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Almost Kahlerian structures determined
by Riemannian structures

By KOJI MATSUMOTO (Yamagata), ION MIHAI (Bucharest)
and RADU MIRON (Iasi)

Dedicated to Professor Lajos Tamdssy on the occasion of his 80th birthday

Abstract. We prove that for a given Riemannian metric g on an 2n-di-
mensional differentiable manifold M which admits an n-dimensional foliation F ,
there exists an almost Hermitian structure (G, F) on M determined by the pairing
(g, F). In particular, we investigate the case when it is almost Kéhlerian or
Kahlerian.

0. Introduction

In [3], the first and third authors proved that for every Riemann-
ian structure G on the total space of the tangent bundle TM of an n-
dimensiona(l3 r%al differentiable manifold there exists an almost Hermitian
structure (G, F) determined only by G.

One of the reasons which justifies the existence of the structure ((é, IE‘)
determined by the given Riemannian metric G is that there exists a vertical
distribution V' on T'M (which is 2n-dimensional), which is an integrable
distribution (foliation).
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The following problem arises: Given a Riemannian metric g on a 2n-
dimensional differentiable manifold M which admits an n-dimensional fo-
liation F, does there exist an almost Hermitian structure (G,F) on M
determined by the pairing (g, F)?

If (G, F) exists, determine one such pairing. When it is almost Kahler-
ian or Kéhlerian?

In the following, we will prove that the answer is affirmative and we
will point-out an almost Hermitian structure (G,F) determined by the
Riemannian metric g and the foliation F.

The method which we use is suggested by that of the paper written
by K. MATsumMOTO and R. MIRON [3]. In fact, one remarks that the
tensor g1 induced by g on the foliation F is a symmetric, positive definite
d-tensor field on M (d means distinguished). The distribution N of type
(0,2) orthogonal to the foliation F defines a non-linear connection on M ,
determined only by g. Then the lift G (of Sasakian type) of ¢; is a Rie-
mannian metric on M determined only by g. But N determines an almost
complex structure I, which depends only on g. Then the pairing (G, TF)
is an almost Hermitian structure, constructed only with the help of the
pairing (g, F). The cases when (G, F) is almost Kéhlerian or Kéhlerian are
easy to establish. Obviously, they impose new conditions to the geometric
objects (g, F).

The problem under discussion was stated by Koji Matsumoto at the
Conference organized by Prof. L. Verstraelen at the Catholic University
of Leuven (in 1999), in honor of Prof. Radu Rosca.

1. Foliations on Riemannian manifolds

Let M be a 2n-dimensional real differentiable manifold and F an n-
dimensional foliation on M. Then we choose local coordinates (x!,..., z";
y',...,y") such that 2 = xf (= constant) give the leaves of F, y' are

variables on the leaves and the coordinate transformations of this type are

o o7

~to_ .1 n

T =z"(z',...,2"), det <axj) £ 0,
_8:?

Ol

(1.1)

y (z)y?,
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where 7,5,k € {1,2,...,n}.

The distribution Dx tangent to the leaves of F is locally spanned by
the vector fields {8%1, ceey %}.

Obviously Dy has geometric character. Indeed, from (1.1) we obtain

the transformation of the natural frames ( B‘Zi, 8‘31-) of the form

o _ow o op o
oxt  Oxt 0z Oxt Oy’

> o7 5 (1.2)
oyt Oyt Oy’
oW _ ow oW _ 9%k

where oyt — Ozt Oxt dziozk Y N
Let g be a Riemannian metric on the manifold M. In each point

u = u(x,y), g has the local components

A R AN
g Oz’ Oxi =Y XY), g axi’ayﬂ' =54 (X, Y),

(1.3)
9 0N_D B
g ayzv 8:1:-] - 1] 7y 9 g ayla ay] — gzj ,y .
It is clear that in any point u € M , we have
1 @ 2 @
9ij= 935, 9ij=Y9ji>  Gij = Gji- (1.4)

