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Two bounded solutions of opposite sign for nonlinear
hemivariational inequalities at resonance

By LESZEK GASINSKI (Cracow) and NIKOLAOS S. PAPAGEORGIOU (Athens)

Abstract. In this paper we study quasilinear hemivariational inequalities
at resonance at the first eigenvalue of the p-Laplacian. For such problems we
establish the existence of at least two bounded solutions: one positive and the
other negative. Our approach is based on the method of upper-lower solutions
and on techniques from the theory of nonlinear operator of monotone type.

1. Introduction

In this paper we consider the following nonlinear hemivariational in-
equality at resonance:

—div([|[Va(2) [ Va(2)) = Mlz(2) P~ 22(2) € 95(z, 2(2))
almost everywhere on Z (HVI)

.CI?‘F =0.

Here 2 < p < 400, Z C RY is a bounded domain with a C*boundary I'
(where 0 < a < 1). By A1 we denote the first eigenvalue of the negative
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p-Laplacian —A,x = —div(HVxH%}QVx) with the Dirichlet boundary con-
dition (i.e. of (—A,, Wol’p(Z))). By j : Z x R — R we mean a function,
which is measurable in the first variable and locally Lipschitz in the second
variable. By 0j(z,() we denote the subdifferential of j(z,-) in the sense
of CLARKE [3] (see Section 2). Exploiting the methods of upper-lower so-
lutions together with techniques from the theory of nonlinear operators of
monotone type, we prove the existence of at least two bounded solutions
for problem (HVI), of which one is strictly positive and the other strictly
negative.

Hemivariational inequalities are a new type of variational expressions,
which arise in physics and engineering problems, when we deal with non-
smooth energy functionals. Such functionals appear if one wants to con-
sider more realistic mechanical laws of nonmonotone and multivalued na-
ture. For concrete applications of hemivariational inequalities in mechan-
ics and engineering we refer to NANIEWICZ-PANAGIOTOPOULOS [16] and
PANAGIOTOPOULOS [17]. Resonant hemivariational inequalities were stud-
ied recently by GOELEVEN-MOTREANU-PANAGIOTOPOULOS [10] (semi-
linear problem, i.e. p = 2) and by GASINSKI-PAPAGEORGIOU [4], [5]
(quasilinear problem). In these works the approach is variational and it is
based on the nonsmooth critical point theory of CHANG [2]. Nonresonant
eigenvalue problems for hemivariational inequalities were investigated by
GOELEVEN-MOTREANU—PANAGIOTOPOULOS [9] (semilinear problem, i.e.
p = 2) and by GASINSKI-PAPAGEORGIOU [6], [7] (quasilinear problem).
However, none of the aforementioned work addresses the problem of exis-
tence of positive and negative solutions.

2. Preliminaries

Problem (HVI) involves the first eigenvalue A1 of (—A,, W, 7?(Z2)).
This is defined as follows. Consider the following nonlinear eigenvalue
problem:

—div(|Va(2)[fx" Va(2)) = Mz ()P~ (2)
almost everywhere on Z (EP)

$|F =0.



Hemivariational inequalities at resonance 31

The least real number A for which (EP) has a nontrivial solution is called
the first eigenvalue A\; of (—A,, Wol’p(Z)). It is known (see ANANE [1] and
LINDQVIST [15]) that A; is positive, isolated and simple (i.e. the associated
eigenfunctions are constant multiple of each other). Moreover, there is a
variational characterization of A\; > 0 by means of the Rayleigh quotient,
namely we have

A1 —min{”Hv;ﬁy,g x e WyP(2), x#O}. (RQ)
P

The above minimum is attained at the normalized principal eigenfunction
ui. Note that, if u; minimizes the Rayleigh quotient, then so does |u;| and
so we infer that the first eigenfunction u; does not change its sign on Z.
In fact we can show that u;(z) # 0 almost everywhere on Z and so we can
assume that u; > 0 almost everywhere on Z. Moreover, since I' is C1®,
from nonlinear elliptic regularity theory (see LIEBERMAN [14]), we know
that the solution of (EP) is in C'1(Z), with some 0 < o/ < 1. For details
on the first eigenvalue we refer to ANANE [1] and LINDQVIST [15].

As we already mentioned, our approach will use the theory of nonlinear
operators of monotone type. For the convenience of the reader we recall
some basic definitions and facts from this theory, which we will need in
the sequel. Details can be found in the books of HU-PAPAGEORGIOU [11]
and SHOWALTER [18].

