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Abstract. We study metrics on the pullback bundle of a tangent bundle by
its own projection. We investigate the circumstances under which an arbitrary
metric admits a regular Lagrangian and thus an associated semispray. We present
a simple coordinate-free formulation for all metric derivatives.

Introduction

The concept of a Finsler manifold is as old as the concept of a Riemann-
ian manifold, since it was Riemann himself who suggested the investiga-
tion of more general ‘non-Riemannian’ metrics in his Habilitationsvortrag
of 1854 (see e.g. [21], [4]). A class of these more general metrics, called now
the class of Finsler metrics, was first investigated by Finsler in his thesis
(1918). However, Finsler geometers usually do not refer to a metric tensor
as the cornerstone of their theory: traditionally Finsler geometry is cast
in terms of a 1-homogeneous function, called the fundamental function, or
a 2-homogeneous function, the so-called energy, and only secondary, is the
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‘Finsler metric’ introduced as the Hessian of the energy. In contrast with
this point of view, in our present paper, we intend to treat Finsler metrics
(and more general structures) as being prior to the energy.

Speaking in coordinate terms, the most striking difference between a
Riemannian metric and a Finsler metric is that the local components of
the latter typically depend also on the fibre coordinates of the tangent
manifold. In the past, a lot of models have been proposed to describe
Finsler geometry. In our experience it turns out to be convenient to think
about Finsler metrics as a special subset in the class of symmetric and non-
degenerate (0, 2) tensor fields of a certain pullback bundle. In the following,
we will refer to all such tensor fields as metrics. In [13], M. HASHIGUCHI
gave a necessary and sufficient condition for a metric to be the Hessian
of some Finsler energy and used for the first time the adjective normal to
distinguish Finsler metrics from all others.

Although Finsler geometry has proved its merit in a lot of domains
in physics, biology, ecology etc. (see e.g. [2]), there remain a number of
theories that need a less restricted class of metrics (see e.g. [19] Ch. XI,
Ch. XII and the references therein). In this paper we will study metrics
in a broader context, meaning that they need not necessarily be the Hes-
sian of some energy. There exists a long history of attempts to generalize
Finsler geometry, mainly written in the language of classical tensor calcu-
lus. Here, we will mention only two papers which have a direct link with
the current paper. In [23] and [18], the two authors considered a subclass
of metrics that is more general than the class of normal metrics. These
two subclasses are different from each other: J. R. VANSTONE, building
upon earlier work of A. MOOR [20], studied certain aspects of homoge-
neous metrics, while the metrics of R. Miron satisfy a weaker condition
than M. Hashiguchi’s. We will come back to the precise characterization
of these two classes in the fourth section. A lot of applications in metric
geometry involve the use of a metric derivative. Both papers have in com-
mon that the authors were able to provide a local coordinate formulation
for a ‘canonical’ metric derivative in their subclass. The main reason why
they could find such a formulation is related to the ability of their subclass
to generate a reqular Lagrangian. The regularity of this Lagrangian implies
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the existence of a canonical semispray, which in turn leads to an associ-
ated horizontal distribution. In general, such a horizontal distribution is
not ‘canonically’ available for an arbitrary metric. Its presence makes it
possible to simplify the problem of metric derivatives to the search for two
appropriate tensor fields on the pullback bundle. Later, in [19], R. MIRON
and M. ANASTASIEI recognized this idea in a theorem that gives an explicit
coordinate formulation for all ‘metrical connections’ when the availability
of a horizontal distribution is assumed (which is a priori not related to the
metric).

After elaborating some elementary tools, we give a review on Hessians,
Lagrangians and metrics in the third section. Next, we investigate the
circumstances under which a metric admits a regular Lagrangian and thus
an associated semispray. Section 3 ends with a survey in the form of a
tabular with the most interesting cases. In the last section we present
a coordinate-free description of a metric derivative associated to a given
horizontal distribution and we supply a simple coordinate-free formulation
for all other metric derivatives.

1. Basic setup

In order to keep our paper more or less self-contained, we shall start
this section with a brief overview of the elementary terminology and fix
some notational conventions. A recent reference for a detailed survey of
this background material is the study [22].

We work over an n-dimensional smooth manifold M and assume that
its topology is Hausdorff, second countable and connected. C>(M) de-
notes the ring of real-valued smooth functions on M. X (M) and A*(M)
(1 <k < n) stand for the C*°(M)-modules of vector fields and differential
k-forms on M, respectively. A°(M) := C=(M); A(M) = @p_, A*(M)
is the exterior algebra of M. The familiar wedge product A makes A(M)
into a graded algebra over the ring C*~(M). A wvector k-form on M is a
C*>(M)-multilinear skew-symmetric map (X (M))¥ — X(M) (1 <k < n).
The C>(M)-module of vector k-forms will be denoted by BF(M). We
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agree that B(M) := X (M) and we denote the direct sum @)_, B*(M)
by B(M).
7 :TM — M is the tangent bundle of M; TM C TM is the (open)

[¢]
set of all nonzero tangent vectors. The natural projection TM — M
is denoted by 7. We shall remain in the smooth category, however, in
Finsler geometry, the smoothness of some objects living on the tangent

bundle is guaranteed only over YO’M . The elements of the kernel of the
tangent map T'7 : TTM — TM of the tangent bundle projection 7 form
the vertical submanifold VI'M of TTM; VT M is the total manifold of the
vertical bundle VT : VI'M — TM to 7. The C~(T'M)-module XV(TM)
of the sections of the vertical bundle is called the module of vertical vector
fieldson T'M. The vertical lift of a smooth function f on M is the function
fU:= for € C=(TM), the complete lift of f is the function f¢: TM — R,
vi—= f€(v) :=wv(f). Any vector field on TM is uniquely determined by its
action on the complete lifts of smooth functions on M, so, given a vector
field X on M, there exist unique vector fields XV and X¢ on T'M, such
that XVf¢ = (Xf)” and X°f¢ = (Xf)¢ for all X € X(M). X" and X°
are said to be the vertical and the complete lift of X, respectively. Now
we can formulate our first local basis principle: if (X1,...,X,) is a local
basis of vector fields on M, then (X§,..., X5, X7,..., X)) is a local basis
of vector fields on TM .

The majority of our concepts will live on the pullback bundle 7*7 of
the tangent bundle by its own projection. It is a vector bundle over T'M
with total manifold

T"TM =TM xp TM :={(v,w) € TM xTM | 7(v) = 7(w)}.

The fibres of 7*7 are the n-dimensional real vector spaces {v} x Ty, M =
T-»yM, v € TM. Any section of 7%7 is of the form

X:veTM— X(v) = (v,X(v)) € TM x TM,

where X : TM — TM is a smooth map such that 7o X = 7. In particular,
we have the specific section

d:veTMw— 6(w) = (v,v) € TM xp TM
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of 7*7, called the canonical vector field along 7. In the following we shall
identify the sections of 7*7 with the smooth maps X : TM — TM that
satisfy the requirement 7o X = 7. The C*(T'M )-module of such maps is
denoted by X (7), and an element of this module is said to be a vector field
along the tangent bundle projection. Under this identification the canonical
section & corresponds to the identity map 17as. A special class of vector
fields along the projection is formed by the sections of the form X :=Xor,
where X is a vector field on M. For obvious reasons, X will be called the
lift of X into X(7), or a basic vector field along 7. If (X3,...,X,) is a
local basis of X (M), then (X1,...,X,) is a local basis for X (7). This
observation, referred to as the second local basis principle, will simplify a
great deal of our calculations.