1 @ O
With respect to (1.1), 94, 94, 9i; and g;; are transformed as follows
W _omor W owor @ oyor® oy or
U= 05 0x I T om0z I T om 0xd I T ot 0 I

@ 97" oyt @ 9y Oy

0= Bui byi 7 0t 0y (15)

B oot ® 9y oy -
i1 = 3 a5 Y9rs +=—=5=0rs
oyt Oxd oyt OxJ
o owor .
ng] - al‘l ax] gTS'

The last equation shows the tensorial character of g;; (the components
of g on F). It is called a d-tensor field. From the last equation (1.3), it
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follows that g;;(z,y) are the components of a d-tensor field g; induced
by g on the foliation F. ¢; is a symmetric, positive definite d-tensor field
of type (0,2). Then

rank ||gi;|| = n (1.6)
on the manifold M. We may consider its contravariant tensor g” by the
equation

girg'? =06 (1.7)
Let
M:{($17"'7xn7y17"'>yn) EM‘ yl = :y":()}

It is easily seen that M is an n-dimensional submanifold of M. Then
(M,m, M) is a differentiable fibre bundle, where the map 7 : M — M is
defined by

m(zt, .2yt g = (b2, Y(x,y) € M.

The foliation F is given by the integrable distribution Dz, which is
the kernel of the differential of 7. We will denote Dy by V' and we will
call it the vertical distribution on the manifold M.

In the Lagrangian geometry [5], [8], the pairing (M, gi;(z,y)) = GL"
is said to be a generalized Lagrange space.

A necessary condition for the existence of a function L(z,y) (called
Lagrangian) such that

1 9*L
9ij(x,y) = 2 Byiayi (1.8)

is that the d-tensor Cj;, = %g?,f is totally symmetric.

If the above property holds, the space GL™ is called reducible to a
Lagrange space. If the space GL" is reducible to a Lagrange space, denoted
L™ = (M, L(x,y)), and the d-tensor g;;(x, y) has homogeneous components

of degree 0 with respect to ¢, then the function

L(z,y) = F*(x,y) = gij(z,y)y'y’

is a solution of the equation (1.8) and F(z,y) = /gij(z,y)y'y? is the
fundamental function of a Finsler space F™ = (M, F(z,y)).
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In this case, we say that GL"™ is reducible to a Finsler space.

In the following, we will use fundamental geometric objects, for in-
stance, non-linear connections, distinguished connections on GL", in order
to solve the proposed problem [3].

2. Non-linear connections on the manifold M

Definition. A non-linear connection on the differentiable manifold M
is a regular distribution N on M complementary to the vertical distribu-
tion V, i.e.,

T.M = N(u) ®V(u), Yu€ M.

It follows that the local dimension of the distribution N is n. Since

0 .,%)u, then N is locally spanned by vector

V' (u) is spanned by (871, .

fields of the form
0 0

_9 WO
st Ot L oyd’

(t=1,n), (2.1)

such that, under a transformation (1.1) on M, they satisfy
5w
Sxt Oxt dTI’

The system of functions Nij (z,y) is called the system of the coefficients

of the non-linear connection N. By (2.1) and (2.2) one derives:
A transformation of local coordinates (1.1) determines the following

(2.2)

transformation of the coefficients Nij
Ti _ 07t 0x" N o0xt Oy"
I 9xs9xiT T Oxr 0TI
The converse statement holds too.
As is known, the d-curvature tensors R;k and d-torsion tensors t;k of

(2.3)

the non-linear connection N are given by

oo
ik Spk o g’ (2.4)
_ovon; '

E
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The Berwald connection [7] determined by the non-linear connection
N has the coefficients

B! ON; (2.5)
k= Pk :
One has
‘v =Bl — Bj;. (2.6)

Using (2.3), it follows that under a transformation of coordinates (1.1)
on the manifold M, the coefficients B;k (z,y) are transformed in the same
way as the coefficients of a linear connection on the manifold M, i.e.