Let X be a reflexive Banach space and X™* its topological dual. A map
A: X DD+ 2% is said to be monotone, if for all z,y € D and all
x* € Ax, y* € Ay, we have (z* —y*,x —y) > 0 (here by (-, -) we denote the
duality brackets for the pair (X, X*)). If in addition (z* —y*,z —y) =0
implies that = y, then we say that A is strictly monotone. The map
A is said to be maximal monotone, if it is monotone and the fact that
(x* —y*,z —y) > 0 for all x € D and all z* € Az, implies that y € D
and y* € Ay. This means that the graph of A is maximal with respect to
inclusion among the graphs of all monotone maps. A map 4 : X —— X*
which is single-valued and everywhere defined (i.e. D = X), is said to be
demicontinuous, if the convergence x,, — x in X, implies that Az, —
Az weakly in X*. A map A: X DO D +—— X* is said to be coercive, if
D is bounded or D is unbounded and inf{||z*||x+ : 2* € Ax} — +o00 as
|z||x — +o00. A maximal monotone, coercive operator is surjective.
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An operator A : X — 2X7 is said to be pseudomonotone, if

a) for all x € X, set Az is nonempty, compact and weakly compact
in X*;

b) for every Y, finite dimensional subspace of X, operator Aly is upper
semicontinuous into X* furnished with the weak topology (i.e. if U C X*
is weakly open, then the set {x € Y : Ax C U} is open in Y);

c) if &, — x weakly in X, z}, € Az, for n > 1 and
limsup(z},z, — ) < 0, then for every y € X, there exists z*(y) € Ax
such that (z*(y),x —y) < liminf(z}, 2, —y).

If A is bounded (i.e. maps bounded sets into bounded sets) and satisfies
condition (c), then satisfies condition (b) too. An operator A : X +—
2X" is said to be generalized pseudomonotone, if x, — x weakly in X,
x}y — x* weakly in X*, 2} € Az, for n > 1 and limsup(z}, z,, — z) <0,
imply that 2* € Az and (x},z,) — (z*,z). Every maximal monotone
operator is generalized pseudomonotone. Also a pseudomonotone operator
is generalized pseudomonotone, while the converse is true if the operator
is bounded and has nonempty, convex and weakly compact values. A
pseudomonotone, coercive operator is surjective.

Finally, let X be a Banach space. A function ¢ : X —— R is said to be
locally Lipschitz, if for every x € X, there exists a neighbourhood U of x
and a constant k£ > 0 depending on U, such that |¢(2) —¢(y)| < k||z —y| x
for all z,y € U. From convex analysis we know that a proper, convex and
lower semicontinuous function g : X — R d RU{+o0} is locally Lipschitz

in the interior of its effective domain dom g d {zr € X :g9(x) < +oo}. In
analogy with the directional derivative of a convex function, we define the
generalized directional derivative of a locally Lipschitz function ¢ at x € X
in the direction h € X, by

O’ + th) — $la’)

#°(z; h) i sup ;

' —x

t\,0
The function X > h — ¢%(z;h) € R is sublinear, continuous and by the
Hahn-Banach theorem it is the support function of a nonempty, convex
and w*-compact subset of X*, defined by

06(x) L {2* € X*: (2%, h) < ¢°(x; h) for all h € X}.



Hemivariational inequalities at resonance 33

The multifunction X 3 x — d¢(x) € 2% is called generalized or Clarke’s
subdifferential of ¢ at x. If ¢,7 : X — R are locally Lipschitz functions,
then (¢ +v)(z) C d¢(z) + 0¢(x) and I(tp)(x) = tdp(x) for all t € R and
all z € X. Moreover, if ¢ : X —— R is also convex, then the subdifferential
of ¢ in the sense of convex analysis coincides with the generalized subdif-
ferential introduced above. If ¢ is strictly differentiable at z (in particular
if ¢ is continuously Gateaux differentiable at x), then d¢(x) = {¢'(x)}.

