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Abstract. Relations between Lagrangian structures, metric structures, and
semispray connections on a manifold are investigated. Generalized Finsler struc-
tures (called quasifinslerian) are studied, coming from integrable time, position
and velocity dependent metrics. For every quasifinslerian metric one has a nat-
urally associated semispray connection, called canonical connection, and a global
Lagrangian, called kinetic energy. One obtains the most general form of metri-
cal connections and related equations for geodesics, which at the same time are
variational. As expected, canonical connections generalize the Levi-Civita con-
nection and the connections appearing in Finsler geometry. Relations between
quasifinslerian and Lagrange spaces, as well as between metrizability of semispray
connections and the existence of variational integrators for second-order ordinary
differential equations are also discussed.

1. Introduction

Metric structures on a manifold, such as (pseudo)-Riemannian or Fin-
sler structures, are known to be closely connected with the calculus of
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variations. Indeed, geodesic curves in Riemannian or Finsler geometry are
extremals of a variational functional defined by a Lagrangian

L= %gij{ﬁii‘j, (1.1)
where, in the case of a Finsler metric, the g;;’s are functions on the tan-
gent space T'M of a manifold M, satisfying the following integrability and
homogeneity conditions, respectively:

dgi;  0g; 0gij .
5t = gt =0 (1:2)
This fact motivated studies on metric properties of Lagrangian structures,
as well as studies on variationality properties of connections appearing in
Riemannian and Finsler geometry. In these directions important results
were achieved by M. ANASTASIEI [1], I. ANDERSON and G. THOMP-
SON [3], M. CRrRAMPIN, W. SARLET, E. MARTINEZ, G. B. BYRNES
and G. E. PrRINCE [5], J. GRIFONE [8], J. GRIFONE and Z. MUZSNAY
9], J. KLEIN [12], [13], D. KRUPKA and A. SATTAROV [16], O. KRUP-
KOVA [17], [19], R. MIRON [24], [25], R. MIRON and G. ATANASIU [27],
A. RapPcsAK [30], J. Szirast and Z. MUZSNAY [35], L. TAMASSY [36]-[39],
and others (see also P. L. ANTONELLI and R. MIRON [2], J. GRIFONE
and Z. MuzsNAy [10], O. KRUPKOVA [20]).
In this paper we are interested in metric structures connected with

systems of second order ordinary differential equations

dc dc :
o r (t, c(t), dt) , i=1,2,...,m, (1.3)

for smooth curves ¢ : R — M (where M is a smooth manifold of dimension
m), defined on an open neighborhood of zero in R. Geometrically, such
systems of ODE’s have the meaning of equations for geodesics of certain
non-linear connections, called semispray connections, defined to be sec-
tions ' : Rx TM — R xT?M, where T>?M C TTM denotes the manifold
of 2-jets of curves defined on a neighborhood of zero into M. In this sense
semispray connections can be viewed as a generalization of connections
appearing in Riemannian or Finsler geometry, as well as of sprays on tan-
gent bundles. They are closely related with Lagrangian structures, since
any regular Lagrangian on R x T'M gives rise to a semispray connection
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I': RxTM — R x T?M. Hence, it is interesting to investigate relations
between Lagrangian structures, metric structures and connections from a
general point of view. The aim of this paper is to review some recent
results in this direction with an emphasis on unifying aspects applying to
Riemannian and Finsler geometry, calculus of variations, and applications
in physics. The exposition closely follows that of refs. [16]-[19].

We consider a general concept of a metric on a manifold M, as a regu-
lar symmetric fibered morphism g : RxTM — TS M over idy;, where T9 M
denotes the bundle of all tensors of type (0,2) over M. Obviously, such a
metric depends on time, positions and velocities. A usual (Riemannian or
pseudo-Riemannian) metric, as well as Finsler metrics represent particu-
lar cases. Requiring ‘homogeneity’ one obtains a class of metrics which is
studied in a generalized Finsler geometry. Another interesting class, gen-
eralizing Finsler spaces, appears when ‘integrability’ is required. We call a
manifold M endowed with an integrable metric g a quasifinslerian manifold
(semi-finslerian in [19]). In this case, as discovered in [19], every metric g
has a unique associated semispray connection, called canonical connection.
This connection is variational in the sense that there exists a canonical
global Lagrangian A such that the (covariant) equations for geodesics of
the canonical connection coincide with the Euler—Lagrange equations of A.
Thus, every quasifinslerian manifold is a Lagrange space in the sense of
Miron. On the other hand, different Lagrange spaces may give rise to the
same quasifinslerian structure. We provide a characterization of equivalent
Lagrange spaces and their associated semispray connections with respect
to the canonical connection.

Another remarkable feature concerning relation between quasifinsle-
rian structures and Lagrange spaces concerns global aspects. Namely, in
the calculus of variations one often has to consider not a ‘true’ Lagrange
space, given by a global Lagrangian, but rather a class of local Lagrangians
giving rise to a ‘global dynamics’. However, also in this case there is a global
quasifinslerian structure, meaning that such a class of local Lagrangians
defines a global metric and the corresponding global canonical connection
[19]. From the point of view of physics this means that to every Lagrangian
system (in this general sense) there corresponds a unique global canoni-
cal quasifinslerian structure, having the physical meaning of a free particle
(or a kinetic energy) for the arising quasifinslerian manifold. At the same
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time the semispray connection of the Lagrangian system is uniquely de-
composed into the canonical connection, and a soldering form, having the
meaning of a force (giving a potential energy term in the Lagrangian).

Existence of a canonical connection naturally leads to a classification
of semispray connections on a quasifinslerian manifold [19]. This, however,
is closely related with the question of metrizability of connections as well
as with the problem of variational integrators for second-order differential
equations (see e.g. [3], [5], [6], [10], [19], [31], and many others). Applying
the new point of view it turns out that metrizability means almost (but
not exactly) the same as variationality: metrizable semispray connections
are variational, and variational semispray connections express as a sum of
a metrizable (canonical) connection and a potential soldering form.

2. Notations and preliminaries

Throughout the paper, manifolds and mappings are smooth, and sum-
mation over repeated indices is understood. We denote by T' the tangent
functor, J" the r-jet prolongation functor, id the identity mapping, * the
pull-back, d the exterior derivative, i¢ the contraction and J¢ Lie derivative
by a vector field &.