Ik 9as 0% 0xk TP G 03 0Tk
Thus, we have the following

Theorem 2.1. There exist non-linear connections on the manifold M
determined only by the Riemannian metric g and the foliation F. One of
them (denoted by N and called canonical) has the coefficients

. @) |
Nj(z,y) =G jm (z,9)9™ (z,y). (2.7)

PROOF. Under a transformation (1.1), from (1.5) one gets

@ _ 02" 02° @ Ox® Oy
95~ 57 om 7" T om 0w

Multiplying by

i _ ozt o™ -
dzP Ox1”
we obtain for the coefficients NV ; the transformation law (2.7) O

The adapted basis of the distribution N is given by (2.1), where Nij
are given by (2.7).
Then, one has the following geometric interpretation for N.

Proposition 2.1. The non-linear connection N is characterized by
the condition that the distributions N and V are orthogonal with respect
to the Riemannian metric g.
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PROOF. Indeed, if <2; (i = I,n) is the adapted basis of the distribu-

ox?

tion N, then N L V if and only if
0o 0 .
g(w,ayj)_o, VZ,]Zl,...,n.
Then one derives (2.7). O

Applying a known result [7], one obtains:

Theorem 2.2. The canonical non-linear connection N is integrable
if and only if the equations

(2) mi @) mi
dxk dxd '

are satisfied.

PROOF. Indeed, R;k = 0, by (2.4), with N; given by (2.3), get the
necessary and sufficient condition for the integrability. O

Let (dz?, 8y"), (i=1,n ) be the dual basis of the adapted basis (56932‘ , 821- ),
(i =1,n). Then, in any point u € M, one has
5y’ = dy' + Nj(z,y)da’. (2.9)

The following result is easy to prove.

Proposition 2.2. 1° With respect to the adapted basis, the Rie-
mannian metric g is given by the symmetric and positive definite covariant
d-tensor fields h;j(x,y) and g;;(x,y) from

g <<55:1:Z’ 5;) = hij(z,y), g <6)8yz’ (;;) = gij (@, y). (2.10)
2° The tensor g has the expression
g = hij(z,y)dz' @ da? + g;;0y" @ 5y (2.11)
3° hyj is given by

RN R C) o
h’ij =9Yij _Nj 9is _Ni 955 +grsNi Nj‘ (212)
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It is obvious that the Levi—Civita connection of the metric g with
respect to the adapted basis (%, 8%1-) of the distributions N and V may
be determined as in [3].

We will use the above results for proving the existence of an almost
Hermitian structure determined by the Riemannian metric g and the foli-

ation F.

3. Almost Hermitian structures determined by the metric g
and the foliation F

Consider the canonical non-linear connection N, with the coefficients
(2.3) and the local adapted basis ( 6‘;, a?,i) to the distributions N and V.
The dual cobasis is (dz?, §y*).

It is easy to see, by (1.1), (1.2) and (2.2), that (dx,dy’) are trans-
formed by the rule

o' o'
i i

Taking account that g;;(z, y) is a d-tensor field, we construct the tensor
field on M

dzt = de?, 6y = 5y (3.1)

G(z,y) = gij(z,y)da' ® da? + gij(z, )6y’ @ 5y’ (3.2)

Since N is the canonical non-linear connection, g;;(x) give the restric-
tion of the Riemannian metric g to the leaves of the foliation F and (3.1)
holds, we have the following:

Theorem 3.1. G defined by (3.2) is a Riemannian structure on the
manifold M determined only by the Riemannian metric g and the folia-
tion F.

Next, we consider the F (]\7 )-linear map

F: x(M) — x(M),
defined by

0 0 0 1)
Fl —|=—, F - | = —— L =1,... . .
(w) oy (ay) i A= beom- o (33)
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Remark. In [3], F is defined by

0 0 0 0 .

It is easily seen that [F is invariant under coordinates transformations

on M and one has

Theorem 3.2. The following properties holds:
1° T is an almost complex structure globally defined on M

FoF = —1. (3.4)

2° F is a tensor filed on M having the local expression

9 % o % )

F

3° The structure F depends only on the Riemannian metric g and the
foliation F.