By a one-form along 7 we mean an element of the dual module of
X(7). As in the case of vector fields along 7, any one-form & along 7
may be regarded as a smooth map of T'M into T*M := {J,cp (T,M)*
that satisfies the condition 7* o & = 7, where 7* is the natural projection
T*M — M. We denote the C*(T M )-module of these maps by A (7). For
any one-form « on M, the map & := ao7 is a one-form along 7, called the
lift of o into A'(7), or a basic one-form along 7. By a k-fold contravariant,
[-fold covariant tensor field, briefly a type (k,l) tensor field along T, we
mean a C*(T'M)-multilinear map (A’ (T))k X (X(T))l — C>=(TM). The
C>(TM)-module of these tensor fields will be denoted by 7;¥(7). We agree,
as usual, that 70() := C=(TM). The elements of 7,*(7) may indeed be
regarded as ‘fields’ which smoothly assign to each element v of the base
manifold TM a type (k,l) tensor on the fibre {v} x T (,yM = T, \M
over v. For example, if g € 7)(7), then g may be interpreted as a smooth
map v € TM — gy, where g, : Tr(yM x T (zM — R is a bilinear
form. Notice that any tensor field A on M induces a basic tensor field
A:=Aor along 7. To end this brief summary on vector fields, forms and
tensor fields along 7, we mention that we will also use 7*7-valued vector
forms on T'M. By a 7*7-valued k-form on T'M we mean a skew-symmetric
C>(TM)-multilinear map of (X (TM))* into X (7).

Most of our canonical objects may be identified from the short exact
sequence

0— r*TM 5 T7TM 3 7TM — 0 (1)
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of vector bundles over TM. Here the map j is defined by j(z) := (v, T'7(2)),
for all v € TM, z € T,,T M, while the simplest description of i uses local
coordinates. Let (U, (u)? ;) be a chart on M, and let us consider the
induced chart

(T U), (@)l (W) 2t e= ()Y, yh= () (1<i<n) (2)

on T'M. Then for any vectors v, w € Ty (,\ M,

o) = 3 ) (), =5 ) () ®)

The composite of i and § yields another canonical object, the Liouville
vector field C :=1iod on TM. The short exact sequence (1) gives rise to
a short exact sequence

0— X(r) 5 xX(TM) L x(r) — 0.

of modules over C*>(T'M ), where, for simplicity, we also denote by i and j
the induced maps between the modules of sections. Notice that

iX=X" jX°=X forall X € X(M). (4)

The map i is an isomorphism between X (7) and X¥(T'M), so any vertical
vector field on TM can be represented uniquely in the form iX (X € X(7)).
The map j is surjective, therefore any vector field along 7 is of the form
j&, € € X(TM). iand j enable us to introduce our next canonical object,
the vertical endomorphism J :=1ioj. J is a type (1,1) tensor field on T'M.
Using (4) and the relation joi =0, it follows that

JXC=X" JX"=0 forall X € X(M), (5)

therefore Im J = Ker J = X?(T'M) and J? = 0.

Although we have now explained the most important canonical ob-
jects, sometimes it will be convenient to assume the presence of an ad-
ditional ingredient. A horizontal map for T is a (right) splitting H :
T*TM — TTM of the short exact sequence (1), i.e. a strong bundle map
such that joH = 1l.+rp. The existence of a horizontal map is guar-
anteed by the second countability of the topology of the base manifold.
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Let Hy := H [ {v} x Tr(yM (v € TM), HTM = U,epp ImH,, and
let HT be the natural projection of HT'M onto T'M. There is a unique
smooth manifold structure on HT'M which makes HT : HITM — TM
into a vector bundle. This vector bundle is said to be the horizontal bun-
dle induced by H and denoted by H7. Then TTM = HTM & VT M;
fibrewise T,7M = ImH, ® V,TM (V,TM := KerT,7) for all v € TM.
The sections of HT are called (H-)horizontal vector fields on TM. For the
C>(T M)-module of horizontal vector fields we use the notation X*(T'M),
then X(TM) = X"(TM) @ X*(TM). Any horizontal map H makes it
possible to define a lifting process of vector fields on M to vector fields on
TM. The horizontal lift of X € X (M) is the horizontal vector field X"
given by X"(v) = H(v, X (7(v))) for all v € TM. Evidently, X" = H o X.
Any right splitting H of (1) induces a left splitting V : TTM — 7*TM of
(1) such that Voi = 1,+pp; KerV = Im’H and hence V o H = 0. Thus,
specifying a horizontal map for 7, we arrive at the fundamental ‘double
exact’ sequence

0= 7*TM = TTM = 7*TM = 0,
% H

V is called the vertical map belonging to H. The maps h := H o j and
v = lprar — h are said to be (respectively) the horizontal and the vertical
projectors determined by H. h and v are obviously (1,1) tensor fields
on TM, or equivalently, vector one-forms on TM, i.e. h,v € BY(TM).
We have the relations h?> = h, Inh = HTM, Kerh = VT M; v =ioV,
vZ=v,Imv =VTM,Kerv =HTM. Thus h and v are indeed projection
operators; h projects TT'M onto HT M along VI'M, v projects TT'M onto
VT M along HT' M. Concerning these technical tools, we collect here some
useful formulae:

Joh=J, hoJ=0, Jov=0, volJ=J (6)
JXh=xv JIX"Y"=[X,Y]’, hX¢=X" h[X"Y"=[X,Y]". (7)

In general there is no canonical way to specify a horizontal map. However,
in the presence of some additional structure, a horizontal map may be given
canonically. We recall here a well-known and very important construction.
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Suppose that £ is a semispray on M, i.e. € : TM — TTM is a C' vector
field which is smooth on T'M and has the property J¢ = C. Then the map

1 o
Xex(M)w— xh .= S X+ X7, ¢]) € X(TM) (8)
defines a horizontal lifting and, consequently, a horizontal map H for 7.
‘H will be mentioned as the horizontal map generated by the semispray .
If £ is a spray, i.e. [C, €] = &, then the horizontal map H is homogeneous
in the sense that [X" C] =0 for all X € X(M).

2. Derivations and Berwald derivatives

Let r be an integer. By a graded derivation of degree r of the exte-
rior algebra A(M) we mean an R-linear map D : A(M) — A(M) such
that D(A*(M)) c AT (M) for all k € {0,...,n} and D(a A 3) =
(Da)AB + (1) *a A DB if a € A¥(M), B € A(M). The graded com-
mutator of two graded derivations D; and Dy is given by [D1, Do) :=
Di0Dy—(—1)"1"2Dy0D; where r; and ro are the degrees of Dy and Dy, re-
spectively. [Dy,Ds] is also a graded derivation whose degree is 11 +73. The
classical graded derivations of A(M) are the substitution operator ix (in-
duced by X € X(M)), the Lie derivative dx (with respect to X € X (M)),
and the exterior derivative d; their degrees are —1,0, and 1, respectively.
ix,dx and d are related by H. Cartan’s ‘magic’ formula

dX:iXOd+dOiX:[ix,d]. (9)

In the Frélicher—Nijenhuis theory of derivations, two graded derivations
of A(M) are associated to any vector k-form K € BF(M): the derivation
i of degree k — 1 defined by ix [ C~(M) := 0 and iga := a o K for
a € AY(M), and the derivation df := [if,d] = ix od — (—1)*"'d oix of
degree k. As an immediate consequence, we obtain

if f € C(M) and K € B¥(M), then di f = igdf = df o K. (10)
A characteristic property of dg is expressed by

[d,d] :==dody — (—1)*dg od = 0. (11)



On the geometry of generalized metrics 519

For any vector k-form K and vector I-form L on M there is a unique vector

(k +1)-form on M, denoted by [K, L], such that dx 1| = [dk,dr]. [K, L]

is said to be the Frolicher—Nijenhuis bracket of K and L. If K and L are

O-forms, i.e. vector fields on M, then [K, L] is the usual bracket of vector

fields. In the case L :=Y € X(M) = B%(M) and K € B'(M) we have
[K,)Y]X = [KX,Y] - K[X,Y] for all X € X(M). (12)

If K and L are both vector one-forms, or in other words type (1,1) tensor

fields on M, then their brackets acts by

[K,L|(X,Y)=[KX,LY]+ [LX,KY]|+ (Ko L+ Lo K)[X,Y]
13
— K[LX,Y] - K[X,LY] - LIKX,Y] - L[X,KY]. (13)

In our calculations over T'M the operators iy and dy =t50d — doiy play
a distinguished role. Notice that over the induced chart (2) we have the
coordinate expression

_OF
- 5

We shall need the following relations:

d;F | 7 1(U) dz*  for all F € C=(TM).

lic,is] =0, lic,ds] =iy, [dj,dc]=dy,
(14)
[iJ,d]]:O, [d],d]]zo, [ig,ij]:ijg.

