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Some remarks on the Lorenz five component model

By MIRCEA PUTA (Timisoara) and MARIUS BUTUR (Timisoara)

Dedicated to Professor L. Tamdssy on his 80th birthday

Abstract. Some old aspects from the theory of the Lorenz five component
model are discussed and some of its new properties are pointed out.

1. Introduction

The study of balanced dynamics is a central subject in geophysical
fluid dynamics. It can be realized using three different approaches. The
most recent one is due to LORENZ [6] and is called the five component
model. Its dynamics is usually described by the following set of differential

equations:
.

T1 = —xox3 + broxs

.C‘CQ = T1x3 — bx1x5

jfg = —X1T2 (1.1)
. T5
Ty = ——

3

. T4
Ty = ? + bZL‘1$2,
where b,z € R.
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The goal of our paper is to present some new properties of this dy-
namics from the Poisson geometry point of view.

2. Stability problem — Periodic solutions
Let us start with the following result dues to BOKHOVE [2]. More
exactly we have:

Proposition 2.1 ([2]). The dynamics (1.1) has the following Hamil-
ton—Poisson realization:

(R°, 10, H),
where ) )
0 0 —X9 0 bZL‘Q
0 0 x1 0 —bxy
H&b _ T2 —I1 0 0 01
0 0 0o 0 —-
1 9
—bCL‘Q bxl 0 g 0
and i .

1
H (w1, w3,03,24,05) = 5 (01 + 203 + a5 + 2§ + 5).

Proposition 2.2. There exists only one functionally independent
Casimir of our configuration (R, IL. ).

PRrROOF. For the proof we shall use the technique of BERMEJO and
FAIREN [1].

Let ~ _

0 T 0 —biL‘l

—z; 0 O 0

(He,b)Qm = 0 0 0 _1

1 e

bx; 0 - 0
L & J

Then
o
det(H&b)Qm = — 7& 0

ift
I 75 0.
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It follows that

_ 1 .
0O — 0 0
X1
ep)om = |z 0 700
0 be 0 e
- 0 _6 -
Hence
(Hs,b)n—2m - [07 _x27 07 be]a
I'= [(Hs,b)n—Qm : (Hs,b)Q_T}L]t
t
- [—“,0,0,0} .
x1
Therefore

T2
d.%'l = —fd.%'g
1
or equivalent

1
C(xla x2, xg,x4,$5,$6) = 5(1.% + J)%)

is the Casimir of our configuration (R, I, p). O

It is not hard to see that the equilibrium states of our system are:
el = (M,0,0,0,0), M €R;
edl = (0,M,0,0,0), M €R;
ed =(0,0,M,0,0), M eR.

We shall now discuss their nonlinear stability. Recall that an equilib-
rium state z. is nonlinear stable if the trajectories close to x. stay close to
ze for each t € R. In other words, at least one neighborhood of x, must
be flow invariant.

Proposition 2.3. The equilibrium state e{V[, M € R, M # 0 is non-
linear stable.

ProOOF. We shall make the proof using the energy-Casimir method,
see [5], [7] or [9].
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Let H, be the energy-Casimir function given by

1 1
Hylon aan,on,as) = (ot +af 4 o+ ad +ad) 4o (ot +ad) )

where p € C*(R,R).

Then we have
0H, = w1071 + 222072 + 23023 + 24074 + 5075
+ 4,0'(1:1(53;1 + x96x2),

where

LR
Hence

d0H,(M,0,0,0,0) =0
if and only if

1
@’ <2M2> =1 (2.1)
The second variation of H,, is given by
62 Hy, = (621)% + 2(632)* + (623)* + (624)* + (625)*
+ " (x1021 + 22022)* + ' [(021)* + (672)).
At the equilibrium of interest we have via (2.1)

62H,(M,0,0,0,0) = (6z2)* + (623)* + (624)* + (625)*
+¢” (;M2> M?(621)°.
If we can choose ¢ such that
©” <;M2> >0 (2.2)

then the second variation of H, at the equilibrium of interest is positive
definite and so we can conclude that the equilibrium state (M, 0,0,0,0),
MeR, M # 0 is nonlinear stable.