3. Auxiliary results

In the sequel, we will assume that p > 2 and that p’ is such that

% + ﬁ = 1. By p* we will denote the Sobolev critical exponent, defined by
Np

prEdN-p

~+00 ifp>N

ifp< N

and by p*' the number such that ]% + pi, = 1. Note that 1 < p* < p' <
2 <p<p*<+oo.
Our hypotheses on the nonsmooth potential function j(z,() are the

following:
H(j): j: Z x R+ R is a function such that:
(i) for all ¢ € R, the function Z > z — j(z,() € R is measurable
and j(-,0) € LP"'(2);
(ii) for almost all z € Z, the function R 3 ( — j(z,() € R is locally
Lipschitz;
(iii) for almost all z € Z, all ¢ € R and all n € 9j(z,(), we have
In| < a(z)+c|¢|"~! with some a € L®(Z)4, ¢ >0and 1 <1 < p*;
(iv) there exists a function ¥ € L*(Z) such that for almost all z € Z,
we have ¥(z) < 0, with strict inequality on a set of positive
Lebesgue measure, such that

= 9(2),

uniformly for almost all z € Z and all u(z,() € 9j(z,();
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(v) limsup,_,g \gl(:if?)C > 0 uniformly for almost all z € Z and all

u(z,¢) € 9j(2, Q).

Proposition 3.1. If hypotheses H(j) hold, then there exists § > 0
such that for all x € Wol’p(Z), we have

() & V|2 - / (A1 +9(2)) ()P dz > B|Ve|E,
Z

PROOF. Suppose that the above inequality is not true. Then we can
find {zp}n>1 C Wol’p(Z) such that | Vx|, = 1 and n(z,) \, 0. Note that
from (RQ) and the properties of ¥ € L>°(Z) (hypothesis H(j)(iv)), we have
that n(x) > 0 for all z € I/VO1 P(Z). From Poincare’s inequality, we have
that {zn}n>1 C W& P(Z) is bounded and so by passing to a subsequence
if necessary, we may assume that x,, — = weakly in WO1 P(2Z), vy — T
in LP(Z), zp(2) — xz(z) almost everywhere on Z and |z,(2)| < x(2)
almost everywhere on Z for all n > 1 with some x € LP(Z). Exploiting
the weak lower semicontinuity of the norm in a Banach space and the fact
that 7(z) > 0 for all z € W, "P(Z), we have that

0= lim {HVang—/Z()q+19(z))\xn(z)]1’ dz

n—-+oo
> [9alg— [ (0@ la)P dz > 0
7

thus using also hypothesis H(j)(iv) and (RQ), we get

V[l = /Z (M +9(2))[x(2) " dz = M|l

Soxz =0 or z = tu;. But if x = £u;, then from the positivity of u; and
the properties of 9, we would have that

/Z (M +9(2) ()P dz < M|jz]2,

a contradiction. Therefore z = 0 and we have that ||Vzy,|[, — 0. As also
Vz, — 0 weakly in LP(Z; RY) and space LP(Z;RY) is uniformly convex,
from the Kadec—Klee property (see HU-PAPAGEORGIOU [11], Definition
1.1.72(d) and Lemma 1.1.74, p. 28), we get that

V&, — 0 in LP(Z;RY),
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which is a contradiction to the fact that ||Vz,||, = 1 for n > 1. This
implies our proposition. O

Proposition 3.2. If hypotheses H(j) hold, then for every € > 0, there
exists v € L>°(Z)4, such that for all u(z,(¢) € 9j(z,(), we have

uw(z,¢) < (9(2) +e)|¢|P2C+~(2) foraa.zeZ andall (>0,
u(z,¢) > (9(2) +e)|¢|P72¢ —v(2) fora.a.z€ Z andall ¢<O0.

PROOF. By virtue of hypothesis H(j)(iv), for a given ¢ > 0, we can find
M = M(g) > 0, such that for almost all z € Z and all u(z,() € 9j(z,(),
we have

u(z,¢) < (9(2) +o)[¢[P3¢ for (> M,
u(z,¢) = (9(2) +)[¢[P2¢ for ¢ < —M.

On the other hand, from H(7)(iii), for almost all z € Z and all ¢ € R, such
that |¢| < M, we have that

Ju(z, Ol < a(z) + M.

Combining all above estimates, we obtain our proposition with
’yd:f 19(2) +e|MP~! +a(z) + cM™ L. O

Let 8 > 0 be as in Proposition 3.1 and v € L*(Z)4 as in Proposi-
tion 3.2, with ¢ = 6% Let us consider the following auxiliary nonlinear
problem:

—div(]| Ve () |22 Va(2)) — Aula(z) P~ 2a(2)

= <19(z) + ﬂ;) 2(2)|P22(2) +v(2) ae. on Z (HVIg,)
z|p = 0.

