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The Weyl tensors

By DEMETER KRUPKA (Brno)
Dedicated to Professor L. Tamdssy on his 80th birthday

Abstract. The projections of tensor spaces of types (1,3), (2,2), and (1,4)
over a real, n-dimensional vector space onto their complementary subspaces of
Weyl (i.e. traceless), and Kronecker tensors are considered. The corresponding
trace decomposition formulas providing a basis for an algebraic classification of
these tensor, are discussed.

1. Introduction

In this paper, R denotes the field of real numbers, and E is a real,
n-dimensional vector space. The space of tensors of type (r,s) over E is
denoted by 77 E. In a (fixed) basis e; of E, we usually denote a tensor
U € TTE by its components, i.e., we write U = Uf}g::ir.

Let r and s be any positive integers. We define a Weyl tensor to be
any traceless tensor W € T E. We define a Kronecker tensor as a tensor

VellE, V= V]Zf]’;;:? of the form

ilig...ir _ il (1)i2i3---i7' il (1)7;2i3---ir . il (1)i2i3---i7'
Via i = 0.V Wjagsde 052 Viyjigsge T+ 05 Visyjrsoion

12 (2)1'12'3...1} 12 (2)1:17;3...1:7« 12 (2)7,'11'3...1'7«
05 Vi iagange T 05V @iigade T T 05 Vis)jrgandecs
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i (r)i2i3...ir—1 i (r)i2is...ir—1 L ir 1 (7)1293. i —1p
05 Vjajsge 00V @usege T 0 Vis)iugs e

for some tensors V) € TrjllE ) A 7aCok 1?2"'?“1; the Kronecker tensors
(@) s (9) (@)152--Js—1 o

are also called d-generated. According to the trace decomposition theorem,

every tensor U € TT'E can be uniquely decomposed into the Weyl (i.e.,

traceless), and Kronecker components. Examples show, however, that for

lower dimensions, the tensors V(S;)

trace decomposition theory we refer to KRUPKA [8], [9], and MIKES [10].

The natural trace operation is defined on the basis of duality of vector

may not be unique. For the general

spaces, i.e., only in mixed tensor spaces, and does not require any metric
tensor structure on the underlying vector space. In contradistinction to the
metric tensor case (see e.g. WEYL [14], HAMERMESH [5], Chapter 10, and
WELSH [13]), the trace operation is invariant with respect to the general
linear group. In this setting, the trace decomposition problem appears
as a problem of the theory of systems of linear equations, or of natural
projectors in mixed tensor spaces [7], rather than a problem of the group
representation theory.

The aim of this note is to review recent results on the trace decompo-
sition of tensors of type (1,3), (2,2), and (1,4) (see [6], [8], [9]). Tensors
of these types appear in differential geometry of Riemann, and Finsler
spaces (curvature tensors and their covariant derivatives), and their trace
decompositions represent a basis for an (algebraic) classification of the
underlying geometric structures. In particular, it turns out that the Weyl
components in these cases coincide with the classical Weyl tensors, char-
acterizing various geometric properties of smooth manifolds endowed with
linear connections (see e.g., BOKAN [1], CHERN, CHEN, LAM [2], EISEN-
HART [3], GROMOLL, KLINGENBERG, MEYER [4], TAMASsy, BINH [11],
THOMAS [12], WEYL [15]).

2. The Weyl tensors of type (1,3)

Consider the tensor space T4 E. In general, a tensor U € T4 E has three
traces, the (1,1)-, (1,2)-, and (1, 3)-traces. the Ricci tensor of U is defined
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to be the (1,2)-trace Uj,,,. In the following theorem, we give the basic
trace decomposition formula for tensors of type (1,3), which defines the
Weyl component of these tensors. The proof, based on an explicit solution
of the trace decomposition equations, can be found in [8]. E denotes a real
vector space of dimension n > 3.