For instance such a ¢ is given by

o(z) = (ac _ ;M2>2 . O
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Using now the linear part of our system (1.1) at the equilibrium of
interest e} [resp. e}!] we have immediately:

Proposition 2.4. The equilibrium states eé\/[, eé\/l, M e R, M # 0,
have the following behaviour:

i) e = (0,M,0,0,0), M € R, M # 0 is unstable.
i) el = (0,0,M,0,0), M € R, M # 0 is spectrally stable.
If we take now the function H € C*°(R® R) given by

1
H(z1,22,73,74,75) = 5(33% + 223 + 22 + 2 + 2d)
as a Lyapunov function, then via Lyapunov theorem we have

Proposition 2.5. The equilibrium state e® = (0,0, 0,0, 0) is nonlinear
stable.

Remark 2.1. Tt is an open problem to decide the nonlinear stability or
instability of the equilibrium states e}’ = (0,0, M,0,0), M € R, M # 0.

We shall discuss now the existence of the periodic solutions for the
dynamics (1.1).

Let K, be a first integral of the dynamics (1.1) given by

1
Ky,(x1, o, 23, 24, T5) = 5(:10% + 2:10% + x% + xi + x%)

+¢ (;(x% —|—x%)> — %Mz —p <;M2>
where ¢ € C*°(R, R) satisfies to the conditions (2.1), (2.2). Then we have
i) K, € C®(R5,R);
if) K,(M,0,0,0,0) = 0
iii) dK,(M,0,0,0,0) = 0;
iv) d*K,(M,0,0,0,0) is positive definite.
Then via the MOSER theorem [8] we have

Proposition 2.6. For each e > 0 sufficiently small any integral surface
Ky(z1, 72,23, T4, 75) = €°

contains at least one periodic solution for the dynamics (1.1) whose periods
are close to those of the corresponding linear system.
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Let H be the Hamiltonian (or the energy of the dynamics (1.1)), i.e.
1
H(x1, 19, 23,4, 75) = 5(1‘% + 222 4 22 + 22 4 22).
Then we have
i) H € C*(R5 R);
ii) H(0,0,0,0,0) = 0;
iii) DH(0,0,0,0,0) = 0;
iv) D2H(0,0,0,0,0) is positive definite.
Then via the MOSER [8] we have
Proposition 2.7. For each e > 0 sufficiently small any integral surface
H(w1, 9, 73,24, 05) = &

contains at least one periodic solution for the dynamics (1.1) whose periods
are close to those of the corresponding linear system.

3. The reduced phase space and the reduced dynamics

It is clear that the function C' € C°°(R5 R) given by
1

C(xla Z2,x3,T4, 1’5) = 5( % + m%)
is constant of motion (1.1). Let us make the change of variables:
x1 = +v2Ccosp

xo = V2C sin p.
Then the dynamics (1.1) takes the following form:

dj T3 — bx

ar T 5

%:—Csinw

dt (3.1)
drs @

dt ¢

drs 4 .
\ﬁ—?—}-bCSan(p
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and it is usually called the reduced dynamics.

Proposition 3.1 ([3]). The reduced dynamics (3.1) has the following
Hamilton—Poisson realization:

(MC'7 Hreda Hred)a

where
Mc = {(z1, 22,23, 74, 75) € R® \ x% + x% =2C}
[0 1 0 —b]
-1 0 0 O
Hred = 0 0 0 _1 )
1 €
b 0 - 0
L € i
¢ 1 2 2.
Hyea(p, 23, 24, 5) = 5 cos 2p + 2(1-3-1-3;4-1_3;5),
CeR, C>0.
Since X
det(Hred) = _? 7é 0,

we have immediately:

Proposition 3.2. The reduced dynamics (3.1) has the following Ham-
iltonian realization:
(Mc,we, Hrea),
where
wo = —dp N dxs — ebdrs A dxy + edzy A das.