Let 7 : Y — X be a fibered manifold, dimX = 1, dimY = m + 1,
and 7 : J'Y — X and T - J'Y — Y natural projections. A mapping
v : X — Y defined on an open subset of X is called a section of « if
m o = id. The first prolongation of v is a section J'7 of . A vector
field ¢ on J'Y is said to be m-vertical (resp. m1,0-vertical) if Tm.§ = 0
(resp. T'm10.£ =0). A g-form n on J'Y is called m-horizontal (resp. m10-
horizontal), if i¢n = for every mi-vertical (resp. m o-vertical) vector field
€ on J'Y. nis called contact, if J'4*n = 0 for every section v of m. A
contact 7 g-horizontal g-form 7 is called 1-contact, if for every mi-vertical
vector field € on J'Y, the form i¢n is mi-horizontal; 7 is called k-contact,
2 <k < gq,ifignis (k—1)-contact. For every g-form on Y there is a unique
decomposition

Tion =m0+ M+ +ngs (2.1)

where 79 is a m-horizontal form, and n;, 1 < i < g, are i-contact forms on
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JYY. We set hn = ng, pin = n;, and call it the horizontal and i-contact
part of n, respectively. In particular, for a 1-form p and a 2-form o we
have

T op = hp + p1p, T o = pra + paa. (2.2)

The ideal of contact forms on J'Y is generated by local contact forms w®
and dw’, 1 < i < m, where (in fibered coordinates denoted by (¢, z¢, %))

W' = da' — i'dt. (2.3)

For more details on jet manifolds, calculus of horizontal and contact
forms, semispray connections and Lagrangian structures, used throughout
the paper, we refer e.g. to D. KRUPKA [14], [15], O. KRUPKOVA [20],
L. MANGIAROTTI and M. MoDUGNO [21], D. J. SAUNDERS [31], [32] and
A. VONDRA [41].

3. Second order ordinary differential equations
on manifolds

First of all, let us recall a geometric model for a system of second
order ordinary differential equations of type (1.3). To do this, it is better
to work with graphs of curves into M, rather than the curves themselves.
This means that we shall consider a fibered manifold 7 : R x M — R,
where M is an m-dimensional smooth manifold, and 7 is the first canonical
projection. A curve ¢: R — M, defined in a neighborhood of 0 € R, will
then be represented by its graph v : R 3t — ~(t) = (¢t,¢(t)) € R x M,
which is a section of the fibered manifold w. For the first and second jet
prolongation of 7, i.e. the fibered manifolds 7y : J'(R x M) — R and
7y : J2(R x M) — R, respectively, it holds J!(R x M) ~ R x TM and
J2(Rx M) ~ R x T*M, where T?M C TTM denotes the manifold of
2-velocities, i.e. 2-jets of curves into M.

On R x M we use charts adapted to the product structure, i.e. coordi-
nates of the form (¢,2%), 1 < i < m, where ¢ is a global coordinate on R
and (z') are coordinates on M. In this case the transformation formulas
simply read

t=t, ' =z'(2',...,2™), 1<i<m, (3.1)
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i.e., the “time” and “space” coordinates transform independently. Associ-
ated coordinates on R x TM and R x T?M are denoted by (¢, z¢, ') and
(t, 2%, 3, '), respectively, and the transformation rules are given by

i 2 i -,
0T .y o°xt i 0T Ly

=gl U= g o g dd + kL (3.2)
In what follows, solely charts of this kind are considered.

Any section v of the fibered manifold 7 (graph of a curve into M) can
be prolonged to a section J'+ of the fibered manifold R x TM, and J?y
of R x T?M. If y(t) = (t,c(t)) then J'y(t) = (t,c(t),c(t)) and J2y(t) =
(t, c(t), &), E(t)).

A semispray connection on 7 is a (local) section I" of the fibered man-
ifold m1 : R x T?M — R x TM. Semispray connections are a kind of

=1

the so-called jet connections, or Ehresmann connections, representing a
generalization of the classical concept of a linear connection on a manifold
(therefore, they are also called “nonlinear connections”). In coordinates
the definition 721 o I' = idgx 7 of a semispray connection I' reads

tol'=t, alol =2' ol =4, ol =T (3.3)

The functions I'(¢, 2%, &%) are called components of T'. Note that under
coordinate transformations they transform like the coordinates #’.

A (local) section 7 of 7 is called a geodesic (or a path) of a semispray
connection I' if it satisfies the equation

ToJly = J?. (3.4)

In coordinates this turns out to be a system of m = dim M second order
ordinary differential equations

d?ct ; o dck
— =TI — <1< .
o2 r (t,c (1), dt)’ 1<i<m, (3.5)

for (the components of) curves R >t — ¢(t) € M.

There is a number of geometric objects which can be identified with
a semispray connection I'. Namely, it is a distribution Hr on R x T'M,
spanned by the (global) vector field

a+a‘ci8 +ria

Dr = ot ozt oz’

(3.6)
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or (equivalently) annihilated by 2m (local) one-forms
W' =da' — @'dt, o} =di' —T'dt. (3.7)

Note that T(R x TM) = Hr & Vnm; (meaning that Hr is a horizontal
distribution, i.e. complementary to the bundle V1 of m1-vertical vectors).
Moreover, integral sections of the distribution Hr coincide with geodesics
of I'. Next, it is the horizontal form hp of T', which is a projectable (onto
identity) vector-valued one-form on R x T'M, defined by

hr = Dr ® dt, (3.8)
or the “complementary” vector-valued one form, the vertical form of T,
. R
vp=1—hr = D7 Q@ w' + 9 ®w}, (39)

where I denotes the identity vector-valued one-form. We can see that
Hpr = Im hr = keror.

The covariant differential of a vector valued p-form n with respect to
I' is a vector-valued (p + 1)-form defined by

drn = [hr, 7], (3.10)

where [, ] is the Frolicher—Nijenhuis bracket (see [33, p. 81]).

There is an important relation between semispray connections and
m1 o-vertical-valued mi-horizontal one-forms on R x T'M, which are called
soldering forms: namely, soldering forms have the meaning of ‘deforma-
tions’ or ‘differences’ of connections. More precisely, if I is a semispray con-
nection and s is a soldering form then the section I given by hrv = hr + s
is another semispray connection. In coordinates,

s=s'——@dt, §=T"-T". (3.11)

ot
A semispray connection I' : R x TM — R x T?M is called time-

independent or autonomous if there exists a section T' of the fibered man-
ifold T?M — TM such that the following diagram is commutative:

RxT2M —22. T2\
Tr fT (3.12)
RxTM 2. TMm
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(py denotes the second canonical projection). This means that the hor-
izontal distribution Hr is projectable onto T'M (i.e. T py.Dr is a vector
field on TM), or, equivalently, the components I'* of I' do not depend on t.

4. Dynamical forms

A 2-form E on R x T?M is called a dynamical form if it is 1-contact
and 79 o-horizontal. A section vy of 7 is called a path of E if

EoJ*y =0. (4.1)

In coordinates one has E = E;(t, 2% &% &F) dz® A dt and v(t) = (t,cF(t)),
1 < k < m, hence equation (4.1) represents a system of m second order
ordinary differential equations,

k 2k
E; <t,ck(t), %, Z;) =0, 1<i<m. (4.2)

Comparing these equations with equations for the geodesics of a semispray
connection (3.5), it turns out that equations for paths of dynamical forms
correspond to general systems of m SODE’s, while equations for gedesics
of semispray connections cover only those equations which are explicitly
solved with respect to the second derivatives.