Proposition 3.3. If hypotheses H(j) hold, then problem (HVlg,) has
a solution ¢ € CY(Z) (with 0 < a < 1), such that ¢(z) > 0 for all z € Z

and %ﬁ(Z’) < 0 for all 2/ € T where ¢(z') = 0 (here n(z') denotes the
outward normal toT" at 2/ € ).
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PROOF. Let A : Wol’p(Z) — W~ (Z) be the nonlinear operator
defined by

(Az,y) & / V() [PR2(Vee(2), V() dz Y,y € WEP(2)

(by (-, -) we denote the duality brackets for the pair (Wol’p(Z), WP (2))).
It is easy to check that A is demicontinuous and strongly monotone,
hence maximal monotone (see HU—PAPAGEORGIOU [11], Corollary I11.1.35,
p. 309). Let J : Wol’p(Z) — L (Z) C W% (Z) be the nonlinear opera-
tor defined by

5@ 2 (00 + 5 ) o)

By virtue of the compactness of the embedding WO1 P(Z) C LP(Z), operator
J is completely continuous. Hence it follows easily that the operator

vEA_ g WP (2) — W (2)

is pseudomonotone (see ZEIDLER [20], Proposition 27.6(a), p. 586 and
Proposition 27.7(d), p. 588).
Next using Proposition 3.1 and (RQ), for every x € WO1 P(Z), we have

A
(Va,z) = |Vals / <>\1 +9(2) + ﬂl) ()P d
z
B
> BI9alls ~ 2L allp > 2 vz,
So V is coercive. But recall that a pseudomonotone, coercive operator is

surjective. Thus we can find ¢ € W&’p(Z), such that V¢ = ~. Now, we
have

(Ad.y) = (J6,9), = (v Yy € We"(2) (3.1)
(where by (-, -)py, we denote the duality brackets for the pair

(LP(Z), LY (Z))). Integrating (3.1) by parts, we get
(= div(IVOIEN'YE).y) = (J6,9),y = (1:9)pp

Note that by virtue of representation theorem for the elements of
W' (z) = (Wol’p(Z))*, we have that

div(|Ve[r2Ve) e W (Z)
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(see e.g. HU=PAPAGEORGIOU [11], p. 866 or SHOWALTER [18], p. 54). From
the last equality which is true for every y € VVO1 P(Z), we obtain that ¢ is
a solution of (HVIg,).

Let ¢ 4 max{—@,0} (the negative part of ¢). From GILBARG—
TRUDINGER [8], p. 145 (see also HU-PAPAGEORGIOU [11], p. 866), we
know that ¢ € Wol’p(Z) and

— —V¢(z) ae on{zeZ:¢(z) <0}
Vo (z) = —
0 a.e. on {z € Z: ¢(z) > 0}.
If in (3.1), we put y = —¢ as our test function, we obtain

v - [ (wao+ ) i@ = (-5,

But (v,—¢ ) , <0 (asy > 0), so using also Proposition 3.1 and (RQ),

we have

pp

*HV¢ I <0.

Thus, we have that |V¢ |, = 0, hence ¢ = 0 (since ¢ € Wol’p(Z)).
Therefore ¢ > 0. Since ¢ € VVO1 P(Z)4 is a solution of (HVIg,), we have

_ o — A
—div([IVe(2) [ V(2)) (A1+19(Z) & 1)I (2)P~%¢(2) 2 0
almost everywhere on Z, and so
div([|[Vé(2)[[fn’ Ve(2)) < M|d(2)[P*o(z)

almost everywhere on Z, with M o 1At +9() + %Hoo
Because ¢ € I/VO1 P(Z) is a solution of (HVIg,), from Theorem 7.1,
p. 286 of LADYZHENSKAYA—URALTSEVA [13], we have that ¢ € L*>°(Z) and
then using Theorem 1 of LIEBERMAN [14], we deduce that ¢ € C**(Z) for
some 0 < a < 1. This fact permits the use of Theorem 5 of VAZGUEZ [19]
to obtain that ¢(z) > 0 for all z € Z and if for some 2’ € T, ¢(z') = 0,

then for the outward normal derivative a¢, we have 8¢< "} < 0. Therefore
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the function ¢ € C1%(Z) is the desired solution of (HVIg,). O

Analogously, we consider the following auxiliary problem:

—div(|Va(2)[hn’ Va(2)) = Mz (2) P~ 2a(z)

= (19(2) + ﬁ2)\1> 2(2)[P22(z) — y(2) ae. onz  (HVIZ)

x|r = 0.
In a similar fashion, we can prove the following existence result for prob-
lem (HVI, ).
Proposition 3.4. If hypotheses H(j) hold, then problem (HVI’M) has
a solution ¢ € C1*(Z) (with 0 < a < 1), such that ¢(z) < 0 for all z € Z
and g—%(z’) > 0 for all 2/ € I where ¢(2') = 0 (again n(z') is the outward
normal toT" at 2/ € T).