Remark 3.1. 1t is clear from the above considerations that (M¢,we),
C € R, C > 0, is in fact the symplectic foliation of the Poisson manifold
(R, ).

It is easy to see that the equilibrium states of our system (3.1) are

k
e, = (;,0,0,()), kel
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Proposition 3.3. The equilibrium states
eg = (17,0,0,0), l€Z

are nonlinear stable.

PROOF. Let L € C*(Mc,R) be a smooth function given by
C c 1
L(p, x3,x4,25) = — cos 20+ 0l + 5(:1:% + 23 + 22).
Then we have
i) L(lm,0,0,0) = 0;
ii) L(p,x3,24,25) > 0, (V) (23,24, 75) € Mc,
((10’ x3, Tyq, .’E5) 7& (lﬂ-a 0,0, O)a
iii) L = 0, along the trajectories of the system (3.1).
Hence L is a Lyapunov function and then via the Lyapunov theorem the

equilibrium states
eg = (I7,0,0,0), [ €Z
are nonlinear stable. O

Proposition 3.4. The equilibrium states

eorsl = <l7r+g,0,0,0>, lezZ

are unstable.

PROOF. Indeed, let A be the matrix of the linear part of our dynam-
ics (3.1),

0 1 0 —b
—2C'cos2¢p 0 0 O
= 1
A 0 0 0 ——
1 €
20C cos2¢ 0 z 0
Then we have ) )
[0 1 0 -b]
2C 0 0 O
Alear) = | o o o 15
1 €
26C 0 - 0
L € _
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4 2 1 2 1
PAfegs)(T) =2" + 2 2 2C +2b°C | — 206—2.
It is easy to see now that the characteristic equation

pA(egl+1) (a:.) = 0

has a positive root and so the equilibrium states
T
esrsl = <l7r+ 5,0,0,0) ez

are unstable. |

Let L be a real valued function given by

L(p,x3,24,25) = —% cos 2¢ + % + %(x% + 22 + 22).
Then we have
i) L € C®(M¢,R);
ii) L(xl,0,0,0) = 0;
iii) dL(xl,0,0,0) = 0;
iv) d?L(7l,0,0,0) is positive definite.
Then via WEINSTEIN theorem [10] we have:

Proposition 3.5. For each sufficiently small € any integral surface
L(QO, Z3, T4, .%'5) = 52

contains at least two periodic solutions of the dynamics (3.1) whose periods
are close to those of the linearized system.

4. Geometric prequantization of the reduced dynamics (3.1)

We have seen in the previous section that the dynamics (3.1) has the
following Hamiltonian realization:

(MC7 we, Hred)
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where
Mc = {(z1,72, 73,74, 75) € R® | xf + m% =2CY;

wo = —dp Ndxs — ebdxs A dxy + edzy A das;

C 1
Hred(gpa zs3, ZE4,ZL'5) = _5 COS 290 + 5(1‘% + $421 + ZL’%),

CeR, C>0.
It is easy to see that
we = dbe,
where

O0c = —pdxs — ebrsdxy + cxyqdxs

and so (M¢, we) is a quantizable manifold. Moreover, the Hilbert reprezen-
tation space is given by
H = L*(Mc,C),

and the prequantum operator d; has the following expression for each

feC®(Mc,R):

(Sf = —ih I:Xf — ;Qc(Xf)] + f,
where h is the Planck constant divided by 2.

Therefore we have

Proposition 4.1. The pair (H,d) gives rise to a prequantization of
the reduced dynamics (3.1).

Using now the same arguments as in [4] with obvious modifications we
can prove:

Proposition 4.2. Let O(L?*(M¢,C)) be the space of self adjoint op-
erators on the Hilbert space L?(Mc,C). Then the map

f € C>®(Mc,R)— d; € O(L*(Mc, C))

gives rise to an irreducible representation of C°*°(M¢,R) on O(L?*(M¢,C)).
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