Throughout this paper we restrict ourselves to dynamical forms with
components affine in the second derivatives, i.e., of the form

Ez‘ = Ai(t,l‘k,i‘k) —gij(t,.%k,j}k)i‘j. (4.3)

(Note that the property of the E;’s to be affine in the second derivatives
is well defined over overlapping adapted charts.) We denote the module
of dynamical forms on R x T?M, with components affine in the second
derivatives, over the ring of functions on R x TM by D (R x T2M).

A semispray connection I' : R x TM — R x T?M is called associated
with a dynamical form E € D (R x T2M) if

I“E = 0. (4.4)

Apparently, a dynamical form E can generally possess more associated
semispray connections. FE is called regular if equation (4.4) has a unique
solution T'.
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Proposition 4.1. E € D¥(R x T?M) is regular if and only if at each
point of R x T M

det(gi;) # 0. (4.5)

PROOF. Writing equation (4.4) in coordinates, we get at each point
x € R xTM the following system of m linear non-homogeneous equations
for the components I'V of T':

Ai - gijI‘j =0. (46)

These equations have a unique solution (I'',...,I'"™) if and only if the
matrix g = (gs;) is regular at . In this case,

It = g% Ay, (4.7)
where (¢%*) is the inverse matrix to g. O

Local uniqueness of the solution of (4.4) in the regular case immedi-
ately gives us a global solution:

Proposition 4.2. If E is a global (i.e. defined on R x T?M ) regular
dynamical form then the connection I" given by (4.4) is a global section of
the fibered manifold R x T?M — R x T'M.

In view of the above, equations for paths of a reqular dynamical form
FE can be regarded as a ‘covariant form’ of equations for geodesics of a
semispray connection I'.

5. Lagrangian systems

Let us consider a fibered manifold 7 : R x M — R and its r-jet
prolongation 7, : J"(RxM) — R, r > 1. Note that J"(RxM) ~ RxT" M,
where 7" M is the manifold of r-jets of curves from a neighborhood of
0 € Rinto M. A local Lagrangian of order r is defined to be a horizontal
1-form A on an open set W C R x T"M. Since A\ = Ldt, where t is
a global coordinate on R, a Lagrangian can equivalently be given by a
function L on W. The (unique) 1-form 6, such that hfy = A, and p1dfy
is a dynamical form, is called the Cartan form of A\. The forms dfy and
Ey\ = p1dfy are called the Cartan 2-form and the Euler—Lagrange form



470 Olga Krupkova

of the Lagrangian A, respectively. A Lagrangian \ is called global if W =
R xT"M. For r =1 one has L = L(t, 2%, #%)dt,

oL . .. oL
and E\ = E;(L)w' A dt = E;(L)dx® A dt, where
OL d oL
Ei(l) = — — ——=— 2
(L) Ozt dt 03" (52)

are the Fuler—Lagrange expressions of .

Two Lagrangians A\; and Ag are called equivalent if their Euler—Lag-
range forms coincide (up to a possible projection). A Lagrangian is called
trivial if Ey = 0. Apparently, two Lagrangians are equivalent if and only
if they differ by a trivial Lagrangian.

Let E be a dynamical form on RxT?M. E is called locally variational,
if for every point € R x T?M there exists a neighborhood U and a local
Lagrangian A = Ldt such that E|y = E). This means that on U, the
components F; of E coincide with the Euler-Lagrange expressions of L.
Hence, for locally variational dynamical forms equations for paths (4.1)
(resp. (4.2)) are Euler—Lagrange equations. E is called globally variational
if E = E) where A is a global Lagrangian. It is known that local variation-
ality does not imply global variationality, and that obstructions for global
variationality are determined by the topology of M.

We have an important theorem expressing a close connection between
variational and closed 2-forms:

Theorem 5.1 ([18]). Let E be a dynamical form on R x T?M. The
following conditions are equivalent:

(1) E is locally variational.

(2) In every adapted chart, the components E; of E satisfy the following
conditions:
OF; OFE o
oik 9
0OE; OF d OF
gt * aj;f BT 85&5 =0 (5:3)
OE; O0E, dOE, d?0E;

ok 0r dtoF a2 o
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(3) There exists a unique closed 2-form o on R x T M such that E = pa.

For a proof we refer to [18] (see also [20]). Formulas (5.3) are called
Helmbholtz conditions (first obtained in [11], [23]). It is easy to see that
they imply 0%F;/0#70i* = 0, i.e. E € D¥(R x T?M). Using expression
(4.3) for the E;’s we arrive at an equivalent form of these conditions, as

follows:
B 99i;  Ogik
9ik = Gki, axk — 8333 ) (54)
ot Tor e TV ok T ow "2 <8:tk o > (5:5)

where d/dt = 0/0t + #'0/0x" is the ‘reduced’ total derivative operator.
The formula for a reads

1 <8E¢ B OEy

= Fuw' Adt+ = :
@ =B Nat+ o ek T g

; 1 /04; 0A,
—Azw /\dt+4(8l‘k - 8931

, OFE; .
>wl AW+ 8,,,:# Aok
X

(5.6)

> WA WF — gikwi A di®.

A closed two-form « such that pi« is a dynamical form is called a Lepagean
two-form.

The above theorem has several significant consequences. First, for any
Lagrangian A (of any order) for F, the Cartan 2-form df) is projectable
onto an open set W C RxTM, and ol = dfy. Next, an appropriate ver-
sion of the Poincaré lemma leads to an explicit construction of Lagrangians
for a locally variational form E. Indeed, if (locally) o = dp then A = hp is
a local Lagrangian for . With help of the contact homotopy operator A
(see [15]) one obtains p = Aa and A = hAa = Apya. In coordinates this
appears to be the celebrated Tonti—Vainberg—Volterra formula

1
L=g / (B o x)du, (5.7)
0
(cf. [40]), where (for an appropriate open set U C R x T%M)
X :[0,1] x U 3 (u, (t, 2,4, i) — (t, uz’, ui®, ui') € U. (5.8)

Formula (5.7) gives a second order Lagrangian affine in the second deriva-
tives (since the E;’s are affine in the second derivatives). It can be shown,
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however, that this Lagrangian is locally equivalent to a first order one.
This means that second order locally variational forms correspond to first
order Lagrangian systems.

Theorem 5.1 also gives that a Lagrangian is trivial if and only if L =
df /dt for a function f (indeed, E)\ = 0 means that a = dp = 0, i.e. p = df;
conversely L = df /dt implies 0y = df, i.e. E)\ = p1dfy = 0).

Note that the above theorem provides a bijective correspondence be-
tween locally variational forms and Lepagean two-forms. In view of this
result we may state the following definition.