Theorem 1. Let dim E > 3, and let U € T31E, U = U,’igm. There
exists a unique Weyl tensor W € T4E, W = W,igm, and unique tensors
P,Q.Re TQOE, P = Py, Q = Qrm, R = Ry such that

These tensors are given by

1

_ 2 t 2 t
Pre = W2 = D)2 = 4) (n(n” = 3)Ugy — (n° — 2)Usyy
+nUfy — 20Uy + nUfy, — (n* = 2)Uf,),
1 2 ¢ 2 ¢
Qre = 2 = 1)(n2 = 4) (=(n" = 2)Use + n(n” = 3)Upy
- (n2 - 2>Ul€€t + nUka - 2Ugtk + ”Ufkt):
1
Ry = (nUfyy — (n* = 2)Ufy + n(n® = 3)Ufy,

(n?2 —1)(n? —4)
— (n® = 2)Uly, + nUfy, — 2Ufy),

and
Wliém = Uléfm - 512me - (%ka - 51171ka

In a series of corollaries, we now compute the Weyl components of
tensors U = U ,iZm, satisfying certain symmetry conditions. The proofs are
easy applications of Theorem 1.

Corollary 1. Let n >3, and let U € T4 E, U = U}, .. Assume that
Ulifm + U/sz =0. (1)

Then there exists a unique Weyl tensor W &€ T31E, W = W,iem, and unique
tensors P,Q € TYE, P = Py, Q = Qkm, such that
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These tensors are given by

Pry = W((” — DU + Ugyy — Ugge),
Qur = gy gy (= DU + (0 = n = DUk = V).
and
Witm = Ukem e 1>1(n — 2)512((71 — VUfp, + Upse = Ui
— =y (= Wik + (1 =1 = DU}~ V)
+ g (0~ DU+ (02 == U~ ).

PROOF. The proof is straightforward. We substitute from (1) to (2),
and then we use Theorem 1 and the identities n® —3n+2 = (n+2)(n—1)2,
nd+n?—3n—-2=m+2)(n? -—n-1),andn’ +n—-2=(n+2)(n—-1). O

Remark 1. Corollary 1 describes, in particular, the trace decomposi-
tion of the curvature tensors of linear connections on smooth manifolds;
these tensors satisfy property (1). Note that the d-components in (2) de-
pends on both the (1, 1)-trace, and (1, 2)-trace of U.

Corollary 2. Let n > 3, and assume that U = U};zm satisfies
Ul & Ubne = 0, Ubp + Ubog + Ubyrie = 0. (3)

Then there exists a unique Weyl tensor W & T31E, W = W]iém’ and unique
tensors P,Q € TYE, P = Py, Q = Qum, such that

Uli@m = lefm + 5lngZm + (%ka - (ﬁanﬁ

These tensors are given by

P = m(UW — Ulw),
(4)
1 t t 1 t
Qre = m(Ukw + Up,) + 2(n+ 1) (Ukte — Ups.)
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and

i ; I
Wiem = Urem — m%(Uém — Upote) -
5
1 1.
R 15£(nUlitm + Up) + ﬁCSm(nUlitf + Ulype)-

PROOF. Using identities (3), we find U}, = —U},,, — Uk, = Uk, — Uk,
Formulas (4), (5) now follow from Theorem 1. O

Remark 2. The tensor W = W}, (5) is the Weyl projective curvature
tensor. It follows from Corollary 2 that under the symmetry assumptions
(3), the tensor U = U;M is completely determined by its (1, 2)-trace U},
i.e., by the Ricci tensor, and by the Weyl projective curvature tensor.
Note, however, that the Weyl and the Ricci tensors are not sufficient to
determine the trace decomposition (2) in Corollary 1.

Remark 3. Identities (3) are satisfied by the curvature tensor of a
connection without torsion (see e.g. GROMOLL, KLINGENBERG, MEYER
[4]), and by the first Chern connection in Finsler geometry (see CHERN,
CHEN, LaM [2], Chapter 8).

Corollary 3. Let n > 3, and assume that U = U}, = satisfies
Utim + Ukme = 0, Uy, = Uy

Then there exists a unique Weyl tensor W &€ T31E, W = W,izm, and unique
tensors P,Q € TYE, P = Py, Q = Qim, such that

Ubom = Wiem + 0% Pom + 6iQrm — 61, Qre-

These tensors are given by

n—1 1 1
Py=— Ut = —  yUt,+—Ut
M= Do) ke RS T g ke T 1 ke
and
Wi U S B Ut
kém ktm (n+ 1)(n_ 2) k™ ttm