Now, we introduce the notions of upper and lower solutions which will
be our basic tools in the existence theorems in Section 4. To this end, we
define two functions g,g: Z X R —— R, as follows

)df

Q(ZaC = 1Hf{77 ne 8J(Z> C)}

9(2,¢) L sup{n : n € 9j(2,0)}.

By redefining j on a Lebesgue-null subset of Z, without any loss of gener-
ality, we may assume that j is Borel measurable and for all z € Z, function
j(z,-) is locally Lipschitz. From Section 2, we know that

(2, :6) = Tim sup 22 H10) =32, ¢)
M ) I_) t
N
—inf  sup Gz, ¢ 1) — §(2,¢)

e>0 |<—/_C|<€ t
O<t<e; ¢'teQ

and so the function Z x R x R 3 (2,¢,€) — j%(2,¢(;€) € R is Borel

measurable. Since

9j(z,¢) = {n e R:n¢ < j%2,(:€) VEERY,
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we have that
Groj ={(z,¢(,n) € ZxRxR:nedj(z} e B(Z)xBR) x B(R),

with B(Z) (resp. B(R)) being the Borel o-field of Z (resp. R). For every
u € R, we have that

{(z,0) € ZxR:g(2,¢) < p} = projz,g(GrojN (Z x R x (—oo, u))).

Since the subdifferential multifunction has compact values, from The-
orem I1.1.22, p. 146 of HU-PAPAGEORGIOU [11], we infer that the above
projection belongs to B(Z x R) = B(Z) x B(R). Hence g is measurable.
Similarly we obtain that g is measurable. Note that by virtue of hy-
potheses H(j)(iii) and (iv), for every z € WP(Z), we have that g(-,z(-)),

g(a() € ¥ (2).
Definition 3.5. (a) A function w € W1P(Z) is an “upper solution” of
(HVI), if w|pr > 0 and
/ V|5 (VE, Vy)gs dz — Ay / WP *wy dz > / 9(z,0(2))y(z) dz
z z z

for all y € Wy*(Z), such that y > 0.
(b) A function w € WP(Z) is a “lower solution” of (HVI), if w|p <0

and
/ IVll?52(Vaw, Vi dz — A / P2y dz < / g(zw(2)y(z) dz
7 7 7

for all y € Wol’p(Z), such that y > 0.

Now by virtue of hypothesis H(j)(v), we can find § > 0, such that for
almost all z € Z and all u(z,() € 9j(z,(), we have

u(z,() >0 f0<(<§ (3.2)
u(z,() <0 if —§<(<0. (3.3)

Let u; € CY(Z) (with 0 < o/ < 1), be the principal eigenfunction
of (—Ap,WOl’p(Z)). Recall that u1(z) > 0 for all z € Z. We can find
0<c; <1, such that cjui(z) < 6 for all z € Z. Also since by Proposi-
tion 3.3, we have that ¢ € C1*(Z) is such that ¢(z) > 0 for all z € Z
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and g—g(z’) < 0 for all 2/ € T where ¢(2’) = 0, we infer that there exists
ca > 1, such that cjui(z) < cap(2) for all z € Z. So au(z) < ()
and fluy(z) < 0 for all z € Z (recall that 0 < ¢ < 1 < ¢p). Let us set

w aup € C1(Z). For all y € W, P(Z), such that y > 0, we have

/HVpr ?(Vw, Vy)pndz— /\1/11)]1’ 2wy dz—0</Z (z,w(2))y(2)dz

since 0 < w(z) < 6 for all z € Z (see (3.2)). So the function w € C*'(Z)
is a positive lower solution of (HVI).
On the other hand, since ¢ € C'" O‘(7) is a solution of (HVIg,) with

¢(z) >0 for all z € Z, soforallyEW’p( ), such that y > 0, we have

/ IVBIE2(V3, Vo) o dz — M / P23y d

= [ (960 + 5 )18 2y st [y d > [ a5 a:

(see Proposition 3.2 and recall that v was chosen for ¢ = %) Therefore
¢ € CL(Z) is a positive upper solution of (HVI) and w < ¢.