A more or less analogous theory of derivations of A(7) was elaborated
by E. MARTINEZ, J. F. CARINENA and W. SARLET [16], [17], see also
[22]. We shall borrow only one ingredient from this theory, the v-exterior
derivative d¥ defined by

(d°F)(X) := dF(iX) = (iX)F for all F € C~(TM), (15)
d’a:=0 forall a € AY(M). (16)
(10)

Observe that d"F(j¢) = (dF o J)(§) =" djF (&) for any vector field £ on
TM. In coordinates we have

OF —.
= - du’.
oy* Y

We can easily deduce the important relation d¥ o d¥ =

d'F 171 (U)
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Lemma 1. A k-form & (1 < k < n) along 7 is d’-exact, i.e. there is a
(k —1)-form ( along T such that & = d"f3 if and only if & is d”-closed, i.e.
d’a = 0.

For a sketchy proof the reader is referred to [16]. A detailed account
of dj-cohomology is presented in K. AyAssou’s thesis [3].

To complete this section about our main technical tools, first we de-
fine two partial differentials, the canonical v-covariant differential V¥ and
the h-covariant differential V", next we piece these together to obtain a
covariant derivative operator V (depending on a horizontal map), called
the Berwald derivative in 7*7. The constructions goes as follows. Con-
sider first, for a given vector field X along 7, the map V}( whose action
on functions, vector fields and one-forms along the projection is given by

V%F = (d'F)(X), V%Y :=j[iX, HY], -

(V}(&)(Y/) =V (d(}})) — &(V}(f/).
Although it may look as if we used a horizontal map in the definition of
V%Y, it can easily be checked that the operator V" is in fact independent
of the choice of H. Indeed, represent Y in the form jn, n € X(T'M). Then

v jn = j[iX, hn] = j[iX, 5], since [iX, vn)] is vertical. In particular,

we get VX

we have
VyY =0, V%6=X, Vi{X=0 foral X,Y €X(M). (18)

Now the formula

extends the action of V}( to a general type (k,l) tensor field along the
projection. The canonical v-covariant differential is then the operator V?
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that associates to a (k,1) tensor field A along 7 a (k,l + 1) tensor field
VYA along 7 given by

(VUA)(X,dl, ce ,dk,Xl, ce ,Xl) = (V}A)(dl, ce ,dk,Xl, ce ,Xl).

In the same way as above, specifying a horizontal map H for 7, and starting
from
h . \ hyv . A%
Vil = (HX)F, VLY :=V[HX,iY], (1)
(Vea)(Y) == V%(a(Y)) — a(ViY)
(F € C=(TM),Y € X(1), @ € A (7)) we can introduce the h-covariant

differential V. Having these partial differentials, the map

is a covariant derivative operator in the vector bundle 7"7 in the sense
that V is an R-bilinear map satisfying the conditions V Fgff =F ngf and
VgF}Nf = (EF)Y + FV@} concerning the multiplication with a smooth
function F on T'M. The covariant derivative operator V is said to be the
Berwald derivative in 77 induced by H. Explicitly,

VeY =j[vE, HY ] + V[hE,iY] for all € € X(TM) and Y € X(7). (20)

The canonical v-covariant differential V¥ is intimately related to the
v-exterior derivative d': we have

d’a = (k+1)Alt V’a for all & € A*(7), (21)

where Alt is the alternator in A¥(7). For a proof the reader is referred
to [22]. Applying this observation, we exhibit now a convenient expression
for the d¥-exactness of a one-form in terms of the operator V¥. We say that
a one-form & along 7 is VV-exact if there exists a function F' € C>~(TM)
such that VVF = a.

Lemma 2. A one-form & along 7 is VV-exact if and only if V& is
symmetric, i.e.

(VY&)(X,Y) = (V¥a)(Y,X) forall XY € X(1).
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PROOF. VY | C*(TM) =d" | C=(TM) by (17), so V"-exactness and
d’-exactness are equivalent conditions for one-forms. In view of Lemma 1,
a one-form & is d'-exact if and only if it is d¥-closed. Since (d’a&)(X,Y )(2:1)
2A1(VYa)(X,Y) = (VPa)(X,Y) — (VYa)(Y, X), the assertion follows.

O

Finally, we point out that the Frolicher—Nijenhuis formalism provides
a concise and extremely elegant way to define the basic geometric data of
a horizontal map. Namely, let H be a horizontal map on M, and let h be
the horizontal projector determined by H. Then the vector forms

t:=[h,C] € BY(TM), T:=[J,h]cB*(TM),

1 (22)
Q= —§[h, h] € BX(TM)

are said to be the tension, the torsion and the curvature of H, respectively.
It is known that a horizontal map is generated by a semispray according
to (8) if and only if its torsion vanishes (a theorem of M. Crampin).

3. Hessians, Lagrangians, and metrics

By the Hessian of a smooth function F' on TM we mean the type
(0,2) tensor field VVVVF := VY(V'F) = VY(d"F) along 7. We have
VYVYF(X,Y) = XU(YYF) forall X,Y € X(M). (23)
Indeed, V'V F(X,Y) = (V4(V'F))(V) "2 V% (VUF(Y)) -
veE(veY) L X(YeF). Observe that X*(Y'F) = [X*,Y*]F +
YY(XVF) =Y"(X"F) whence VYVVF is symmetric, at least when its ar-
guments are basic vector fields along 7. Since the basic vector fields form
a local basis for X' (7) and V¥(VVF) is tensorial, we conclude that the Hes-
sian of a smooth function F : TM — R is a symmetric type (0,2) tensor
field along 7. We obtain by an analogous reasoning that V¥(V'V'F) is a
totally symmetric type (0,3) tensor field along T, and so forth.
A Lagrangian is a smooth function L : TM — R. The one-form 0, :=
djL and the two-form wy, := dfy = dd ;L are said to be the Lagrange one-
form and the Lagrange two-form, respectively, while the function Ej :=
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CL — L is called the energy associated to L. In this context, we shall use
the notation gy, for the Hessian VVVYL. We have the relations

ich = dJEL, iJwL = 0. (24)

) —icdydl®dyicdL —iydL=d;(dL(C)— L) =

Indeed, icwy, = iodd,L'2
dyEp and ijwy = igddsL Y —ijdsar 2 —dyigde Y —dydsL =
~Lids.dz 2o,

Lemma 3. The Lagrange two-form wy and the Hessian gj are re-

lated by

wr(JE,m) = gr(j&,jn) forall,ne X(TM). (25)
PROOF. For any vector fields X, Y on M we have wr(JX¢ Y°) ©
wr(XV, Y =d(dy;L) (XY, Y¢) = XYdL(JY®) — YdL(JX")—
dL(J[X",Y*)) ) XY(Y'L) ) gr(X,Y) (taking into account that [X¥, Y]
is vertical). Remark that wy (X", Y"?) always vanishes. Applying the first
local basis principle, we can conclude the desired relation. O

In order to avoid any confusion, before proceeding we emphasize that
by the non-degeneracy of a type (0, 2) tensor field we mean the usual point-
wise property (see e.g. [1], 3.1.4 Definition). This leads to a corresponding
property at the level of vector fields, but not vice versa.

Returning to our Lagrangian L € C>~(TM): it is called a regular La-
grangian if the Lagrange two-form wy, is non-degenerate. Due to Lemma 3,
it is possible to cast the regularity condition in terms of the Hessian gy .

Corollary 1. The Lagrange two-form wj is non-degenerate if and
only if the Hessian gy, is non-degenerate.

The proof is easy and is omitted. The regularity condition prescribed
on L plays a prominent role in the proof of the following well-known and
fundamental fact [1], [8]: For a regular Lagrangian L, there exists a unique
semispray &1, such that

te,wr, = —dEp,. (26)

To verify this, let us first observe that dEy, # 0, since iydEp = djErp @)

iowr, # 0 by the non-degeneracy of wy. Thus, also for this reason, there
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. 14) . .
exists a unique, non-zero &7, satisfying (26). Since Lje WL (:) g, tyjwr —

24 26 24
Lyle, W, e —1Jlg W, () 1jdE;, = djE], ) icwr, we conclude, again by

non-degeneracy, the desired relation J&r, = C. The semispray &y, is called
the Lagrangian vector field for L.