_.I_
2

] 1 t 1 t
<(TL + 1)(n _ 2) Utkm n — 1Uktm)
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. 1 1
— 0 Uy — ——Uk, ).
m<(n+1)(n_2) tke n—1 k:tﬁ)
PROOF. We use Theorem 1, and the identity n?—n —2=(n —2)(n+1).
U

Corollary 4. Let n > 3, and assume that U = U}, = satisfies
Ulifm + Ulimﬁ = 0’ Uliﬂm + U;nkﬁ + Ul%mk: = 07 ngg =0. (6)

Then there exists a unique Weyl tensor W & T31E, W = W,iem, and a
unique tensor () € TQOE, Q = Qpm, such that

Ubim = Wiem + 01Qpm — 04, Qe

These tensors are given by

1
n—1

i i 1 i i
Qre = Ubis Wiem = Upgm, — m(ééUfntk — 00 Ul)-
Proor. This follows from Corollary 2. ]

Remark 4. Conditions (6) are equivalent with
4 . : 4 . . :
Uktm + Ukme = 05 Uppmy + Upopr + Uyt = 0, Upge = Uiy,
The third of these conditions means that the Ricci tensor is symmetric.

We now discuss a symmetry condition which appears in Finsler geom-
etry.

Corollary 5. Let dim E > 3, and let U € T31E, U= Uliﬁm' Assume
that
Ulzfm - Uékm =0.

Then there exists a unique Weyl tensor W € T31E, W = W,iem, and unique
tensors P, R € TQOE, P =Py, R = Ryy, such that

Uliém = Wliﬁm + 511;;P€m + 52Pkm + 5iang.

These tensors are given by

1

Pre = 2= 1)(n+4)

((n® +n = D)Ufy + Uly, — (n+ 1)Ufy,),
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= m(—Uﬁw — Ufys + (n+ DUy,
and
_ 1
(n2—=1)(n+4)
X (5172;((712 +n— 1)Ulitm + U:frztk —(n+ 1)Ul€mt)
(

1

m%(% + Ugtk - (” + 1)Uli£t)'

_l’_

PRrROOF. We use Theorem 1, and the identities n® — n? —3n +2 =
m—2)n?2+n—-1),n -n—-2=(n—-2)(n+1), and n® — 3n — 2
(n+1)%(n —2). O

3. The Weyl tensors of type (2,2)

Consider the tensor space T3FE. A tensor U € T2E, U = U,Z;, has
four traces, the (1,1)-, (1,2)-, (2,1)-, and (2,2)-traces. In the following
Theorem 2 we recall the trace decomposition formula for tensors of type
(2,2); this formula defines the Weyl component of a tensor U € TZE.
The proof of Theorem 2 can be found in [9]. As before, E denotes a real,
n-dimensional vector space such that n > 3.

Theorem 2. Let dim E > 3, and let U € T3E, U = U}. There
exists a unique Weyl tensor W € T. 22E , W = W,z%, unique traceless tensors
P,Q,R,SE€TIE, P= Pli, Q= Q};, R= R};, S = S,i, and unique numbers
G, H € R such that

Ul =W + 8iP] + 5:QL + 5L R, + 6) S + 636)G + 6451 H.

These tensors are given by

P} = g =gy (0 = DUS = nUJ; = nU + 2053 — nfj U} + 20505,
Q) = ——5——(—nUS + (n® = 2)US 42U — nU + 28U — nsiUSY),

7 n(n?—4)
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1 1 St St 2 S S 7St i 7St
Q 1 st St S 2 S 7St st
G=— (U~ U
n(nQ _ 1) st ts /)
H= (U3 +nU),
n(n? —1) s s
and

Wi = Ul — §L.P] - §iQ) — 6] R} — 615} — 0160G — §51H.

