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Reverse order laws for the Drazin inverse
of a triple matrix product

By YONGGE TIAN (Kingston)

Abstract. Necessary and sufficient conditions are given for the reverse order
laws (ABC)P = CPBP AP (ABC)P = CPBTAP, (ABC)P = CTBP AT and
(ABC)P = CTBTAT to hold for the Drazin inverse of the triple matrix product
ABC'. Various consequences and related topics are also discussed.

1. Introduction

Suppose A and B are two invertible matrices of the same kind. Then
the product AB is also invertible, and the inverse of AB can be simply
written as the reverse order product (AB)~! = B71A~! of A=! and B~
This law can be used to simplify various matrix expressions that involve
inverses of matrix products. This identity is best known in linear algebra,
and is called the reverse order law for the inverse of matrix product. This
identity is, however, not valid in general for generalized inverses of prod-
ucts of matrices. For an m x n matrix A, the well-known Moore-Penrose
inverse A is defined to be the unique solution of the following four Penrose
equations

(i) AXA=A, (i) XAX = X,

(i) (AX)* = AX, (iv) (XA)* = XA,
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where (-)* denotes the conjugate transpose of a matrix. A matrix X
is called a g-inverse of A if it satisfies (i) and is denoted by A~, while
the collection of all possible A~ is denoted by {A~}. In general, if a
matrix X satisfies the equations ,...,7 in (i)—(iv), then X is called an
{i,...,7}-inverse of A and is denoted by Al3) - For different types
of generalized inverses of matrices, there are also different types of re-
verse order laws. For Moore—Penrose inverses, the standard reverse or-
der law for the matrix product AB is (AB)" = BYAf. For g-inverse of
matrix, the standard reverse order law (AB)~ = B~ A~ has some vari-
ations B"A™ € {(AB)"}, {B"A"} C {(AB)"}, {B A7} = {(AB)™ },
etc. In addition, it is reasonable to consider various mixed-type reverse or-
der laws, such as, (AB)! = BY(ATABB")TAT, (AB)" = B*(A*ABB*)T A*,
(AB)I = BTAT — BY[(I — BBT)(I — ATA)]TAT, (ABC)' = (BC)'B(AB)T,
(ABO)t = (B'BC)'BY(ABB)T, etc. Thus it is large work to investigate
various reverse order laws for generalized inverses of products of matrices,
which has been the object of many studies since 1960s. Various results
related to reverse order laws for generalized inverses, reflexive generalized
inverses, Moore—Penrose inverses, weighted Moore—Penrose inverses and
Drazin inverses, etc. of matrix products can be found in the literature, see,
e.g., [1]-[12], [14]-[17], [21]-]27].

A straightforward and effective method to investigate reverse order
laws for generalized inverses of matrix products is the rank of matrix. It
is obvious that any two matrices A and B of the same size are equal if
and only if rank(A — B) = 0. This statement seems quite trivial. If,
however, one can find some nontrivial formulas for the rank of A — B,
then necessary and sufficient conditions for A = B can be derived from
these rank formulas. This method can be applied to investigate any reverse
order laws for generalized inverses of matrix products, or more generally,
to investigate the relationship between any two matrix expressions that
involve generalized inverses of matrices. Several interesting rank equalities
found by the author are presented below

r(AAT — ATA) = 2r[A, A*] — 2r(A),

Ak
r(AFAT — ATAR) = [

A* :| + T[Ak’A*] - 2T(A)a
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r(A*AT — ATA*) = r(AA*A? — A2A*A),
r(AB — ABBTATAB) = r[A*, B] + r(AB) — r(A) — r(B),

AB

r[(AB) — BT (ATABB")T AT =1+ [ ABB*B

] +7r[AB,AA*AB] —2r(AB),

T AT * *
r ([A, B]" — [ Bt ]) =r[AA*B, BB* A],
AtA 0

r([A,B]T[A,B}—[ o B'B

}) =r(A)+r(B) —r[A, B],
see [18], [19], [21], [22]. Let the right sides of the above rank equalities be
zero. Then one can immediately obtain necessary and sufficient conditions
such that the matrix expressions on the left sides are zero.