Tensor fields of the form VYVYL will be crucial in our argumentation.
Therefore it is important to know exactly when a type (0,2) tensor field
along 7 is the Hessian of a smooth function on T'M. For a systematic
treatment of this problem we need some preparation.

Definition 1. By a generalized metric, briefly a metric, we mean a
symmetric and non-degenerate type (0,2) tensor field along 7. The func-
tion B := %g(é, 9) is the (absolute) energy of g. The canonical v-covariant
derivative C, := Vg of g is said to be the lowered first Cartan tensor of
g, the type (1,2) tensor field C along T determined by

9(C(X,Y),2) = (V'g)(X,Y,Z) = C,(X,Y, Z) (27)
is the first Cartan tensor of g. The one-form 0, on T'M given by

04(¢) := g(i&,0), &€ X(TM), (28)

or the one-form 0, : X € X(7) + 04(X) := g(X,0) along 7, is called the
Lagrange one-form associated to g; wy = db, is the Lagrange two-form
associated to g.

From Corollary 1 we can immediately conclude that if L is a regu-
lar Lagrangian, then g = VYV'L is a metric. Its absolute energy is
B = }(V*(V°0)(5,8) = }(V5(VL() - V'L(V36)) ) L(V5((8)L) -
VUL(6)) = 3(C(CL) — CL) = ;CEL.

Now we list some elementary properties of the first Cartan tensor
associated to a metric g.

C(X,Y,2)=X"(9(Y,Z)) forall X,Y,Z € X(M); (29)
therefore C, is symmetric in its last two variables.
C wanishes if and only if g = Gy == gm0 T, (30)
where gjs is a pseudo-Riemannian metric on M.

If g=V'V'F (F € C=(TM)), then C,(X,Y,Z)=X"(Y"(Z'F)), (31)
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therefore if g is a Hessian, then the first Cartan tensor associated to g is
symmetric, the lowered first Cartan tensor is totally symmetric.

Lemma 4. The Hessian g := V'VVE = 1VV(g(4,5)) of the abso-
lute energy of g can be expressed in terms of g and the first Cartan tensor
of g as follows:

%@ﬁ6=;w< 5. D+1ﬂwywﬁ®ﬁhwwWﬁM@

g(C(X,Y),8) +g for all X,Y € X(M).  (32)
PROOF. gp(X,Y) = 1X ( (V“g )(8,8)+
”WW“WMWW< >%XW 5)=4(V49)(C(V.5).6)+
L9(V4(C(V,9)),0) + 39 (C(¥,0), X) + www’wmym
%<ch55),ww@( ) +39(C(V, %), 0)+
lg(c(y ) 9(C(X,Y),9) +g( (X,Y) = % (C(X,8),C(Y,8))+
39((V% ),8) +9(C(Y,6), X) +g(C(X,Y), )+g(X,Y)- D

Deﬁmtwn 2. A metric g along T is said to be variational, if the
first Cartan tensor associated to g is symmetric (or, equivalently, the
lowered first Cartan tensor is totally symmetric); weakly variational, if
g(C(X,f/),(S) = g(C(Y,X),d), or, equivalently Co(X,Y,68) = C,(Y, X, 6)
for all X,Y € X(7); normal, if C(X,8) = 0 for all X € X(7); weakly nor-
mal, if C,(X,0,0) = 0 for all X € X(7) and homogeneous, if C,(6, X,Y) =
0 for all X,Y € X (7).

Since g(C(6,X),Y) = (Vig)(X,Y), g is homogeneous if and only if
V$g = 0. In coordinates this means that the components of g are ho-
mogeneous functions of degree 0. We shall deal systematically with the
weak variationality, normality and weak normality in the next section. The
meaning of variationality is explained by the next

Result 1. A metric g is the Hessian of a (necessarily regular) La-
grangian if and only if it is variational.

We sketch a simple proof, whose idea is taken from a paper by O. KrRup-
KOVA [15]. The necessity of the condition is obvious from (31), the reg-
ularity of the desired Lagrangian is guaranteed by Corollary 1. To verify
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the sufficiency, first we construct a Lagrangian for g locally. Choose an
induced chart (77 1(U), (z)y, (y")I;) on TM according to (2). Let 7y
be the natural projection of 7=(U) into M, and let us consider the pull-
back bundle 757 : 7 HU) x oy TM — 771(U). We denote the restriction
of g to 51 by gu. If gij := gU<%,%) (1 <i,5 < n), then for the
lowered ﬁrstACarPan tensor (C,)y of gy we have the coordinate expression

Cyu (%, £j, %) = 8;;{“ (1 <4,j,k <n). Thus, locally, the variation-

99k
oy’

ality of ¢ means that the expressions are totally symmetric in i, j, k;
in particular,
9gi5 _ O0gir,
oyt Oy

(1<4,j,k<n). (33)

Let us denote by 2 the natural inclusion ¢ € [0,1] — ¢ € R, and for each
fixed v € 77H(U), let ¢, be the map given by t € [0,1] — tv € 7-1(U).
We define the functions F;; on 7-1(U) by setting Fj;(v) := fol 1(gij 0 cv);
1<i,5<n. Let Ly(v) := y'(v)y (v) fol F;j o ¢y. Using (33) repeatedly, it
is easy to check that V'V Ly = gy. Having local solutions, the desired
global Lagrangian can immediately be constructed with the help of a parti-
tion of unity on M. Let (Uy)rex be an open covering of M, constituted by
coordinate neighbourhoods. Choose a (smooth) partition of unity (fx)rex
subordinate to (Ug). If L := ), - (fr)"Ly,, where V'V'Ly, = gy, for
all k € K, then L is a smooth function on TM. Since VV(fx)" = 0, it
follows that V'V'L = g.

4. Variationality and regularity

In Definition 1, we have introduced the Lagrange one-form and two-
form associated to g. For a variational metric, their interpretation is easy.

Lemma 5. Let g be a variational metric, g = V'V'L. Then 0, =
0g, = djEr and therefore wy = wg, .

PROOF. For any vector field X on M we have 0,(X¢) := ¢g(jX¢,0) =

9(X,8) = VI (VL)(X,8) = V2 (V'L(9)) - vL(vye) "™ xo(cr) -
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VVL(X) = XY(CL — L) = X'E, = (d;EL)(X°) = 6, (X°). Since obvi-
ously 04(X") = (djEr)(X") = 0, by the appropriate local basis principle
we conclude the assertion. O

By far the most important metrics are the variational metrics. In some
special cases it is possible to associate a variational metric to a generalized
metric g. As a first example, consider the Hessian gg := VYV'E of the ab-
solute energy E = % 9(9,9). Then, due to Corollary 1, gp is non-degenerate
(and hence a metric) if and only if wg = dfp = dd;E is non-degenerate,
i.e. F is a regular Lagrangian. In what follows we shall call metrics that
satisfy this requirement E-regular. Using the non-degeneracy of g, it is al-
ways possible to introduce a new vector one-form A along the projection,
implicity given by

g(fl()z'),f/) = gp(X,Y) forall X,Y € X(7). (34)
A second way to define A uses relation (25) to connect A with wp:

9(AGE),n) = we(J&n) forall &,ne X(TM). (35)

Lemma 6. A metric g along 7 is E-regular if and only if the vector
one-form A, regarded as a type (1,1) tensor field along the projection, is
injective.

PROOF. Let us remark first that by injectivity we mean here that the
maps A, : TrwyM — Ty M are injective for all v € T'M. However, it will
be convenient to verify the statement only at vector field level. Suppose
that g is E-regular, i.e. gp is non-degenerate but A is not injective. Then
there exist distinct vector fields X,Y along 7 such that A(X) = A(Y).
So, g([l()?) —A®Y), Z) =gp(X =Y, Z) for all Z e X(7). It follows that
X —Y =0, but this is a contradiction.