Before going on to special cases, we fix some notation. We denote
by E a real, n-dimensional vector space, endowed with a tensor g of type
(0,2). g is supposed to be symmetric and regular, but is not necessarily
positive definite. As an application of Theorem 2, we discuss the trace
decomposition of tensors of type (0,4) on E. Since g allows us to raise and
to lower indices, the trace operation can be applied to the corresponding
tensors of type (2,2). In a basis e; of E, we write g = g;je! ® e/, where €'
is the dual basis of this one. Then g;; = g;; and det(g;;) # 0. As usual, we
denote by ¢ the components of the inverse matrix to 9ij; then g;; gF = df“,
g7 =g

We consider tensors V € TYE, V = Vinjke, satisfying

Vijke = —Vijek,  Vigke + Viejke + Vike; =0, Vige = —Viike- (1)
Then V also satisfies
Vijke = Vieij-

We define a tensor U € T31E, U= U;M, by

N X
Ujre = 9" Vjske-

U obviously satisfies

Uhe + Ul =0, Ul + Uy, + Uy; = 0.
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The Ricci tensor of U,
Mje = Usy = g°'Vjsue, (2)

is symmetric, Mj; = ¢°'Vjss = ¢°'Vius; = Mpyj. Therefore, the (1,1)-trace
of U satisfies

s _ s s _ s s
skt — _Uésk - kas - _Ufsk + Uksf =0.

The scalar
M = g"M;; = g" 4" Vipy; = g7 U3, (3)
is the scalar curvature of V.
The following is a modification of Corollary 4, Section 2 (see Remark 4,
Section 2).

Corollary 1. Every tensor V € TYE,V = Vimjke, satisfying properties
(1) admits a unique decomposition

Veike = Wejke + 9er Qe — 9er Qs

such that U;M = g”erkg is a Weyl tensor. The tensors Qe and Wi
are determined by

1 1
Qre = mMu, Wijkg = Vijké - m(gjk:MiZ - ngMik)-

PRrROOF. It follows from Corollary 4, Section 2, that U;M = VV}M +
(5262][ — 5}2ij, where
1 1

Qre = mesk = HMM;

) . 1 . 1 .
Wike = 9" Viske — —— 0k Mje + —— 0¢ M.

Then

1 1
Wiike = 95sWike = Vijre — mgjkMz'é + EgjeMz'k- O
Remark 1. f U = ¢ iske is the curvature tensor of a Levi-Civita
connection, then W = W;M is the well-known Weyl projective curvature
tensor of U.
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Corollary 2. Every tensor V. =TVE,V = V,,:s, satisfying properties
Yy Y 4 J
(1), admits a unique decomposition

Viske = 9ir9isWis + Ger9isPi — 9orgis P
— girgkspgi + girgfspli - (gfrgks - gkrgfs)Ga
such that the tensors W,Z, Pg are Weyl tensors. The tensors GG, Pj, V,:Z
are given by
1

. 1.
G——— > M Pi—_ apg a4
nn—1)"" "7 n—29 qj+n(n—2)

65 M,
and
Wy = 9" g Wogre — 01.P] + 6,P] + 6].P} — 5] P\ + (6,07, — 61.07)G.
PrROOF. We introduce a tensor T € TQQE, T= T,zi, by
Ty = 9" Vg = 979" Voake- (4)
The trace decomposition of 7' is of the form
T =W+ 6LP) + 6iQL + 6] Ry + 6155 + 05.6)G + 0061 H,  (5)

where the tensors WIZ, Pg , i, R;}, S,i, G, and H are uniquely determined
by Theorem 2. But by (4), (2), and (3),

sj j sj 4 s __
TSZ - —ngng, Tks - ngqu’ st —9 pMp€7

Ti = —g" My, Tif=-M, Ti=M.

In particular, T = —T;7 = ~T73 = TJ®, T5t = —T;!, and we easily get
o . . 1, 1
Pi=8j= =@ = —Fj = = —59" My + =570 M, i
1 (6)
G=-H=—-—""M.
n(n —1)
Consequently,

W) =T — 04P} — 6;Q% — 6]R}, — 615}, — 0,0)G — 6,6, H

.y S (D)
= 9" ¢ Vopqre — 04,P) + 6,P] + 5.} — 6] P + (507, — 64,67)G.
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Formulas (6), (7) completely determine the trace decomposition (5). We
have

T3 = Wi+ 0LP] — 3iP] — 5L} + 8P} — (816} ~ 016G
To conclude the proof, it is now suﬂic'i.ent to compute the induced decom-
position of the tensor Vs = girngT,z%. [l

Remark 2. We have more possibilities of raising the subscripts of V =
Vimjke in (4). However, the components of tensors which arise in this way
are expressible as linear combinations of (4).