PRrOOF. 1° Using (1.2) and (2.2), it follows that F defined by (3.3)
does not depend on the choice of the local coordinates (z?,%). (3.4) holds
because for any X = Xi(s‘;i + Xiagaﬁ’ we have FoF(X) = —X.

2° Obviously (3.3) and (3.3)’ are equivalent.

3° 2 and éy’ depend only on ¢ and F. O

dx?

Theorem 3.3. F is a complex structure if and only if the curvature
d-tensors R;k and the torsion d-tensors t;k of the canonical non-linear
connection N vanish identically.

Proor. With respect to the adapted basis ( 5‘;, a?!i), the Nijenhuis

tensor NV of the almost complex structure F
Ne(X,Y)=—[X,Y]+ [FX,FY] — F[X,FY] — F[FX,Y]
vanishes identically if and only if

b 6 o 0 0o 0
4 () =0 ¥ (5ap) =0 % (a5) =0

The above system holds if and only if R;k =0 and ték =0 [7]. O
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Finally, the proposed problem is solved by the help of the following
theorem.

Theorem 3.4. 1° The pairing (G, F) is an almost Hermitian structure
on M, determined only by the Riemannian metric g and the foliation F.
2° The associated 2-form 6 to the pairing (G,F) has the local expres-
sion
0 = gijda’ A Sy (3.5)
3° 0 is an almost symplectic structure on M determined only by g¢
and F.

PROOF. 1° The equation G(FX,FY) = G(X,Y) VX,Y € x(M) is

satisfied on the adapted basis (%, aiy,-).

2° 0(X,Y) =G(FX,Y) leads to

6 9 6 0
(55m) =0 i)

o 0 o 0
0 sy o = —4Gi5, 0 oy A~ =
<0y“ 5W> 9 <6y1 8y]> !

3° @ given by (3.5) is a 2-form on M, with det||8]| = 2n. O

Theorem 3.5. The almost symplectic structure 6 defined by (3.5) is
integrable (or, equivalently, symplectic) if and only if the following equa-
tions hold:

gm'R;k + grjR};i + grlerj =0,
Vigij — Vigik — girth, = 0, (3.6)
Vi 9ij— Vj ik = 0,
where
Vg = 290 _ g pr g e (3.7)
k9ij = Sk 9sj B — GisDpj» .

Vi, is the covariant h-derivative of g;; with respect to the transpose of
the Berwald connection B;-k and

dg; j

o
Vi 9ij = .
iJ 8yk
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The proof runs similarly as in Section 4 of [3]. The conditions (3.5) repre-
sent the necessary and sufficient condition df = 0 for the integrability of
the structure 6.

Corollary 3.1. The structure (G,F) on M is almost Kéhlerian if and
only if the equations (3.6) hold.

Corollary 3.2. The structure (G,F) on M is Kéhlerian if and only if
the Riemannian metric g and the foliition F have the following properties:
1° IF is a complex structure on M (i.e. R;'.k = t;k =0.)
2° The following equations hold
Vigij — Vjgik =0,
. . (3.8)
Vi 9ij— Vj gik = 0.

Remark. Vy, is the covariant h-derivative of the d-field g;; with respect
to Berwald connection.

In particular, if the generalized Lagrange space GL™ = (]Tj . 9ii(x,y))
is reducible to a Riemannian space [5], that is, g;j(z,y) depends only on
the variables (z'), then from g;j(x,y) = gij(x) it follows that we may

o
determine a non-linear connection [N, which is different from the canonical

[0)
non-linear connection N. The coeflicients of N are

ot

N;= i (2)y", (3.9)

where 'yj.k are the Christoffel symbols of the d-tensor field g;;(x).
The curvature of this non-linear connection is given by

ot

Ry, (2,y) =y} 5 (2), (3.10)

where r;k(x) is the curvature tensor of g;;(x).

(o]
The Berwald connection of N is

and the torsion t;k =0.
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The Riemannian structure G is defined by
G = gij(z)da’ @ da? + gi0y" @ oy,

where 6y’ = dy* 4~} (x)y"da?.