Definition 5.2 ([18]). By a first-order Lagrangian system on a fibered
manifold 7 : Rx M — R we mean a locally variational form E on RxT?M,
or equivalently, a Lepagean two-form on R x T'M.

By this definition, a first-order Lagrangian system is understood to
be the class of all equivalent Lagrangians (not as a single global first-
order Lagrangian, as usual). The equivalence class contains generally local
Lagrangians of all finite orders > 1 (a global Lagrangian need not exist).

Consider the vector field & = 9/0t on R, which is the (global) gener-
ator of the 1-parameter group of transformations 7T, : Rt —t+a € R
(called translations). It can be naturally lifted to R x M and to its prolon-
gations. A Lagrangian system is called time-independent, or autonomous
if & is a symmetry of the Euler-Lagrange form E, ie., 0 F = 0. In
coordinates,

oE; ) 0A; 0gij
ETah 0, or equivalently, % = 0, ot

for all ¢, j. This implies that there exists a family of equivalent local

=0 (5.9)

time-independent first-order Lagrangians for E (however, time-dependent
Lagrangians do exist, as well).

6. Variational metric structures

Denote by 73 : T9M — M the bundle of all tensors of type (0,2)
over M. A morphism g : R x TM — T9YM between the fibered manifolds
RxTM — M and TYM — M over the identity of M is called regular
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(resp. symmetric) if for every x € M, all the tensors g, € (79)7 () are

regular (resp. symmetric). Every regular and symmetric morphism ¢ will
be called an M -pertinent metric on R x TM. Thus, g can be thought
of as a ‘time, space and velocity dependent metric on M’. We denote by
M(R x T M) the set of M-pertinent metrics on R x TM.

g € M(RxTM) is called projectable onto T M (resp. M), if there is a
fibered morphism § : TM — TYM over idys (resp. a metric g on M), such
that the following diagram commutes:

RxTM —2— TIM RxTM —— T9M
l lid resp. l lid
™ — TOM M 2 M

Hence, g is a ‘space and velocity dependent metric on M’, while ¢ is a
‘usual metric’. A projectable (onto T'M or M) M-pertinent metric g on
R x TM is also called time-independent.

Theorem 6.1 ([9]). Let ' : R x TM — R x T?M be a semispray
connection. There arises a mapping Dr : M(R x TM) — M(R x TM)
defined by the formula

(6.1)

ii

1 ork ork
(Drg)ij = Drgij + B (gzkaxj + gjka> .

PRrOOF. It is sufficient to check the transformation properties of Drg
under a change of adapted coordinates. This is, however, a routine calcu-
lation (for details see [19]). O

The operator Dr can be in a straightforward way extended to mor-
phisms ¢t : R x TM — TTM over idps, where T, M — M is the bundle
of r-times contravariant and s-times covariant tensors over M. It will be
called I'-derivative. Indeed, Dr is defined to be the Lie derivative of a
morphism ¢ with respect to the vector field Dr, spanning the horizontal
distribution Hr of the semispray connection I'. Hence,

Dri(z) = (- (670)(2)) (62)

u:O,

where {¢L} denotes the local one-parameter group related with Dr.
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Definition 6.2. Let g be an M-pertinent metric on R x T'M. A semis-
pray connection I' : R x TM — R x T?M is called g-compatible if

Drg = 0. (6.3)

Denote by S(R x TM) and D(R x T M) the module of soldering forms
and dynamical forms on Rx T M, respectively. If M is a manifold endowed
with a metric g € M(R x T'M) then there is a canonical isomorphism

Fy:S(RxTM)>s— Fy(s) =P DRxTM) (6.4)
of modules. It is defined in each adapted chart on R x M by the formula
®; = gijs’. (6.5)

With the help of this isomorphism we can identify soldering forms with
first-order dynamical forms.

To a given M-pertinent metric g on R x T'M and a semispray connec-
tion ' : RxTM — RxT?M one has a unique associated reqular dynamical
form E on R x T?M such that

Ei = gif(17 — ). (6.6)

There is an important class of metrics generated by Lagrangian systems
(cf. Definition 5.2).

Proposition 6.3. Let E be a locally variational form on R x T?M.
If F is regular then

where E; are components of E, is an M-pertinent metric on R x T M.

PRrROOF. The matrix (g;;) is regular since E is regular, and symmetric,
since E satisfies the Helmholtz conditions (cf. (5.4)). It remains to check
the transformation properties of the functions g;;. Consider two overlaping
charts (2%) and (z°) on M. Then in the associated charts it holds £ =
Eidx* A\ dt = E;dz’ A dt, hence

_ daxk
B =
dzt

Ej, (6.8)



Variational metric structures 475

and
_ OF; dz* OE; dz¥ dit OF;,  dx¥ dit
95 = T 25 T T a7 ami o =i o g47 Al 41 g7 kD (6.9)
0% dzt i’ dz* dz) 0% dzt dz’
proving that formula (6.7) defines a (global) M-pertinent metric on
RxTM. |

As it is clear from formula (6.7), the metric g does not depend on the
choice of a particular Lagrangian for E. However, g can be expressed by
means of Lagrangians: For example, if L is (any) first-order Lagrangian
for F, it holds

%L
i = A A 6.10
9ij ox*oxd ( )
and if L is a second-order Lagrangian for E then we have
L %L N %L
99 = 9o~ \0w'0il | 0itdw)
(6.11)

1d 0L N 0L
2dt \ 9403 9301 )

If the Lagrangian system represented by FE is autonomous then the
metric g is projectable onto T'M (hence time-independent).
In view of the above proposition we can state the following

Definition 6.4 ([19]). We say that an M-pertinent metric g on RxTM
is variational if there exists a regular locally variational form E on RxT?M
such that (in every adapted chart)

OF;
gij = —873;, 1<i,j <m. (6.12)
Any dynamical form F satisfying (6.12) is called a generating form for the
metric g.

Obviously, a generating form is non-unique: the definition of a varia-
tional metric only assures that the class of all generating dynamical forms
contains at least one locally variational form.