Conversely, let A be injective. If 0 = ge(X,Y) = ( X ) forall Y
in X(7), then, due to the non-degeneracy of g, A(X) =0, a d consequently
X = 0. This concludes the proof. (I

Proposition 1. If g is a variational metric along T, then we have for
the vector one-form A the formula

AX) =X +20(X,08) + %(V”XC)(& 8) + %c(f(, C(6,9)).  (36)
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PROOF. We may restrict ourselves to basic vector fields. By (34),
Lemma 4, and the total symmetry of C,, for any vector fields X,Y on M
we have

A~ A

g(AX),Y) = g(X,Y) 4+ 29(C(X,0),Y) + %g(C(X,&),C(Y, 5))
+ %g(w}c’)(?,a),a).

Next, taking the X V-derivative of the identity g(C(f’, J), 5) = g(C((S, J), Y),
it can be easily shown that

g((V0)(Y,6),0) = g((V%C)(6,),Y) + g(C(X,C(6,4)),Y)
—g(C(X,9),C(Y,9)).

Replacing this expression of g((V}C)(Y, J), (5) into the above relation, the
non-degeneracy of g leads to the desired formula. (Il

Corollary 2. A variational metric g is variational with respect to its
own absolute energy E if A =1y, or

20(X,6) + %(V”XC)(& 5) + %C(C((S, §),X) =0 forall X € X(r).

As any regular Lagrangian via the Euler-Lagrange equation (26), an
E-regular metric also generates a semispray g by the relation i¢,wp =
—d(CE — E). The crucial factor here is the presence of a symplectic form
(in our case wg). Next, we will introduce a new class of metrics, to which
a symplectic form can also be associated. First we relate a metric g with
its Lagrange two-form w, utilizing the first Cartan tensor.

Lemma 7. For any vector fields &, on T M we have

wy(JE,m) = g(§€,jn) + 9(C (&, 6),jn)- (37)

PROOF. Due to our first local basis principle, we can assume that
E=X° XeX(M); then JE=X", j¢=X. If n=Y", YeX(M), then
the right-hand side of (37) vanishes automatically, while wy (X", Y") =
dfy (X, YY) = XY0,(Y") — YV0,(X") — 0,([ X", Y"]) = XYg(§Y",9) —
YYg(jX",6) = 0. So it remains to check the statement for an n of the
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form Y¢. A straightforward calculation leads to the result: wy(X",Y¢) =
X00,(Y°) — Y°0,(X?) — 0,([X*, Y¥]) = X?g(¥,6) - Yog(iX",0)—

9(IX,Y]",0) = X¥g(Y,8) = (Vg)(Y,0) + g(Y. X) = g(C(X,Y),d) +
9V, X) = g(X,Y) +g(C(X,9),Y). O

Compared with (35), Lemma 7 brings the map
B:XEX(T)HB<X> ::X+C(X,5) (38)

into the spotlight. Obviously, Bisa type (1,1) tensor field, or, equivalently,
a vector one-form along 7. Using our new ingredient we have

we(JE,m) = g(B(§€),jn) for all £,n € X(TM). (39)

Proposition 2. The Lagrange two-form w, of a metric g is non-
degenerate if and only if the (1,1) tensor field B defined by (38) is in-
Jjective.

PRrROOF. For the sake of simplicity, we shall again give a proof only at
the level of vector fields. The reasoning at the level of fibres is analogous
and left to the reader. Suppose that w, is non-degenerate, but B is not
injective. Then there exists a non-zero vector field Xy along 7 such that
B(Xy) = 0. X, may be represented in the form j&, & € X(TM). So

for all 5 € X(TM) we have 0 = g(B(Xo),jn) =2 wy(J€o,n). Thus J& =
ij€g = 0, which is a contradiction, since jéy = X, #0.

Conversely, let B be injective. Then B is surjective as well. There-

fore, if 0 = wy(&o, J1) 2 —g(B(in).j&) for all § € X(T'M), then also

g(X,j&) = 0 for all X € X(r). Non-degeneracy of g implies that &
must be vertical, and hence of the form J¢&;, for a certain & € X (T'M).
Thus, finally, 0 = wy(JE&1,n) = g(§é1,jn) for all n € X(T'M), which implies
jé1 = 0 and so & = ij¢&1 = 0. This concludes the proof of the converse
statement. ]

It can be checked immediately that B is injective (and therefore sur-
jective) if and only if in any induced chart of type (2) we have

det <(53)+ (yl%’;fgjk»#o ((gij)z <9(£i, a?ﬂ) ) (97) = (gij)1> :
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This local condition for a generalized metric was introduced by R. MIRON
n [18], so we shall use the following terminology:

Definition 3. A metric g along 7 is said to be Miron regular, if the
map B: X € X(7) — B(X) := X +C(X,0) is injective (in the sense that
the linear maps By : Ty (y,yM — Tr(,)M are injective for all v € TM).

Corollary 3. For a variational metric g = VYV"L the condition of
Miron-regularity coincides with the condition that the energy Ej associ-
ated to L is a regular Lagrangian.

Indeed, this is an immediate consequence of Lemma 5 and Proposi-
tion 2. We can push this idea a little bit further: given a metric g along T,
when does there exist a smooth function Ly on TM, such that 01, = 047
In such a case, Miron-regularity will turn out to be equivalent with the
regularity of the Lagrangian L,. If the Lagrangian L, is regular, then we
can associate a semispray &, to it, by means of (26). Our next answer
clarifies the meaning of weak variationality introduced in Definition 2.

Proposition 3. For a metric g there exists a Lagrangian Ly on T'M
such that 0,=0r, if and only if g is weakly variational, i.e. g(C(X,Y),d)=
g(C(f/, X), 5) for all vector fields X,Y along 7.

PROOF. Observe first that for any function F' in C*>(T'M) we have

0p(n) = (d;F)(n) & (I))F = i())F = V'F(jn) (1 € X(TM)). Thus
the question ‘when is 0, = 6, for a Lagrangian L,?’ is equivalent with
the question ‘when does a Lagrangian L, exist, such that HNg = VYL,7".
But the latter question has been answered in Lemma 2: if and only if

(VU0,)(X,Y) = (V,) (Y, X

) forall X,Y € X(7). (40)
Since (V°8,)(X,Y)=(V%0,)(Y)=(1X)[6,(Y)]-64(V%Y)=(1X)[g(Y, 6)]-

9(v2.¥,8) B (Ve g) (¥, 0) + g7, X) = g(C(X,¥),8) + 9(X,¥), and in
the same way (V'0,)(Y, X) = gy 5) +g(X,Y), it follows that (40)
holds if and only if g is weakly Varlatlonal U

From our reasoning we infer immediately

Corollary 4. A generalized metric is weakly variational if and only
if its Lagrange one-form is V"-exact.
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Notice that if g is weakly variational and hence 0, = 01, (L, €
C>(TM)), then we also have w; = wr,. By Lemma 5 any variational met-
ric g = VYV'L is weakly variational with the Lagrange one-form 0, = 0, .
It is easy to recognize where the idea of the Lagrangian L, is coming from.
The definition (39) of the tensor B strongly resembles the definition (35)
of the tensor A. Inspired by this analogy, let us define a type (0,2) tensor
field v, along 7, associated to B in such a way that it plays the same role
as gg in (34). To make a long story short, let

Y9(X,Y) == g(B(X),Y) forall X,Y € X(r). (41)
When does v, become a metric? The answer is conveyed in the next

Proposition 4. For a generalized metric g along T the following con-
ditions are equivalent:

(i) The type (0,2) tensor field vy, given by (41) is a metric.
(ii) g is Miron-regular and weakly variational.

(iii) 4 is the Hessian of a regular Lagrangian.

PROOF. (i) = (ii) If 74 is a metric, then its symmetry implies imme-
diately that g is weakly variational. Following the same line of reasoning
as in the proof of Lemma 6, we can conclude that non-degeneracy of v,
implies that Bis injective, i.e. g is Miron-regular.