Remark 3. Denote in Corollary 2,
Cijke = 9ir9jsWii -
Since

1 1
gz‘spjs = —nfgisgquqj + n

we get by a routine calculation

1
Cijit = Weske + ——= (9o Wse — 90-Wiste — gusWoe + ges W)

n—2
+ = w w.
(7’L — 1)(’/L — 2) 9er9ks (7’L — 1)(n — 2) GkrgesVV.
This is the well-known expression for the Weyl conformal curvature tensor
of a metric tensor g = g;;.

4. The Weyl tensors of type (1,4)

In this section, we consider the tensor space T} E. In Theorem 3 we
give the trace decomposition formula for tensors U € T{E, U = U;Mm,
which defines the Weyl component of U. The formula has been derived by
KoVAR with the help of Maple (see [6]). For the sake of uniqueness of the
trace decomposition in this case, we have to assume that dim F =n > 4.
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Since the trace decomposition formula in this case is very long, we first
introduce some abbreviations. We set

A= (n*-9)(n*—4)(n*-1),

B =n®—11n* + 22n% — 6,
C=n*-9n?+10, D=n'—6n>+3,
E=n?>+1, F=n?>—4, G=2n*-3.

Theorem 3. Let dimE > 4, and let U € T{E, U = ngem There

exists a unique Weyl tensor W € T{E, W = W]Mm and unique tensors
P,Q,R,S € TYE, P = Py, Q = Qktm, R = Ritm, S = Siem, such that

Usrm = Wikem + 05 Petm + 6,Qjem + 6)Rjkm + 61, Sjke-

These tensors are given by

Prom = %(E sktm %( semk + Usmie) = 2F (Udon + Ul + U kmé))
 (CCVsn + 2 Vit + Usiar) = EUf + Uase) + EU,zm)
%<_CUZSI~csm + %(Uljﬂsm + Unikse) = EUpuske + Upmse) + Uemsk)
%(*C Upkes + %(Uﬁskms + Uimes) = EUkoms + Upmis) + m@ks)

Qrem= : < CUgeom+ ln)(Usszkar smee) — EUdyme— Ugmre) + skmz)

< Uksﬁm n (Ulsmk + Uﬁlskﬁ) - 2F(Ul§skm + Ursnsﬁk’ + Ul?smf))

< kasm S(Uﬁksm + Uk‘msé) (U;msk + U, ksﬁ mﬁsk)
D
( CUppes + - —(Ukems + Unies) = EUfems + Upnons) + Uemks)
Rpem= ( CU g+ b —(Uktm+ Usemi)— EUgport+ Ugpme) + smke)
A n
+ %<_CU/§s€m + g(Uﬁsskm + Ulismé) - E(Uﬁssmk + Ustkf mslk)

1 /B 3E
+ (gUijesm + W(Ufmsk + Unikse) = 2F (Usm + Upnosic + Uiimsz)>



The Weyl tensors 459

1 . . . D, . s 2G
+ <_CUk€ms = E(Utmks + Upies)+ — (Unigrs + Ukmes) + =~ UKkms)’
1 s D s s S S —2G s
Skem=— <_CUs£mk+ — Ui+ Ushme) =EUjtm + Usmpe) + — smek)
1 s D s s S S —QG S
+3 (—C'Uksme + — (Ukstm + Ubsmi) = E(Upgpom + Unoer) + mskz>
1 s D s S S S —QG 5
+ (—C'Ukzsm + — Unesk + Ukmse) = EUimsk + Upise) T — Ustm)

1 /B 3E
+7 (EUljﬂms + Y(U;mks + Unikes) = 2F (Ugms + Upnos + Uiimzs)>’

and
W;kém = U]l'kﬁm - 5;'Pk€m - 5lZcQﬂm - 5szkm - 5;151“-

PRrROOF. To prove Theorem 3, we solve the trace decomposition equa-
tions

Ulem = Wikem + 02 Poom + 04 Qjem + 6iRjkm + 64, Sjt W

s _ s _ % _ ? —
Wskfm - 07 jsbm — 07 Jksm — 07 jkés — 0. N

Remark 1. If n < 3, then the trace decomposition equations (1) have
more solutions. For n = 3, all solutions are described in [6].

Remark 2. Theorem 3 provides a basis for an algebraic (as well as
geometric) classification of the tensors, arising as the covariant derivative
of curvature tensors.
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