Similarly, we can find 0 < ¢3 < 1 such that —§ < c3(—u1)(z) < 0
for all z € Z. Also because of Proposition 3.4, we can find ¢4 > 1, such

that c4¢(2) < c3(—u1)(z) for all z € Z. Set w(z) df —2ui(z). Evidently
—0 < w(z) < 0 for all z € Z. Therefore, for all y € V[/&’p(Z)7 such that
y > 0, we have

/ V@72 (Y@, Vo) ydz — A / @P2wy dz = 0
Z Z
> /Z 3(z (=) y(=)dz

(see (3.3)). Hence w € C1(Z) is a negative upper solution of (HVT).
On the other hand, since ¢ € C* 0‘(7) is a solution of (HVIj ) with

¢(z) <0 forall z€ Z, so for all y € W P(Z), such that y > 0, we have
L IV6E (90, 9u) s dz = 2 [ lo 2oy s
~ [ (964 B0 Y top 2y ds— [ was < [ gl o)) a:
z z
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(see Proposition 3.2). Therefore ¢ € C1*(Z) is a negative lower solution
of (HVI) and ¢ < w.

4. Positive and negative solutions

In this section, using the method of upper and lower solutions for the
ordered upper-lower solution pairs {¢,w} and {w, ¢}, we will produce two
bounded solutions of (HVI), one positive and the other negative.

Theorem 4.1. If hypotheses H(j) hold, then problem (HVI) has a
solution T € Wol’p(Z) N L>(Z), such that (z) > 0 for all z € Z.

PrOOF. We introduce the truncation map 7 : Wol’p(Z) — Wol’p(Z),
defined by

o(z) if ¢(2) < @(2)

w(z) if z(z) < w(z).
It is easy to see that 7 is continuous and bounded. Also it is such as

treated as a map from LP(Z) into itself and for any = € VVO1 P(Z), we have
that

Im(@)I; < [lllf + cs, (4.1)
df

with ¢5 = ||w|lb. Next, let 7 : Z xR —— R be the penalty function, defined
by

(C=o(z)P~t if ¢(2) <¢
() %o if w(z)<¢<o(2)
—(w(z) =P~ if ¢ <w(z)

From the above definition, it is clear that 7(z, {) is a Caratheodory function
(i.e. measurable in z € Z and continuous in { € R), nondecreasing in { € R.

Let A : Wol’p(Z) — W~ (Z) be the maximal monotone operator
introduced in the proof of Proposition 3.3. Also let Jy, Ny : Wol’p(Z) —
LY (Z), be defined by

Jz() E M@ P2 r@)(), Naa() = 7l 2().
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Both these operators are continuous and bounded (recall that 7 is contin-
uous). From Hoélder inequality and Young inequality for any x € VVO1 P(2),
we have

(Jiz,a), ,—A3/«r (P27 () (2)a(2) d

1
I

<A1</T plpdz) </|x |sz>

A1 A1
< S lr@l =+ ;lelﬁ
and so using also (4.1), we get

(N1, 2)py < M|z]E+cs Vo € WyP(2), (4.2)

o

f

with cg S 24 Ol’p(Z), we have

= 2(2) — 3(2))P  a(2) dz
(Naa@mf—/;q&(<> 3()" a2 d
—/ (Q(z) — x(z))p_1$(z) dz
{z<w}

z(z) — ¢(2))? dz
2/;9&((> 3(2))

—/ mwww+/ 2(2)P dz
{0<z<w} {z<0}

! / ()P dz — 1‘/ B(2)P d
2r—1 {0<z<p} 2r—1 {o<z<p} ’

|a[P — |b|P (valid for all a,b € R), we

+

so, using the inequality |a — bP >
get

2p—1

(Nw.x,.l‘) H:cHg —c; Vze ng’p(Z), (4.3)

>
pp’ — 9p—1
. df | —
with e7 = [[@][7 + [|lwl[p- /
Also, let G : WyP(Z) — 2" (D) \ {p} be defined by

Gz & {ue L"(Z) : u(z) € 8j(z,7(x)(2)) for a.a. z € Z}.

Since the multifunction Z 3 z —— 9j(z, 7(z)(2)) € 2" (%) is graph mea-
surable, invoking the Yankov—von Neumann—Aumann selection theorem
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(see HU=PAPAGEORGIOU [11], p. 158) and using hypothesis H(j)(iii), we
have that for all z € WO1 P(Z), set Gx is nonempty, convex and w-compact
in L"(Z). Since L' (Z) is embedded continuously in W' (Z), we have
that Gz is also nonempty, convex and w-compact in W‘Lp/(Z ).