Necessary and sufficient conditions for a metric g to be variational are
given by the following theorem.
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Theorem 6.5 ([9]). An M-pertinent metric g on RxT M is variational
if and only if
gg;g _ gi}f, 1<i,jk<m. (6.13)
PROOF. If g is a variational metric then relations (6.13) follow from
Helmbholtz conditions (5.4).
We shall prove the converse (cf. [19]). Consider an open ball W C R™
with the center at the origin, and denote by (z?) the canonical coordinates
on W. Let g be a metric on R x TW satisfying (6.13). Define a mapping

X :[0,1] x (R x TW) — R x TW setting

x(v, (t, 2%, &%) = (t, xi,va'ci), (6.14)

and put
o 1 1
T = it / (/ (9i; 0 %) dv) o yudv. (6.15)
0 0

We shall show that T'dt is a Lagrangian on the fibered manifold m : R x

W — R satisfying
T IE(T)

Y9 = G 9@

(6.16)

where F;(T), 1 < i < m, are the Euler-Lagrange expressions of T'dt.
Denote

1
Fy = /0 (9ij o X) dwv, (6.17)

and notice that Fj; = Fj; and 8}7’1-]-/8:1':’€ = OF;;,/047. Then, with help of
Lemma A.1 (see Appendix),

oT ol Y OF ,
- 2;z:J/ (Fji ox)vdv+:i:ka'ﬂ/ ( kg ox) v2dv = i Fy;,
0 0

oz oz
82T Kk ank ! -

1
. 99ij  _
o [ (Gt o=

Now, if g is an M-pertinent metric on R x T'M satisfying (6.13), one has
an open covering U of R x T'M with the Lagrangian T'dt (6.15) defined on
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each of the open sets of Y. However, from the transformation properties
of the components g;; of g and of the coordinates i, 1 < i< m, it follows
immediately that the local Lagrangians T'dt can be glued together into a
global Lagrangian Ay on RxT'M, i.e. such that for each U € U, \j|y = T'dt.
Hence, the Euler-Lagrange form E, of the Lagrangian ), is a generating
form for the metric g, meaning that g is variational. ]

Definition 6.6 ([19]). If g is a variational metric then the global La-
grangian A, defined in the proof of Theorem 6.5 is called the kinetic energy
of the metric g. The Euler-Lagrange form E, of A, is called the canonical
dynamical form of the metric g. A manifold M endowed with a variational
metric g is called quasifinslerian manifold.

Theorem 6.7 ([19]). Let (M, g) be a quasifinslerian manifold. There
exists a unique semispray connection I'y : R x TM — R X T?M such that
the geodesics of I'y coincide with the extremals of the kinetic energy Ay,
i.e., with the solutions of the Euler—Lagrange equations

oT  d OT
I R 1<i<m. 1
o a@iow O lsism (6.19)

This connection is determined by the relation

B, =0, (6.20)

where F, is the canonical dynamical form of g. The components I, 1<
Jj <m, of 'y are given by the following formulas:

IV = ¢/'Ty, (6.21)

where (g'/) is the inverse matrix to (g;;), and the functions T';, 1 < i < m,
are given by

1 y
—Ti =Typdla* + :[Uj/o (8(:;]: ° X> dv, (6.22)

1 (Y (0gij  Ogix 09\ _
Cijk = = - 2L d
=y [ (G DB o

1 )
—I—/ <<9ng o;{) vdv.
0 31“

where

(6.23)
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PROOF. Let E; be the canonical dynamical two-form of the variational
metric ¢, and consider a section I' : R x TM — R x T?M. Since Ey is
reqular, we get that the equation I'"E, = 0 has a unique global solution,
I'y, and the components of I'y are of the form IV = g7 A}, where the A}’s
are defined (using the components of E,) by Ey = A — gr;i'. We shall
show that the functions A; = I'; are given by the formulas (6.22), (6.23)
above. Since E,; comes from the Lagrangian (6.15), we have

T T PT
YT 95 0tor  orkoii

In keeping notation (6.17), computing the derivatives of T' on the right-
hand side, we obtain

gfi:x'jj;k/ol(/;(aangf O)Z)dU) oxvdv

=it ([ (o) an [ (% ox)vaw)

(6.24)

9*T OF;; (109
=gl L = g oy 6.25
atoi ot " /0 ( ot OX) @, (6:25)
T ., . 0F; o [Y/0gi
ok ok Jv 7k 7 —
A /0 (o o) dv
1 .. 1 Dgi; OGir B
_ ik ) i
_23356 /(]<8$k+amj>oxdv.

Substituting into (6.24) we get the result.

It remains to show that I'y is the unique semispray connection with
the desired property. However, this is obvious: semispray connections
with the same geodesics have the same horizontal distributions, hence they
coincide. O

Definition 6.8 ([19]). The semispray connection I'y (6.20) is called the
canonical connection of g.

We have seen that on every quasifinslerian manifold (M, g) there exists
a unique canonical semispray connection I'y, a unique canonical (global)
Lagrangian A\, (the kinetic energy), and, consequently, a unique canonical
dynamical 2-form E, (the Euler-Lagrange form of \;). Conversely, every
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manifold M endowed with a regular locally variational dynamical form on
R x T?M (in particular, with a global regular Lagrangian on R x TM) is
a quasifinslerian manifold.

It is clear, however, that the correspondence between the regular first
order Lagrangian systems on a fibered manifold 7 : R x M — R and the
quasifinslerian structures on M is not one-to-one. We say that two La-
grangians are metrically equivalent if the quasifinslerian metrics defined
by these Lagrangians coincide. From (6.10) we can immediately see that
metrically equivalent Lagrangians are characterized by the following propo-
sition:

Proposition 6.9. Two first-order Lagrangians Ly, Lo are metrically
equivalent if and only if

Lo = Ly + a;(t,z®)a" + b(t, 2¥), (6.26)

where a;(t, z*), b(t, 2*) are arbitrary functions, i.e., if the difference Ly — Ly
is an affine function in the “velocities” i'.

Corollary 6.10. Let (M, g) be a quasifinslerian manifold. The class
of all g-equivalent Lagrangians is locally of the form

L=T-V (6.27)

where T is the kinetic energy of the metric g, and V' is any (local) function
on R x TM, affine in the &'’s.

Naturally, V is called potential energy. Contrary to the kinetic energy
Lagrangian, potential energy generally is not global (it is defined on an
open subset of R x T'M).

7. Examples of quasifinslerian structures

7.1. Riemannian metric. Every ‘usual’ metric g on a manifold M is
trivially a variational metric (any signature is admissible). The formulas
for the kinetic energy A\, = T'dt and the canonical connection I'y of g take
the standard form

1 o ) o
T=Sgyi'd!, T'=-Tj il ik, (7.1)
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respectively, where

i 1y <3ng' g 3gjk> (7.2)

ik T 9 oxk = OxJ ozl

are the Christoffel symbols of the Levi—-Civita connection V of g. The
geodesics of I' coincide with the graphs of geodesics of V.

7.2. Time-dependent Riemannian metric. If g is a time-dependent
metric on M we get from (6.15) and (6.22) the kinetic energy

1 .
T = §gijifli‘j (7.3)

and the canonical connection

o w09 i i g L i (99 | Ogpr  Ogjk
It = ¢ Pj 5 T, 3J k i T ip pJj pE-_ J 4
) S A A W raly iy v R

where the ‘Christoffel symbols’ Fé-k do not depend on z’s, but are depen-
dent on t. Note that the components I'? of the canonical connection are
polynomials of degree 2 in the velocities.