In this paper we study reverse order laws for Drazin inverses of matrix
products. The Drazin inverse of a square matrix A is defined to be the
unique solution X of the following three equations

(i) AFXA =A% (i) XAX = X, (i) AX = XA,

and is often denoted by X = AP where k is the index of A, i.e., the
smallest nonnegative integer k& such that rank(A¥) = rank(A4**!). When
A is nonsingular, AP = A=l It is quite easy to write out various reason-
able reverse order laws for the Drazin inverse of matrix products, such as,
(AB)P = BPAP  (AB)P = BP(APABBP)YP AP, (ABC)P = CPBP AP,
(ABC)P = (BC)P B(AB)P, etc. In addition, it is worthwhile to consider
reverse order laws combined both Moore—Penrose inverses and Drazin in-
verses, such as, (ABC)P=CPBTAP (ABC)P=CTBP A" and (ABCO)P=
CTBYAT, etc.

There is a close relationship between the Drazin inverse and the Moore-
Penrose inverse of matrix. A well-known result asserts that the Drazin
inverse of any square matrix A with index k£ can be expressed in the form

AD — Ak(AZkJrl)TAk’ (1'1)

see, e.g., [3, p. 174]. Hence any question on Drazin inverses of matrices in
fact is a question on Moore—Penrose inverses of matrices.
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It is commonly seen in matrix analysis that a matrix is often written as
a product of three matrices, such as, Smith form decompositions, singular
value decompositions, eigenvalue decompositions, Schur decompositions,
etc. Hence it is natural to investigate the Drazin inverse of a triple matrix
product ABC. In this paper we show a set of rank equalities for the Drazin
inverse of a triple matrix product, and then derive from them necessary
and sufficient conditions for the reverse order laws

(ABC)P = cPBP AP (ABC)P = (BC)P’B(AB)P,
(ABC)P = cPBT AP, (ABC)P =CTBP AT, (ABC)P = CTBTAl
to hold.

The matrices considered in this paper are all over the field C of complex
numbers. For any A € C™*" denote by A*, r(A) and Z(A) the conjugate
transpose, the rank and the range (column space) of A, respectively.

Lemma 1.1 ([13]). Let A € C™",B € C™** C € C*" and D €
C** with #(B) C %(A) and Z(C*) C %(A*). Then

A B A 0
— —r(A D—CA'B
TL?D] TL)D—CNB} rd)+r(D-CAB). (12)
Let
_ _ | B A 0
C =[C1,0C4, B—[B2] and A—[ : 2],

and suppose that
Z(B1) C Z(A1), Z(B2) C #(A2), Z(CT) C Z(A7), #(C3) C Z(A3).

Then (1.2) becomes

A 0 B
r(D—ClAIB —CoAIBy) =7 | 0 Ay By | —r(4)) —r(42). (1.3)
¢, Cy D

Lemma 1.2 ([17]). Suppose that Ay, Aa, As, By and By satisfy the
range inclusions

R (B;) C #(Aiv1), and Z(B}) C #(AD), i=1,2. (1.4)
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Then
0 0 A 1" [ AlBAlp Al —alB,Al Al
0 A B | =| -AlBAl Al 0|, (15
Ay By 0 Al 0 0

and

0 0 A71Tr1I
AlBAlBi AT = 11,0, 0| 0 Ay B
A; By 0

@)

(1.6)

@)

Eq. (1.6) is from a general result in [17] for the product A};_l_lBkAL e
... B1 Al with k = 2.

Lemma 1.3. Let A, X € C™™ with Ind(A) = k. Then X = AP if
and only if

AMTLY = AR x AR — AR and (X)) =r(4AF).  (1.7)

This assertion can be easily proved through the Jordan canonical form
of a matrix.

2. Main results

According to Lemma 1.2, the reverse order product C” BP AP can be
expressed in terms of the Moore-Penrose inverse of a block matrix.

Lemma 2.1. Let A, B,C € C™*™ with Ind(A) = k1, Ind(B) = ko
and Ind(C) = k3. Then the product CP BP AP can be expressed in the
form

0 0 a7t gk
CPBP AP =[C*, 0, 0] 0 B2k2t1  Bha Ak1 0
C2k3+1 CkgBkg 0 0

.= PN'Q, (2.1)
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where P, N and (@) satisfy the three properties

#(Q) CZ(N), Z(P*) < Z(N"),
(2.2)
r(N) = r(A™) +r(B") +r(C*).
PROOF. According to (1.1), the product C” BP AP can be written as

CDBDAD — Ck3 (02k3+1)'|‘0k33k2 (B2k2+1)TBk2Ak1 (A2k1+1)TAk:1 . (23)

Note that
BA) = (AT, RAN] = A4, 24
H(B) = R(BHH), (B = 2B, (25)
RO = R(CF), RO = R(CE(20)

Hence by (1.6)
(02k3+1)T0k3Bk2 <B2k‘2+1)1’Bk‘2Ak’1 (A2k21+1>'i’

0 0o A+t (2.7)
= [I;m, 0, 0] 0 B2k2t1 Bk2 gl 0 |.
C#stl Chkspk2 0 0

The combination of (2.3) and (2.7) yields (2.1). The three properties
in (2.2) are straightforward from (2.4), (2.5) and (2.6). O

The main results of the paper are given in the following two theorems.