(i) = (iii) If g is weakly variational, then 6, is V¥-exact by Corol-

lary 4, ie. 8, = V'Ly, L, € C>*(TM). Thus for any basic vector fields

X,V we have 7, (X, V) = g(B(X), V) € w,(x?,v) = wy, (x7,v¢) @

V”V“Lg(f(,f/), so g is the Hessian of the Lagrangian L,. Since g is
Miron-regular, wy, = wr, is non-degenerate, therefore L, is a regular La-
grangian.

(iii) == (i) This is clear by Corollary 1. O

Corollary 5. For a weakly variational metric the tensor A also takes
the form (36).

Indeed, analyzing the proof of Proposition 1, we find that it relies only
on the weak variationality of the metric.



532 T. Mestdag, J. Szilasi and V. Té6th

Now we have a look at the class of variational and Miron-regular
metrics. Metrics enjoying these two properties at the same time will be
called semi-Finsler metrics. If g is a semi-Finsler metric, then the function
E := CEL — Ey, is said to be the principal energy associated to g. Notice,
that d;E; # 0, and hence dE;, # 0. Indeed, since g is Miron-regular,
the Lagrange two-form w, is non-degenerate by Proposition 2, therefore

0 # icwy = icdfy, “™° icddy By = —icdydE 'S —iydEy, + dyicdEy =
—djEr + dJ(CEL) =djFEry,.

Proposition 5. Let ¢ = VYVVL be a semi-Finsler metric along 7.
There exists a unique semispray §; on M such that

ig,Wg = —dEL, EL :=CFEr — Er.
&g is just the Lagrangian vector field for the Lagrangian Ey, i.e.
i¢,wg, = —dEy,  Ep:=CL-L. (42)

Proor. By Corollary 3, E}, is indeed a regular Lagrangian, so the
general result quoted in Section 3 guarantees the existence and uniqueness
of the Lagrangian vector field {g, satisfying i¢, wp, = —dE}, (cf. (26)).
We have remarked above (after Corollary 4) that wg, = wg; this concludes
the proof. O

&g is called the canonical semispray of the semi-Finsler metric g. If
g = V'V"L is a semi-Finsler metric, then, as a consequence of Corollary 1,
L is also a regular Lagrangian. So we have another semispray on M, the
Lagrangian vector field &, for L. Next we establish an important relation
between &7, and canonical semispray &,.

Proposition 6. Let g = VYV'L be a semi-Finsler metric, §{, the
canonical semispray for g, £; the Lagrangian vector field for L. The dif-
ference § := £, — &y, is the unique (necessarily vertical) vector field on T' M
such that

lgWg = U[C,e,] -, WL (43)

where wy and wy, are the Lagrange two-forms associated to g and to L,
respectively.
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) . . (26)

PROOF. On the one hand we have lCe WL = doig, wr, — tg, dowyp, =
24) mma 5

—dedEy —ie, (icdwy +dicws) B —dedEy, —ie, ddy By "™ —dod By —

B _WCEL - Ep) = —ddoEr +dE;, %

—dcdEy, — i¢g,wy, and therefore i[c,gL]wL — lg,Wg = lg WL — lg Wy, 1e.

ig, wg- On the other hand, i¢,w,

lg,—¢, Wy = 10,6, )6, WLy 88 Was to be shown. (Il

Using formulae (25), (39) and (43), it is clear that if € = iX, X € X(7),
then (due to the injectivity of B) this X is the unique vector field along 7
such that B(X) = j[C,&L] — 0.

Corollary 6. If g = VYVVL is a semi-Finsler metric, then the La-
grangian vector field for L is a spray if and only if it coincides with the
canonical semispray for g.

Next we turn to those special weakly variational metrics which are
distinguished by the property 6, = V'E = %V” (9(8,6)), or, equivalently,
for which 0, = 0.

Lemma 8. (g —6,)(X°) = %Cb(X, 9,0) for all X € X (M), therefore
8, = O if and only if C,(.,0,9), i.e. (see Definition 2) if g is weakly normal.

PROOF. (0 — 0,)(X¢) = djE(X¢) — g(jX¢,0) = X'E — g(X,0) =

3X"(9(6,8)) = 9(V%5,8) = 5(V%9)(6,6) = 5C,(X,6,0). O
Proposition 7. Suppose that g is a weakly normal metric. Then

Yy = gm, therefore A= B; (44)

9e(X,0) = g(X,8) = 0,(X) for all X € X(7), (45)

and the absolute energy E = %g(é, 0) is homogeneous of degree 2, i.e.
CE =2F.

PROOF. Since 6, = 6 by Lemma 8, we also have w, = df; =
dfr = wg. Thus, for all vector fields X,Y on M, we obtain v4(X,Y) :=
9(B(X),7) By (X7, Y mop (X, V) = X* (V' E) VPV E) (X, V)=
ge(X,Y). Hence vy = gg, which implies by (34) and (41) that A = B.

The verification of (45) is also easy. Let & be a semispray on M. Then

gp(X,0) = gu(X°,j€0) "™ 3 wp(X?, &) = wy(X¥, &) 2 g(B(X,6) =
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9(X,6)+9(C(X,0),6)=g(X, 6)=:0,(X), since ¢(C(X, 8),8)=C,(X, 5, 0)=0
by our assumption. This proves (45). Finally, CE = 3i§(g(6,0)) =
2((V39)(0,6) +29(V30)) = 5G,(6,,6) +9(6,0) = 2E. 0

R. MIRON studied (in our terminology) Miron-regular and weakly
normal metrics. In [18], he gives a coordinate expression of a horizontal
map. This horizontal map is clearly generated by the semispray g, in this
case defined by i¢,wrp = —dE. In fact, we can prove that {g is a spray.
Let us calculate first dofg = icdfg + diclp = icwg (24), Brop. 7 djE = 0g
and dowg (2) ddcbp = dfg = wg. 1t follows that i[C,ﬁE]wE = dCZ'fEWE —
ifEdCWE = —dch—ingE = —d(CE)—’ingE = 2i§EwE—i§EwE = ingE,
and thus {g = [C,&R].

Corollary 7. If g is both variational (g = V'V L) and weakly normal,
then E and Ey, differ only in a vertical lift.

PROOF. For a variational metric g = VYV'L we have 6, = d;E, by
Lemma 5. Since 0, = g = d;E by Lemma 8, we get dj(E — Er) = 0.
This implies easily (see e.g. [22], 2.31) that E — Ey, is the vertical lift of a
smooth function on M. O

In the cases of a variational metric with respect to L, a weakly vari-
ational and Miron-regular metric with respect to L, and an FE-regular
metric, respectively, equation (26) guarantees the existence of a unique
‘canonical’ semispray, which we denote by {1, §; and {g. As it can be seen
from (8), these semisprays generate a corresponding horizontal map, that
we will denote by H (in all cases).

It is well-known in the study of semisprays that an important role is
played by the Jacobi endomorphism, ® and the Lie derivative with respect
to &, L?. The first is a (1,1) tensor field along 7: if € is a fixed semispray,
then ®(X) := V(¢ JHX |. The second object is a derivation. In the same
way as e.g. the definitions for V¢ and V})ﬁ( were cast (for X € X(7)), it
is only necessary to prescribe the action of E? on functions, vector fields
and one-forms:

Lf=¢(f), LiX:=jl¢HX], Lia(X):=LHa(X)) - a(LiXx),
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where f € C~(TM), X € X(7) and & € A'(). More details about this
horizontal Lie derivative are available in [22].
Suppose now that a variational metric ¢ = VYVVL is also given. It

is possible to verify directly when a given semispray ¢ is the Lagrangian
vector field of L.

Result 2 ([5], [17]). Let g be a variational metric with respect to L
and let a semispray £ be given. £ is the semispray associated to L by means
of (26) if and only if

g(®(X),Y) =g(X,®()) and E?g =0, (46)
for all X,Y € X(7).

The requirement that g is variational, together with the conditions (46)
are called the Helmholtz conditions. A similar version of this proposition
can be found in [5], although it is cast there in the setup of time-dependent
Lagrangians. However, only minor modifications on that proof lead to the
statement of our proposition. It is possible to find an analogue of this
statement for an F-regular metric or for a weakly variational and Miron-
regular metric.