Using estimate analogous as in Proposition 3.2 and estimate (4.1), for
any © € WyP(Z) and any u € Gz (note that from hypotheses H(5)(ii)
and (iv), we get that u € L? (Z)), we have

lullfy < 2”/_1/Z(|79(Z) — 1 |r(@)(2)P + [1(2)]” ) d=

< csl|z[[h + co,

where cg & 2P’ =1y — 1||€; and co X cges + 2p’—1\Z|H7\|€; and also
1 o1

(u, 2)pp < ullprll2llp < EHUHZ + §||$||§7

so finally, we obtain
(u, T)ppr < cr0l|@]|5 + 1, (4.4)
<o

df df
where cjg = % + % and c11 = 5.

Let & 2P~L(\1 + ¢10). We consider the following auxiliary nonlinear
hemivariational inequality:

—div([Va(2)[[fn’ Va(2)) = Ailr (@) (2) P27 (@) (2)
+urm(z,x2(2)) € 9j(z,7(x)(2)) a.e. on Z (HVI,)
z|r = 0.

Now, let K : Wy (Z) —s QW7 (2) \ {0} be the multifunction with
convex and w-compact values, defined by

Kx = Ax — J1x + ulNyx — Gz.

We will show that K is pseudomonotone and coercive. Since K is ev-
erywhere defined and bounded, to show the pseudomonotonicity of K, it
suffices to show that K is generalized pseudomonotone (see Section 2).
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To this end let z,, — x weakly in T/VO1 P(Z) and 2 — 2* weakly in
WL (Z), with z¥ € K, for n > 1 and assume that

limsup(z;, z, —z) < 0.
n—-+oo

By definition, for every n > 1, we have that
xy = Axy — J1xn + pNzxy — up  with u, € Gzy,.

From the compactness of the embedding of VVO1 P(Z) into LP(Z) and L"(Z),
we see that x,, — z in LP(Z) and L"(Z) and passing to a subsequence
if necessary, we have that z,(z) — x(z) almost everywhere on Z and
|7(zn)(2)] < x(2) almost everywhere on Z with x € L*(Z), with s =
max{r,p}. So, we have that

<J1xn7xn - HZ) = (Jlx’mxn - x)pp/ — 0
<N7rxn7$n - .iU) = (Nﬂwnaxn - J;)pp’ —0
(Up,Tn —x) = (Un’xn_x)rrl —0

(recall that 7(-) is continuous and bounded and {u,},>1 C L"(Z) is
bounded). We obtain that

limsup(Azy, z, —x) < 0.

n—-+o00

But A being maximal monotone, is also generalized pseudomonotone and
so, we have that Az, — Az weakly in W= (Z) and (Az,,z,) —
(Azx,z). Note that

<Jlxn7$> = (Jlmnaw)pp/ I (Jlx,l')pp, = <J1$,JJ>,

(Npxy, ) = (N,razn,x)pp, — (Nﬂq:,x)pp, = (Nyz, ).
Then
up = —xy + Axy — Sy, + uNpzy, — —2* 4+ Az — Jix + uNyz = u

weakly in W1 (Z). Moreover, since {u,}n>1 C L' (Z) is bounded (see
hypothesis H(j)(iii)), passing to a subsequence if necessary, we have that
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U, — u weakly in L™ (Z). Invoking Proposition VIL.3.9, p. 694 of HU~
PAPAGEORGIOU [11], we have that

u(z) € conv limsup 95 (z, 7(x,)(2)) C 9j(z,7(z)(2)) a.e. on Z,

n—-+4o0o

where the last inclusion is a consequence of the fact that Gr 9j(z, -) is closed
in R x R. Hence u € Gz and so z* € Kz and (x},x,) — (z*,z). This
proves the generalized pseudomonotonicity, thus the pseudomonotonicity
of K.