7.3. Finsler metric. An M-pertinent metric on R x T'M, where TM =
TM\ {0}, is called Finsler metric if it is projectable into "M, and satisfies
the ‘integrability condition’ (6.13) and the ‘homogeneity condition’

99ij .5 _
ok & = 0. (7.5)

(See e.g. [4], [22], or [34] for foundations of Finsler geometry.) Thus, every
Finsler metric is variational by definition. The kinetic energy Ay = T'dt of
a Finsler metric g reads

1 .
T = igijjfzﬂ'fj, (76)
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since using (A.2), (A.3) (see Appendix) and the homogeneity condition we
get from (6.15)

o 1 1
T:ﬂ"jzﬂ.ﬂ’j/ (/ (gijOX)dU>OXUdU

0 0
1 1

o dgi;

— i o iJ .k _ _

T /0 (gm /0<8ikx>oxdv)oxvdv
1
0

I Y0gi; 1\ 1,
= §xz$3 (gij — /0 (axlé xk) o dev) = igiszxj.

Taking into account Proposition 6.9 we get that for a Finsler metric g all

g-equivalent time-independent first-order Lagrangians are of the form
Lo g kY 4. k
L= 29 4+ ai(z")x" + b(z"). (7.8)

Apparently, the kinetic energy of a Finsler metric is a function positively
homogeneous of degree 2 in the #*’s. Conversely, any smooth function 7'

on %M such that o7
W;j;’f = 2T (7.9)
T

is a kinetic energy of a Finsler metric. Indeed, g;; = 0°T/040i7 satisfies
the homogeneity condition (7.5). Note that the correspondence between
Finsler metrics and positively homogeneous functions of degree 2 in the
i"’s is one-to-one, since if a class of g-equivalent Lagrangians contains a
function satisfying (7.9), then this function is unique.

Formulas (6.22), (6.23) for the canonical connection T'y of a Finsler

metric g simplify to

I = —T%, /3" = —g" Tyl 3", (7.10)

Y (0giy | Qg . O0gik\  _ Y (dgjr

/0 <8xk + oxI _28:3’ > oxdv+/0 (&cl OX) vdv
0915, Oguwe _ 5095k | 19k
oxk = OxJ ozl 2 Ozl

where

Ly =

1
2
1
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where - -- refer to terms vanishing due to homogeneity, i.e.,
1 4 (Og; | Ogu.  Ogik
i+ =59 <8:L‘k 0w T ol ) (7.11)

Thus I'¥ = 2G?, where G* are the geodesic coefficients on the Finsler man-
ifold (M, g) (cf. [34]). Finsler geodesics now appear as the solutions of the
equations

i+ Tdd % = 0. (7.12)

The above functions F;k generally depend on the &*’s, hence the compo-
nents I' of the canonical connection need not be quadratic in the #*’s
(if the I'"’s are quadratic functions in the #*’s then g is called a Berwald
metric). However, homogeneity of g gives us

ore .
7.4. Time-dependent Finsler metric. If g is a variational metric on

R x TM satistying the homogeneity condition (7.5) then g defines a time-
dependent Finsler structure on M. Similarly as above we obtain that the
corresponding kinetic energy and canonical connection are of the form

1 o
T = §gij:i"z:i:j (7.14)
and

w00 i i s Ly (Og;  Ogw  Ogjk
i ipZIP) G T sk i~ il J _ J
AT L (T (axk T o ot )0 (T

respectively. Of course, the Fé- . S may depend on ¢ and the ils.

7.5. Quasifinslerian metrics generated by functions. Any smooth
function L on R x T'M (defined possibly on an open subset W C R xTM)
satisfying the condition

0*L

defines on W a quasifinslerian metric g by

(9ij) = <£;ij) : (7.17)
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The relation between the kinetic energy 1" of g and L is
L=T-Y, (7.18)
where V is an affine function in the i%’s. The relation between the canon-
ical dynamical form F, and the Euler-Lagrange form of L then reads
E=FE;+®, (7.19)

where ® is a locally variational form on W. Explicitly, ® takes a form of
‘covariant Lorentz-type force’

® = d;dx’ Ndt, where ®; = ay;i! + 3, (7.20)
with the o;;’s and 3;’s not depending upon the zP’s
Oa;  Ooyy O 0B; 006; Ouy;
it =0 J , 12 =0 , ] Yo—0. (7.21
Wit =0 ook T ou T o S YR Y (7.21)

Accordingly, the semispray connection I' related with L differs from the
canonical connection I'y of g by the soldering form

i 0
s =hr —hr, = g’ ®; 95 ® dt. (7.22)

If OL/0t = 0 then the arising quasifinslerian structure is time inde-
pendent. A pair (M, L) of this kind is sometimes called a Lagrange space.
A Lagrange space (M, L), such that

L=T+a#" +b (7.23)

where T is a (regular) function on T'M positively homogeneous of degree 2

k>

in the ©*’s and a;, b do not depend upon #*’s, is a Finsler space.

¢}
Any smooth function F on TM, positively homogeneous in the i*’s
such that F? is regular, is a generating function for a Finsler space (F is
called fundamental function). Indeed, putting

1
T = 5F2 (7.24)

we get a regular, nonnegative, positively homogeneous function of degree

2 on T'M. With help of the corresponding Finsler metric g, F' takes the

form
F= \/gij.fi.fj. (725)

Similar arguments hold for the time-dependent case.
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7.6. Variational metrics generated by dynamical forms. Let F €
D¥(R x T2M) be a regular dynamical form, E = E;dx® A dt,

El' = AZ - gijjfj, (726)

By Theorem 6.5, if the matrix (g;;) is symmetric and g;; = —0F; /0%’
satisfy the integrability conditions (6.13) then E gives rise to a variational
metric, g, on R x T'M. Dynamical forms with this property will be called
metrical. Thus, with a metrical dynamical form E on R x T?M, (M, g)
becomes a quasifinslerian manifold, with the kinetic energy A\, = T'dt, the
canonical dynamical form E,, and the canonical connection I'y. Putting
¢ = F— E, we get a first-order dynamical form, called a force related with
the quasifinslerian metric g and the dynamical form E. Recall that the
(unique) semispray connection I' associated with E, i.e., I"E = 0, then
differs from the canonical connection I'y by a soldering form s, defined by
s = hr — hr,. However, by the isomorphism (6.4), forces on a quasifins-
lerian manifold can be identified with soldering forms. This means that a
metrical dynamical form E on R x T?>M generates a quasifinslerian man-
ifold (M, g) endowed with a force (= a first order dynamical form @ or
equivalently a soldering form s, related by s = Fg_1(<I>)).

Equations for paths of E (respectively, equations for geodesics of T')
then read

(895151 - % gi: = d,, resp. ry,=s", (7.27)
where s¢ = g% ®;. Accordingly, one gets a physical interpretation for the
dynamical form E as a mechanical system with the kinetic energy Ay = Tdt,
moving i a force field ®. Naturally, £ = E4 has the meaning of a free
particle for the quasifinslerian manifold (M, g).