Corollary 8. Let g be an E-regular metric and let a semispray & be
given. £ is the semispray associated to E if and only if

9(A(®(X)),Y) = g(X, A(®(Y))) and )
(LEg)(A(X),Y) = —g((LLA)(X),Y),

for all X,Y € X(7).

PROOF. In this case ¢ must obey the conditions of Result 2 with

respect to the variational metric gg. Using (34), the first condition in
(47) follows immediately, while also 0 = (E?gE)(X }7) = Eh (9p(X,Y)) —

S 34
gp(LEX.Y) — (X, £2V) 2 £l (g(4 A(ep%),¥)-

Y)) -
g(A(X), LEY) = (EZQ)(A(X) Y) - ( (ChX% )+g(ﬁh( (X)),Y) =
(L29)(A(X),Y) + g((LEA)(X), V). 0
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Corollary 9. Let g be a Miron-regular and weakly variational metric
with respect to Ly and let a semispray § be given. § is the semispray
associated to Ly if and only if

9(B(®(X)),Y) = g(X,B(2(Y)))  and )
(Leg)(B(X),Y) = —g((L¢B)(X),Y),

for all X,Y € X(7).

ProoF. We can follow the same line of reasoning as in the previous
corollary, if we substitute v, for gg and B for A. O

The last corollary can be useful because, even if we do not know exactly
the Lagrangian L,, we can always check the conditions (48) on a given
semispray to conclude if it is indeed the canonical semispray of the given
weakly variational and Miron-regular metric.

We are now ready to recover Finsler geometry.

Proposition 8. A metric is variational with respect to a homogeneous
function of degree 2 if and only if it is normal, i.e. C(X,d) = 0 for all
X € X(7).

PROOF. Suppose first that ¢ = VYVYL, where CL = 2L. Then
for all vector fields X,Y on M we have 2X"(Y"L) = X"(Y"(CL)) =
XV([Y",ClL + C(Y'L)) = X"(Y"L) + [X*,C](Y'L) + C(X*(Y"L)) =
2XY(YYL)+C(X"(Y"L)), hence 0 = C'(X"(Y'L)) = C(V'V'L(X,Y)) =
Cg(X,Y)) = (Vig)(X,V) = g(C(5,X),V) "= ! g(C(X,5),Y); s0 we ob-
tain C(.,0) = 0. Conversely, if g is normal, then B = 1y(;) by (38), and
hence A = Lx(r) by Proposition 7. Thus g = v, = gg = V'V"E, proving
that ¢ is variational. Here the energy FE is homogeneous of degree two,
also by Proposition 7. ]

Corollary 10. For a homogeneous metric, variationality and normal-
ity are equivalent conditions.

Before going on, let us see an immediate way to obtain a normal metric.

Corollary 11. If g is a weakly normal and E-regular (or, equivalently,
Miron-regular) metric, then gg is normal.
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PROOF. Since g is weakly normal, we have CE =2F. The E-regularity
of g implies, that gp is a variational metric, namely gr = V'V'E, so
Proposition 8 leads to the desired conclusion. O

As stated in the Introduction, a Finsler metric is the Hessian of a
Lagrangian E. To be more precise: F is assumed to be of class C! on

TM, smooth on %M , positive-homogeneous of degree 2, and, of course, it
is required that the two-form dd;E is non-degenerate. As is well-known,
the weakening of the differentiability is necessary: if E is (at least) of class
C? on the whole tangent manifold 7'M, then the first Cartan tensor of gg
vanishes, and gg comes from a pseudo-Riemannian metric on M (see (30)).
It follows from our above considerations that if g is a metric in the pull-

back bundle of 7 by the map 7 %M — M, and satisfies the normality
condition C(.,4) = 0, then g is a Finsler metric, and (M, E), E := %9(6, J),
is a Finsler manifold in the usual sense. (The only, minor difficulty is to
check that F has a (unique) C'-extension into T'M; for this technicality
we refer to [22].)

Thus, roughly speaking, normal metrics lead to the territory of Finsler
geometry. According to our preceding remark, when we speak of a normal
metric g, we shall always assume (at least tacitly) that g lives in the pull-
back bundle 7*7.

We end this section with a summarizing tabular:

metric no weakly weakly variational variational normal
condition || variational | normal with respect to F

g - - - 3L L=F L=F

Yg — JL, L,=F| Ly=E L,=CE-FE L,=F

gE E E E=1L, E:%CEL E:%(C’CEfCE) E=F

Comment. For an arbitrary generalized metric it is possible that its
absolute energy F is regular. When we start to impose restrictions on
the metric, we get two main subclasses: the class of variational metrics
(meaning that there should exist a Lagrangian L) and the class of weakly
variational metrics (providing the existence of a Lagrangian L, via Propo-
sition 3). The regularity of the Lagrangian L is guaranteed; that of Ly has
to be imposed (Miron-regularity, see Proposition 4). For each class we can
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consider a subcategory, consisting of those special metrics where the La-
grangian (L or Lg) is exactly the absolute energy F, so we get metrics that
are variational with respect to E (column 6) and weakly normal metrics
(column 4). In these cases, the regularity of L and L, coincides with the
regularity of E. The two subclasses have a non-empty intersection with
each other, constituted by those metrics that are both variational with
respect to F¥ and weakly variational with respect to E. In the intersection,
L, = CE — E should also be E, and thus E is homogeneous of degree 2.
In accordance with Proposition 8, we mention here the metrics that are
variational with respect to a homogeneous function of degree 2, normal
(column 7).

5. The metric derivatives

In this section we will give an elegant formulation for all metric deriva-
tives. We assume that g is a metric along 7 and that a horizontal map
H:X(1) — X(TM) is specified. A covariant derivative operator D in 7*7
is said to be metricif £g(Y, Z) = g(D¢Y, Z)+g(Y, D¢ Z) for all € € X(TM)
and Y, Z € X (7). Equivalently, once a horizontal map H is specified, D is
metric if it is both v-metric and h-metric, i.e. if we have ng(f/,Z) =
g(D%Y,Z) + g(Y, D% Z) and HXg(Y,Z) = g(DLY,Z) + g(Y, D% 2),
where D}(Y = Din/, D;l(f/ = DHXY/, X € X(7). Applying the covariant
exterior derivative dP with respect to D, we now define the torsions of D.
If K:X(TM)— X(7)is a 7*7-valued one-form on 7'M, then

dVK(&,n) := De(Kn) — Dy(K€) = K[€, )y &neX(TM).  (49)

(A general definition of d” in the context of vector bundles can be found
in [10].) The canonical map j and the vertical map V belonging to H
may be regarded as 7*7-valued one-forms on T'M; their covariant exterior
derivatives T?(D) := d”V and T"(D) := d”j are said to be the vertical
and the horizontal torsion of D, respectively (although T"(D) does not
depend on any horizontal structure). With the help of T"(D), we define
the h-horizontal torsion 7 and the h-mixed torsion S of D by

T(X,V) = T"D)HX, 1Y) E D, oV - D, o X —jHX HY] (50)
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S(X,¥) = ThD)HX,iV) Y —D. X — j[HX, iV
17 ~ -

D _p X4V, X (51)
Following [9], a covariant derivative D in 7*7 is called symmetric, if T =0
and S is symmetric. Using T (D), it is possible to define three more partial
torsions of D, the v-horizontal torsion R, the v-mized torsion P', and the
v-vertical torsion Q':

RYX,Y) :=TY(D)(HX,HY) = —V[HX,HY], (52)

PHX,Y) :=T"(D)(HX,iY) = D, 3V — V[HX,iY] (53)

= DHXY/ - VHX?’

QY(X,Y) :=T"(D)(iX,iY) = D,;3Y — D X — V[iX,iY]. (54)
Observe that R!' does not depend on the covariant derivative operator D:
since

iR'(j¢,jn) = —v[h&, ] = Q&) for all &, € X(TM),  (55)

(see (13) and (23)), R' is merely another expression for the curvature of .
It can also readily be seen that a covariant derivative operator in 7%7 is
completely determined, once one has given two 7*7-valued two-forms to
play the role of the h-mixed and v-mixed torsions. In particular, as it can
be seen at once from (51) and (54), the choice S = 0, P! = 0 leads to
the Berwald derivative V induced by H. We denote the torsions of V by

7T, S, etc. Another remark will also be appropriate. Let X,Y € X(M).

