n− 1)
R,k gij

)
−

(
Rik,j − 1

2(n− 1)
R,j gik

)]

which in view of (1.6) and (3.4) yields,

TsC
s
ijk =

n− 3
n− 2

[(
Rij − 1

2(n− 1)
Rgij

)
λk

−
(

Rik − 1
2(n− 1)

Rgik

)
λj

]
.

(3.6)

Since TsT
iCs

ijk = 0, equation (3.6) implies
(

TsR
s
j −

1
2(n− 1)

RTj

)
λk =

(
TsR

s
k, −

1
2(n− 1)

RTk

)
λj . (3.7)

Transvecting (3.7) with Rk
p, using (3.3) and (3.4), and then comparing it

with (3.7) we get

TsR
s
j =

1
2
RTj . (3.8)

Transvecting (1.5) with T h and by virtue of (3.6) and (3.8) we get

n− 3
n− 2

[(
Rij − 1

2(n− 1)
Rgij

)
λk −

(
Rik − 2

2(n− 1)
Rgik

)
λj

]

= TsR
s
ijk −

1
n− 2

(TkRij − TjRik) (3.9)
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+
3− n

2(n− 1)(n− 2)
R(Tkgij − TjRik).

Now

TsR
s
ijkR

i
p = T sRi

pRsijk = −T sRi
pRisjk

= −T sRipR
i
sjk = T sRisR

i
pjk, by (3.2)

=
1
2
RTiT

i
pjk by (3.8).

Transvecting (3.9) with Ri
p and using the above relation and (3.3) we

obtain

n− 3
n− 1

(λkRjp − λjRkp) = TsR
s
pjk −

2
n− 1

(TkRjp − TjRkp)

which, by contraction with gpj yields

n− 3
n− 1

(Rλk − λjR
j
k) = TsR

s
k −

2
n− 1

(TkR− TjR
j
k).

Now using (3.4) and (3.8) we obtain Tk = λk.
Thus we can state the following

Theorem 3. In a weakly conformally symmetric Ricci-recurrent space

with R 6= 0, the relation λk = ak + bk holds.
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