Keeping the above notations, we get immediately from Theorem 5.1
the following result, characterizing locally variational forms on R x T?M
by means of their related quasifinslerian structure:

Proposition 7.1. The following conditions are equivalent:
(1) E € D¥(R x T?M) is locally variational.
(2) The dynamical form ® = E — E is locally variational.

(3) The ®;’s are affine functions in the i*’s, ®; = (; + iji’, and the
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two-form
a = fidz" A dt + ayjda’ A da? (7.28)
is closed.

(4) There is a unique closed 2-form o on R x M such that pio = E — E,.

Hence, a locally variational form F differs from the corresponding
canonical dynamical form E; by a first order dynamical form (force) ®,
which is potential (i.e., locally variational), satisfying Helmholtz condi-
tions. This means, however, that ® is a (covariant) Lorentz-type force.
The soldering form s = hr — hr, (the components of which are st =g ;)
then is a ‘contravariant Lorentz-type force’. Denoting a Lagrangian for ®
by V', we have (first order) Lagrangians for E expressed by L =T — V,
where V is affine in the *’s.

As an example, consider M = R? with the canonical global chart (z?),
and a dynamical form F = E;dx’ A dt, where

d .

—F;, = féij.fj + d—‘};&jﬂ (729)

(f is an arbitrary nowhere zero function on R, and (d;;) is the unit matrix).

Note that the equations of the paths of E are the Newton equations for

a free particle with nonconstant mass m(t) = f(t), i.e. dp;/dt = 0 with
p; = f(t)i'. E defines a time-dependent quasifinslerian metric on R? by

OF;
Gij = T = f(t)(;ij- (7.30)

For the kinetic energy, the canonical dynamical form and the canonical
connection we get T' = %féijj:ifbj, E,=FE, and

1df

Z'oly = —? i A (7.31)
respectively. Hence, ® = 0 and F is a free particle for the quasifinsle-
rian manifold (R3, f8;;). Considering a dynamical form ® on (R3, f&;;)
we get the mechanical system E = E, + ®, representing a particle with
nonconstant mass m = f moving in the force field ®.
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8. Semispray connections on quasifinslerian manifolds

Let (M, g) be a quasifinslerian manifold, E, the canonical dynamical
form and I'y the canonical connection. Consider a semispray connection
I': RxTM — R x T?M. We have as associated objects a soldering form
s = hr — hr,, a dynamical form E € D(R x T2M) defined by

oE;
i = —Yij,
and a dynamical form ® on R x T'M defined by ® = F — E,.

Similarly as above, it holds s = F,~(®), and we call s (resp. ®) the
force associated with the connection I' and the metric g. The equations
for the geodesics of T' (resp. the equations for the paths of E) then take
the form of (contravariant resp. covariant) Euler-Lagrange equations for
non-conservative mechanical systems on (M, g) (7.27).

and T"E =0, (8.1)

Theorem 8.1 ([19]). A semispray connection I' on a quasifinslerian
manifold (M, g) is g-compatible if and only if hr — hr, = s, where Fy(s) €
D (R x TM), and the components of ® are of the form

;= ﬁi(t7 xk) + Oéij(t, :L'k)i'ja Qij = — Qg (82)

PRrROOF. Putting I'; = g¢;;I7, and using (6.13), the g-compatibility
condition Drg = 0 takes the form

09ij , 091 s +% (ar" + aFj) =0, (8.3)

ot Oxk oxd 91t
which is one of the Helmholtz conditions (5.5). (Note that this means
that the dynamical form FE associated to I' by (8.1) satisfies all but the
last set of the Helmholtz conditions.) Substituting ® = E — E; into (8.3)

and using that Ej is locally variational we get that components ®; of the
¢ = Fy(s) satisfy

o®; 09 B

By + 95 0. (8.4)
Denote 20

Uijk = rok (8.5)

Then differentiating (8.4) with respect to &% we get
Qijk + Qjik = 0. (8.6)
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Cycling the indices in (8.6), summing up the arising three relations with
appropriate signs and using a;;x = a;; we obtain

aijr = 0. (8.7)

Hence, the ®;’s are affine in the velocities, and in view of (8.4) they are of
the form (8.2).

Conversely, if ®; are affine in velocities with skewsymmetric coefficients
a;j then E = E, 4 ® satisfies (8.3), meaning that Drg = 0. O

Theorem 8.1 has an interesting application in physics: it provides a
characterization of all admissible (possibly time-dependent) g-compatible
forces on quasifinslearian manifolds.

Corollary 8.2. On a quasifinslerian manifold (M, g) the only admis-
sible covariant g-compatible forces are of the form (8.2), i.e. affine in veloc-
ities, with skewsymmetric coefficients at &. In particular, on a Riemannian
manifold both covariant and contravariant admissible g-compatible forces
are of the form (8.2).

Let us discuss in more detail the g-compatibility in the time-independ-
ent case (i.e. for metrics and connections on tangent bundles). Assume that
T' is a time-independent semispray connection, and g is a time-independent
metric on TM. In this case, formula (6.1) for the I'-derivative of g reads

(8.8)

0i 1 ork ork
(Drg)ij 9955 pk (gik ) .

9
= Gebd + oa "+ 5 (G + 9y
Now, recall that by a connection on T M one usually means a fibered
morphism TM — CM over idys, where CM — M is the bundle of linear
connections over M [16]. Locally a connection v on T'M is represented
by its components V;k’ which obey the same transformation rules as the
components of a linear connection on M, the functions fy;k, however may
depend on all the variables 2! and 4!. The covariant derivative of g is
locally expressed by the formula

(V9)ijk = giz,i - gfg’j YVokd" = GisVik — GisVik- (8.9)

Geodesic curves of  are then given by the equations

B4 yhad it = 0. (8.10)
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We can see that to any connection v on TM there corresponds a
unique time-independent semispray connection I'. It is determined by the
requirement that geodesics of I' and  coincide. In coordinates,

I =~y dd b, (8.11)
Of course, the same semispray connection can arise from different connec-

tions on TM. We say that connections v and 4 on T'M are equivalent if
their associated semispray connections coincide. In view of (8.11)

N~y = ’V(ijk.) = V%jk;) + goéjk) where goé-ksbjﬁvk =0. (8.12)
Above and in what follows (rs) denotes symmetrization in the indicated
indices.

Writing (8.8) in terms of v we obtain
k

99ij  99ij k., 1 O N
(Drg)ij = <(‘3x5 ~ 9k Vst — 5| i 85; + gk ; "

- Qilﬂécjs) - ij’VZ's)) a® (8.13)

~k =k

= (Vg)ijst® — % <gik 8’;7,:8 + 9jk %l.rz?)i?riS’
where V denotes the covariant derivative related to a torsion free connec-
tion 4 equivalent with ~.