Then iT(i X", jY") = iT(X,V) 2 iV ¥V — iVyn X — Jixh, v (20

(X" VY] — [Y" X?] — [X,Y]*. On the other hand, applying (12), (6) and

(7), we get T(X", Y") ) [ h)(X" Yh) = [ X" VY] - [Yh XY - [X, Y],

therefore
iT(GX", 57" = T(X" Y™ for all X,Y € X(M). (56)

This means that the h-horizontal torsion of the Berwald derivative induced
by ‘H and the torsion of H contain the same information.



540 T. Mestdag, J. Szilasi and V. Té6th

Our next objective is to construct a metric derivative which has as
many vanishing partial torsions as possible. To achieve this, we need the
lowered second Cartan tensor Ch = V"¢ and its metrical equivalent, the
second Cartan tensor ch deﬁned by g(C(X,Y),Z) = ch (X,Y,Z2) =
(Vieg) (Y, 2) for all X, Y, Z € X(7).

Lemma 9. The tensors C and C" given by

o

g(C(X,Y), 2):=C(X,Y,Z)+C(Y,Z,X)—-C(Z,X,Y)  and
are well-defined, symmetric (1,2) tensor fields along .

Indeed, well-definedness is assured by non-degeneracy of g. Since both

o
C, and lel are symmetric in their last two arguments, it follows that C and
[¢]

Ch are symmetric. Some easy consequences may be inferred 1mmed1ately
from the definition of C For example, g is variational if and only if C = C

and if C (.,6) = 0, then g is weakly normal. We show that C( ) =0
also implies that g is weakly variational and homogeneous, and vice versa.

Indeed, if 5(, §) = 0, then for all X,Y € X(7) we have
0= g(é()z?(s)??) = Cb(Xvéai/) +Cb(5a}77)2) - Cb(?7X75) and

0=g(C(¥,8),X) = C,(V,5,X) +G,(5,X,Y) - G(X,Y,5).

Since C, is symmetric in its last two variables, after subtraction, the prop-
erty C,(X,Y,8) = G (Y, X,d) drops out. Thus g is weakly variational,
and hence both of the above relations imply C(4,.) = 0, i.e. g is homoge-
neous. Conversely, if g is weakly variational and homogeneous, then the

right-hand sides of our above relations vanish, therefore C(.,d) = 0.
Notice that it is more difficult to handle C* (and C").
Proposition 9. Let g = VYV'L be a variational metric and ‘H the

horizontal map generated by &;,. Then, C* = C".
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PROOF. It is well-known (see e.g. [7]) that one can derive from the
properties (46) that

Vhg(X,Y,Z)=V"g(Y,X,2) or
57
g(Ch(X,?),Z):g(Ch(f/,X),Z), ( )

forall X,Y,Z € X(7). Indeed, let X, Y € X(M) and take the £, derivative
of the integrability condition XV (g(f/, Z)) =YV (g(X, Z)) Interchange

now the positions of ¢, and XV, using the bracket [£7,XV] = —X" +
i(ﬁ?LX ). The property E?L g = 0 leads to (57) and the statement now
easily follows. O

Proposition 10. Suppose that the horizontal map H has vanishing
torsion and let V be the Berwald derivative induced by ‘H in 7*7. If C and

Ch are the tensors given by Lemma 9, then the rules

o . . 1 o .
DigV = VgV + 5C(X,Y), Dyl = VygV + 5ch(X,Y) (58)

1

define a symmetric, metric derivative in 7*7. More explicitly

DeY = j[vé, HY] + V[h&,iV] + %(E(V& Y)+ Coh(jfs,f/)). (59)

For the partial torsions of D we have
1g 1 11
T=0, S:—§C, (R )=, P :§C , @ =0

where (R1)0(§7 7]) = iRl (jéujn)

PRrROOF. First we check that D is v-metric. For all vector fields X,
Y, Z on M we have (DVg)(X,Y,Z) = (Dxvg)(Y,Z) = X"(g9(Y,Z2)) —
g(DX”f/v?ZA) - g(Y7DX”ZA) = Cb(Xai/vaZA) - %g(C(X7Y/)7Z)_
%g(?a(g(%vz)) :Acb(:)za?/a Z) - %g(C(X,}A/)’Z) - %Q(C(Z¢X)7?) =
C(X,Y,Z)—C,(X,Y,Z) =0, as we claimed. By a completely analogous
calculation we obtain that D is h-metric and hence it is metric. Next we
calculate the partial torsions of D.
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(50) (58)

T(X,)Y) = DY — Dy X —j[HX HY] = V, 5V = V5 X —
SIHE L HT] + ACh(R,T) — 10T, X) = T(X v) @0, since T = 0 by

our assumption. From (51) and (58), S = —fC Thus, by Lemma 9, S is
symmetric, therefore the covariant derivative operator D is also symmetric.

(55) yields immediately (R')g = Q, while (52) and (58) lead to P! =
1eh. Finally, 0'(X,7) @ Dy¥ — Dy — Vixv,v] @ 16(%,7) -
%C (Y, X ) = 0, concluding the proof of the proposition. O

In [18], R. MIRON gave a coordinate formulation for this metric de-
rivative in the case that the metric is weakly normal and Miron-regular
and the horizontal map is generated by . A coordinate expression of the
general case (58) can also be found in [19]. Now we are in a position to
describe all metric derivatives (depending on a horizontal map). We begin
by a simple remark. The difference of two covariant derivative operators

D' and D? can be characterized by means of a C>(TM)-bilinear map
0: X(TM) x X(1) — X(7) such that

D{X — DX = (¢, X) forall{ € X(TM), X € X(7).
o0 can be decomposed into a v-part ¢ and a h-part o given by
Qv(Xa?) = Q(inf/) and Qh(X71~/) = Q(HX7Y);
then o(&, X) = 0" (V€, X) + 0" (j¢, X).

Proposition 11. Let D be the metric derivative described in Propo-
sition 10. Then any other metric derivative D can be uniquely determined
with the help of two (1, 2)-tensor fields ® and ¥ which are related to the
difference o of D and D by means of
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(9(¥(X,Y),2) — g(¥(X,2),Y)) (61)

N = N

for all vector fields X,Y, Z along .
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PRrROOF. First, we will show that for a given ® and W, the above con-
struction gives indeed a metric derivative. For example, if we use the fact
that D is metric, then (D, 39)(Y,Z) = HX(9(Y,Z)) — g(Dy3Y.Z) —
g(f/, ?HXZ)N = g(gh~()~(7 Y/)Nv Z~) + g(}},?h(X,NZ)~: %(g(\l/(j(, Y/)v Z)*
9g(¥(X,2),Y)+ g(Y,(¥(X,Z2)) — g(Z,(¥(X,Y))) = 0, and analogously
for the ¢” part. On the other hand, suppose that D is a metric deriva-
tive. Then D is completely determined by the tensor fields ® = p” and
U = o", which are exactly of the type (60) and (61) since (due to Dg = 0)
9(e"(X,Y), 2)+9(0"(X, Z),Y)=0 and g(o"(X,Y), Z)+g(e"(X, Z),Y)=0.

O

A coordinate version of this proof is mentioned in [18, 19]. In fact,
there one made use of the so-called Obata-operators. In our context, the
first Obata-operator can best be viewed as a map Ob that maps a (1,2)-
tensor field onto another (1,2)-tensor field, Ob : ¥ +— Oby, where Oby is
defined by

g(Ob\If(Xaf/)?Z) = i(g(\P(X,?),Z) —g(\I/(X,Z),Y/)).

The second Obata-operator Ob*, has an analogous definition

9(Ob3(X,¥),2) 1= o ((W(X, V), 2) + g(W(X, 2),V)).

Therefore, (60) and (61) can be restated as ¢” = Obg and ¢" = Oby.
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