The almost complex structure F is given by (3.3)’.

The pairing (G, ) is an almost Hermitian structure determined only
by the foliation F and the d-tensor g; induced by g on the foliation F, ¢;
having the components g;;(z). Then the pairing (M, g;;(z)) is a Riemann-
ian space.

The 2-form 6 associated to the pairing (G, ) is integrable, because,
by using the Bianchi identity and the fact that

Vigij =0, Vigi; =0,

it follows that the equations (3.6) are satisfied.
Consequently, we may state the following.

Theorem 3.6. 1° The structure (G,F) determined on the manifold
M by a Riemannian d-structure g;j(x) and a foliation F is an almost
Kahlerian structure.

2° The structure (G,F) determined by g;;(x) and the foliation F is
Kaéhlerian if and only if the Riemannian space (M, g;j(x)) is locally flat.

PROOF. 1° We already saw that the equations (3.6) hold. Then we

ol .
apply the Corollary 3.1. 2° The tensor Rj,= yhrﬁljk(x) vanishes if and
only if the curvature tensor szk(x) of the metric g;j(x) on M vanishes.
Since t;k = V;k(a:) — v,ij(x) = 0 and the equations (3.8) hold, then the
Corollary 3.2 achieves the proof. (I

References

[1] K. MATSUMOTO, On locally conformal Kéhler space forms, Internat. J. Math. Math.
Sci. 8 (1985), 69-74.

[2] K. MaTsumoTO, I. MinAT and A. O1AGA, Ricci curvature of submanifolds in com-
plex space forms, Rev. Roum. Math. Pures Appl. 46 (2001), 775-782.

[3] K. MatsuMoTO and R. MIRON, The almost Hermitian structures determined by
the Riemannian structures on the tangent bundle, Alg. Groups Top. (to appear).



Almost Kéhlerian structures determined by Riemannian structures 509

[4] I. MiHAI, Submanifolds of a Kaehler manifold, Academia Romdand, Mem. Sect. St.
19 (1996), 129-134.

[5] R. MIRON, The Geometry of Higher Order Lagrange Spaces, Applications to Me-
chanics and Physics, Vol. 82, FTPH, Kluwer Acad. Publ., 1997.

[6] R. MIRON, The Geometry of Higher Order Finsler Spaces, Hadronic Press. Inc.
USA, 1998.

[7] R. MIRON and M. ANASTASIEI, Vector Bundles and Lagrange Spaces with Appli-
cations to Relativity, Vol. 1, Geometry Balkan Press, Bucuresti, 1997.

[8] R. MIRON and M. ANASTASIEI, The Geometry of Lagrange Spaces: Theory and
Applications, Vol. 59, FTPH, Kluwer Acad. Publ., 1994.

[9] R. MiroN, D. HrRimiuc, H. SHIMADA and V. S. SABAU, The Geometry of Hamilton
and Lagrange Spaces, Vol. 118, FTPH, Kluwer Acad. Publ., 2001.

[10] M. TAHARA and Y. WATANABE, Natural almost Hermitian, Hermitian and Kéhler
metrics on the tangent bundles, Math. J. Toyama Univ. 20 (1997), 149-160.

KOJI MATSUMOTO
DEPARTMENT OF MATHEMATICS
FACULTY OF EDUCATION
YAMAGATA UNIVERSITY
YAMAGATA 990-8560

JAPAN

E-mail: €j192@kdw.kj.yamagata-u.ac.jp

ION MIHAI

FACULTY OF MATHEMATICS
UNIVERSITY OF BUCHAREST
STR. ACADEMIEI 14

70109 BUCHAREST

ROMANIA

E-mail: imihai@math.math.unibuc.ro
RADU MIRON

FACULTY OF MATHEMATICS

“AL. I. CUZA” UNIVERSITY

6600 IASI
ROMANIA

E-mail: rmiron@uaic.ro

(Received August 15, 2002, revised November 12, 2002)