Note that, as expected, the right-hand side of (8.13) does not depend
upon a choice of a connection in the equivalence class of .

Formula (8.13) gives us a relation between the g-compatible semispray
connections I' and the torsion free connections on T'M associated with I':

o s Lo O s
(Drg)ij =0 <= (Vg)ijst =3 Gik s + Gk o "%, (8.14)

In particular, we have the following result:

Proposition 8.3. Let v be a torsion free connection on TM, I' the
associated semispray connection. If v is metrizable with a quasifinslerian
metric g such that I' is the canonical connection of g, then vy satisfies the
homogeneity condition

L[ O Y\
5 (gik 89';; + gk 9;; i = 0. (8.15)
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We can see immediately, that, for example, the Cartan connection of
a Finsler metric possesses the homogeneity property (8.15).
Next, for Riemannian metrics we can conclude the following:

Proposition 8.4. Let (M,g) be a Riemannian manifold. Then the
mapping (8.11), assigning to a linear connection V on M a time-independ-
ent semispray connection I' such that I'" are quadratic in the i'’s, is one-
to-one on the quotient set of linear connections modulo torsion. For a
semispray connection I' and the related torsion free linear connection V
we have

Drg=0 <<= Vg=0. (8.16)

PRrROOF. The first assertion is obvious, since

1 O%T
29I Ok

[ =i (2)i'd" = Ay = (8.17)

Next, writing (8.13) for a torsion free linear connection V on M we get

9(Drg)ij _

(Drg)ij = (V9)ijri®, and (V)i = 50k

(8.18)
O

Corollary 8.5. Let (M, g) be a Riemannian manifold. A time-inde-
pendent semispray connection I' such that the I''’s are quadratic in the
velocities is g-compatible if and only if the associated torsion free linear
connection is the Levi—Civita connection of g.

Of course, the above assertion also follows immediately from Theo-
rem 8.1, which more generally answers the question about all g-compatible
semispray connections on a Riemannian manifold (M, g).

Let (M, g) be a quasifinslerian manifold, I" a (possibly time-dependent)
semispray connection on R xT M. We say that I' is vartational with respect
to the metric g, if the dynamical form E defined by I' and g (cf. (8.1)) is
locally variational.

Summarizing our results obtained so far we have the following classi-
fication of variational semispray connections on quasifinslerian manifolds.

Theorem 8.6. Let (M, g) be a quasifinslerian manifold, let I' be a
semispray connection on (M,g). The connection T' is variational with
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respect to the metric g if and only if hr = hp,+s, where I'y is the canonical
connection of g, and the dynamical form F,(s) is locally variational.

Recall that ‘Fy(s) is locally variational’ means that it is affine in the ve-
locities, and the 2-form (7.28) is closed (i.e. the coefficients satisfy (7.21)),
or, equivalently that there is a unique closed 2-form « on R x M such that
Fy(s) = pra (cf. Section 7.5 and 7.6).

A special case of Theorem 8.6, classifying variational forces in classical
and relativistic particle mechanics has been first obtained by E. ENGELS
and W. SARLET [7], and J. NOVOTNY [29)].

We say that a semispray connection I' is metrizable if there exists a
variational metric g on RxT'M such that I' = Iy, the canonical connection
of g.

Taking into account our above results, we easily conclude

Proposition 8.7. For a semispray connection I" on R xT'M we have:

(1) T is metrizable = I' is variational = I" is compatible with a quasifins-
lerian metric.

(2) If T is associated with a linear connection V on M then I' is metrizable
with a metric g on M < T is variational with variational multipliers
defined on M < T' is compatible with a metric g on M < Vg = 0.

Various results of this kind were obtained by I. ANDERSON and
G. THOMPSON [3], J. GRIFONE and Z. MuzsNAY [9], D. KrRUPKA and
A. SatTArov [16], O. KrRUPKOVA [18], [19], J. KLEIN [12], [13] and
W. SARLET [31]. Other related significant results on metrizability of con-
nections are due to R. MIRON [24], [25], A. RApPcsAK [30], J. SziLAst and
Z. MuzsNAyY [35], L. TAMASSY [36]-[39], and others.

Finally, let us mention a geometric interpretation of Helmholtz con-
ditions (cf. (5.4), (5.5)), arising from the study of quasifinslerian metric
structures.

Let E be a regular dynamical form on R x T?M, and I the associated
semispray connection (cf. (8.1)).

e The first set of (5.4) means that the dynamical form E is metrical.

e (5.4) means that E is metrical and the associated metric is quasifins-
lerian.
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e the first set of (5.5) means that there exists an M-pertinent metric
g on R x T'M such that I' is g-compatible.

e (5.4) + the first set of (5.5) mean that ' is compatible with a
quasifinslerian metric g.

e All the Helmholtz conditions mean that I' is compatible with a
quasifinslerian metric g, and the arising force ® is a Lorentz-type force
(7.20)—(7.21).

Appendix

Lemma A.1. Let I C R be a neighborhood of the zero, B an open
ball in R™ x R™ with the center at the origin, and F' a smooth function
on I x B. Define the mapping x : [0,1] x I x B — I x B by

x(v, (t, 2%, &%) = (t,2°,vi?). (A1)

Then the following identities hold:
1 ) 1 F
F:/ (Fox)dv—l—:ic’/ (a.,ox>vdv, (A.2)
0 0 aIZ
1 ) 1 F
F—Q/ (Fox)fudv—i-j:l/ (8,,ox)v2dv, (A.3)
0 0 31“

/01(/01(Fo)_<)dv>092vdv:/Ol(Fox)dv—/Ol(Foy()vdv. (A.4)

PRroOF. The first two formulas follow from the following identities:

F:/Old(v(FoX)):/Ol(FoX)dv—i-/Olvd(Fox),
(A5)

F:/Old(v2(Fo>‘<)):2/01(Fo>‘<)vdv+/olv2d(Fo;‘<).

The third one is obtained as follows: Substituting (A.2) into the second
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integral on the right-hand side of (A.4) we get for this integral the expres-

sion
1 1, 1
/(Fox)vdv:/ (/ (FoX)dv)o;Zvdv
0 0o “Jo
i [([ (25 ox)oar) oxe?an

G = /0 (F o ¢)dv. (A7)

(A.6)

Denote

Then applying (A.3) to G yields

1 1, 1
/(Fox)dv:2/ (/ (Fo;{)dv)ogvdv
0 0o “Jo
+:ki/1(aii /I(FO)Z)dv)OXUQdU
10 1 [j )
—2/0 </0 (Fo;@dv)oxvdv
—l—x'i/()l(/(]l(g;oX)vdv>oxv2dv.

Now, (A.8) and (A.6) give (A.4). O

(A.8)
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