Theorem 2.2. Let A, B,C € C™*"™ with Ind(A) = ki, Ind(B) = k2
and Ind(C) = ks, and denote M = ABC with Ind(M) = t. Then the
reverse order law (ABC)P = CPBP AP holds if and only if A, B and C
satisfy the following three rank equalities

0 0 AZtl gk

0 B2Ratl o pRagkt g

"l gt ckpk o g
MHICks 0 0 M?

= r(AM) +7(B") +r(C"), (2:8)
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0 0 A2k1 +1 Ak1 Mt+1
0  B%ztl BRgh 0
"] gt ohsphe g 0
Cks 0 0 M?
= (AR 4 r(BR2) 4 r(C*3), (2.9)

B2k2+1 k2 gk

A N el G R ) (2.10)

PROOF. Let X = CPBP AP, Then we see by (1.7) that X = MP if
and only if
MUHIX =M, XM =M, (X)) =r(MY),
which, in turn, are equivalent to
r(M'— MTIX) =0, r(M'—-XMT) =0 ~X)=r(M). (2.11)

Replacing X in (2.11) with X = PNTQ in (2.1) and applying (1.2) to
them, we find that

N Q
T(Mt o Mt+lX) — T'(Mt _ MtJrlPNTQ) =r |: Mt+1P Mt :| — T'(N),

t+1
r(M'— XM"™) = r(M"— PNTQM'™!) =7 [ ‘Z Q]‘]ét ] —r(N),

r(X) = r(PNTQ) = r [ P ] —r(N).

Hence (2.11) is equivalent to the following three rank equalities

N N Mt+1
T{MtHP ]\Cjt:|:r(N)7 T|:P QMt :|ZT(N)7

7«“‘3] m:r(zv)w(Mt).

Substituting P, N and @ in (2.1) into them and simplifying yield (2.8),
(2.9) and (2.10). O
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Theorem 2.3. Let A,B,C € C™*™ with Ind(A) = k1, Ind(B) =

ke and Ind(C) = ks, and denote M = ABC with Ind(M) = t.

Then

(ABC)P = CPBP AP holds if and only if A, B and C satisfy the following

rank equality

0
0
r 02k3+1
Cks
0

0
B2k2+1
Cks Bk

0

0

A2k1+1
Bk Ak
0
0
0

Ak
0
0
0

Mt

0
0
0

Mt
o M2t+1

= r(A") +r(B*2) +r(C*) + r(M"). (2.12)

PROOF. Applying (1.3) to MP—CPBP AP = Mt (M1 Mt—PNTQ
gives

r(MP — CPBPAP) = r[PNTQ — Mt (M2 +1)T MY

N 0 Q

=r| 0 —M**L M| —r(N)—r(M
P M 0
N Q 0

=r| P 0 M? —r(N) —r(M"). (2.13)
0 Mt *M2t+1

Substituting P, N and @ in (2.1) into the right side of (2.13) and letting
it be zero gives (2.12). O

Two groups of necessary and sufficient conditions for (ABC)P =
CPBP AP to hold are given in Theorems 2.2 and 2.3. Although there
are three rank equalities in (2.8)—(2.10), each of them is easier to simplify
than (2.12) when A, B and C satisfy some conditions. Some consequences
of the above two theorems are given below.

Corollary 2.4. Let A, B,C € C"™*"™ with Ind(B) =k, Ind(ABC) =t,
where A and C are nonsingular. Then (ABC)P = C 'BPA~! if and
only if

Z|C(ABC)Y = Z(B¥) and #{[(ABC)'A]*} = Z[(B")"].  (2.14)
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PROOF. Under the given conditions, (2.8), (2.9) and (2.10) become
0 0 A I,
0 BQkJrl Bk 0 &
r o Bk 0 0 =2m +r(B"), (2.15)
M+ 0 0 Mt
[0 0 A ML
0 B2k+1 Bk 0 B
o a0 o | =2mHr@h (2.16)
L I 0 0 M
B2k+1 Bk &
r [ B0 ] =r(B") +r(M"). (2.17)
By block Gaussian elimination, the left sides of (2.15), (2.16) and (2.17)
can further be simplified to
0 0 A I,
0 B2k+1 gk 0 i B2k+1 Bk
"I ¢ B 0o o |7"| MtciBF MiA } +2m
Mt—l—l 0 0 Mt
Bk