Next, we will show that operator K is coercive. To this end, let
x € W&’p(Z) and z* € Kx. We have

2" =Axr — Jjx + pNyx —u  with u € Gx.
Using (4.2), (4.3) and (4.4), we have

(x*,x) = (Az,x) — (Jlfc,fv)pp, + M(wa,x)pp, — (U )y

I
2r—1

> (| V|2 — Ag||z]|E — s + 2|1} — per = crollzlly — cn

= HWH§ — C6 — MCT — C11,
(recall that u = 2P~ 1(\1 + c1g)). It follows, that K is coercive. Recall
that pseudomonotone, coercive map is surjective. Thus, we can find T €

Wol’p(Z), such that 0 € K7. As in the proof of Proposition 3.3, we can
check that Z is a solution of (HVI;). So for some u* € GZ, we have that

—div(|VE(2) |5 VE(2)) = |7 (Z)(2) P2 7(@) (2)

R
+um(z,7(2)) = u*(z) a.e. on Z
_ (HVI;)
.CL”F =0
u*(z) € 0j(z,7(7)(2)) a.e. on Z.

On the other hand, since w € C%*(Z) is a lower solution of (HVI), we
have that

[ IVl (Vi Vo) dz =20 [ w2y d:
z Z
(4.5)
< /Zg(z,w(z))y(z) dz Yye Wol’p(Z)a y > 0.
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From (HVI,) and (4.5) and using as test function
y=(w—7" =max{w - 7,0} € Wy (2)

(see GILBARG—TRUDINGER [8], p. 145), we obtain

ué(mmm%wa—HVﬂ@£vaww—x>ﬂRNdz

— M (wP e — |r@) P2 (@) (w - 7) T dz
1 /Z (4.6)

—uéﬂ%ﬂmw—@ﬂdw
z.w(2)) —u () (w—7)T(2) dz.
< [ (e wl) - w @) -9 () d
We know that

V(w—-7)(z) a.e. on{w>T7}
Viw-17)"(z) = {

0 a.e. on {w < 7T}
So
i (IVw|PVw — |VE|2EVE, V(w — 7))y dz > 0.
From the definition of 7, we have

Méﬂwr%—vwW%mwm—m+w

“n [ (e ) ) =0
{w>z}

Since u*(z) )6 07(z,7(Z)(z)) = 0j(z,w(z)) almost everywhere on {w > T},
<

so g(z,w(z)) < u*(z) and

/(M%w@D—UW@Mw—xV@ﬁh
Z

—A (9022 w(2)) — (2)) (w — T)(2) dz < 0.

w>T}
Using these facts in (4.6), we obtain
i [ 7)) () d <0,
z
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so from the definition of 7, we have

/ [(w— E)Jr(z)]p dz <0.
Z

From this inequality, it follows that w(z) < Z(z) almost everywhere on Z.
Similarly, we show that Z(z) < #(z) almost everywhere on Z. Then, we
have that = € Wol’p(Z) NL>®(Z) and 7(T) = T, m(2,%(2)) = 0, which imply
that T is a bounded, positive solution on (HVI). O

In a similar fashion, working with the ordered pair of upper-lower
solutions {w, ¢}, we obtain the following result:

Theorem 4.2. If hypotheses H(j) hold, then problem (HVI) has a
solution x € Wol’p(Z) N L>°(Z), such that x(z) < 0 for all z € Z.

Putting together Theorems 4.1 and 4.2, we have the following multi-
plicity result for problem (HVI).

Theorem 4.3. If hypotheses H(j) hold, then problem (HVI) has at
least two bounded solutions T,z € Wol’p(Z) N L>®(Z), such that z(z) <
0<7Z(z) forall z € Z.

We conclude with a simple example of a nonsmooth potential which
satisfies hypotheses H(j). Let ¥ € L*°(Z) be such that ¥(z) < 0 almost
everywhere on Z with strict inequality on a set of positive measure and
let us define

1 .
=[¢lP if €] <1,
p

2 v :
+ X — VG e s 1
p

JICASE "
¢

From CLARKE [3], p. 34, we have that

IC[P=2¢ if |¢| <1,

[9(z) — 2,1] if (=1,
9j(2,¢) = —1,2 — 9(2)] if ¢(=-1,

_pf_3+19(z)yc\p2< if |¢|> 1.
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So for every u(z, () € 9j(z,(), we have that

: u(z,6) . 2
limsup ———=~ = limsup [— + ﬁ(z)] =9(z),
[¢]—+o0 |C|p 24 [¢]—+o0 p‘é‘|p+2
uniformly for almost all z € Z. Also
p—2
TR ICILY BN 1 L P Y

(=0 [¢PP2¢ T im0 [P

Thus hypotheses H(j) are satisfied with r = p < p*.

Finally, we remark that our formulation incorporates problems with

discontinuities such as the ones studied by CHANG in [2].
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