:T_MtA:|+2m,

0 0 A M
0 B2k+1 Bk 0 r B2k+1 BkA—lMt+1

"le B o o |7 B oM }”m
Im 0 0o M

= r[B*, CM' + 2m,

BZk—i—l Bk 0 Bk 5
7“[ B O}_T[Bk 0]—21"(3).
Hence (2.15), (2.16) and (2.17) are simplified to

r [ ]\f; ] =r[B¥, CM'=r(M")=r(B"),

which is, in turn, equivalent to (2.14).
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A matrix X is called an outer inverse of A if XAX = X. Notice
that both (ABC)P and C~'BPA~! are outer inverses of ABC. Hence
Corollary 2.4 can also be proved by the following rank formula

X1

r(X1 — Xo) =r [ e

:| + T[Xl, XQ] — ’I“(Xl) — ’I“(Xz)

for any two outer inverses X; and X9 of a matrix. For more details, see
the author’s recent paper [19].

Corollary 2.5. Let A, B,C € C™*" with Ind(A) = k1, Ind(B) = k2
and Ind(C) = ks, and denote M = ABC with Ind(M) = t. Moreover
suppose that

AB = BA, AC = CA, BC =CB. (2.18)
Then (ABC)P = CPBP AP if and only if A, B and C satisfy (2.10).

PrOOF. Under (2.18), it follows that A" B*2 = Bk2Ak = AkiCks =
Cks AR Bk2Cks = Cks Bk2 and Mt = A*B!C*. By block Gaussian elimi-
nation, the left side of (2.12) is reduced to

0 0 A¥rl Ak
0 B2kl k2 gkt
"| oMt kg 9 0
MUICks 0 0 M?
[0 0 Al Ak
0 B2kl k2 gl g
=T Cng—l—l Ckg Bkg O O
| MmOk 0 0 Mm™
[ 0 0 At Ak
0 Bk2tl - pha gk 0
=T C2k3+1 Ckg Bkg 0 0
i Am—i—le—i—lcm—i—kg-‘rl 0 0 A™mBmQOom
[0 0 0 Akl
0 BQk2+1 BkQAkl 0
B eciie 0 0 0
0 _Am+1Bm+k2+1cm _Am+k1+le0m 0
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0 0 0 Ak

0 B2kt g 0
02k3+1 0 0 0

0 0 0 O

= r(AM) 4 r(BR2) 4+ r(C*).

=r

Thus (2.8) is an identity under (2.18). It can be shown by a similar ap-
proach that (2.9) is an identity under (2.18). Thus we see from Theorem 2.2
that (ABC)P = CPBP AP if and only if A, B and C satisfy (2.10). O
Corollary 2.6. Let A, B € C™*™ with Ind(A) = k, Ind(B) = [ and
Ind(AB) = t. Then the following three statements are equivalent:

(a) (AB)P? = BPAD.

0 A2k+1 Ak 0
BQH—I BlAk 0 0 ) ; .
(b) r B 0 0 (AB)! =r(A%) +r(B") + r[(AB)"].
0 0 (AB)! (AB)+!

(¢) A and B satisfy the following three rank equalities
r[(AB)'] = r(B'A"),

r 0 A2l€+1 Ak
r B2+l BlAk 0 = r(A%) + (B,
| (AB)IT'B! 0 —(AB)!
r 0 A2k+1 Ak(AB)t+1
r | B+l BlAk 0 = r(AF) +r(BY).
| B! 0 —(AB)!

PRrROOF. Taking C' = I, in (2.12) and simplifying gives (b). Taking
B = I,,, and replacing C' with B in (2.8), (2.9) and (2.10) gives (c). O

If one of A, B and C is nilpotent, i.e., A¥ =0or B¥ =0 or C*¥ =0
for some positive integer k, then A” = 0 or BP = 0 or C” = 0. In this
case, the law (ABC)P = CPBPAP = 0 is trivial for consideration. If
one of A, B and C is normal, then its Drazin inverse and Moore—Penrose
inverse are the same. These cases motivate us to consider some mixed-type
reverse order laws for Drazin inverses and Moore—Penrose inverses, such
as, (ABC)P = CPBTAP, (ABC)P = CTBP AT, (ABC)P = CTBTAT and

SO On.
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Theorem 2.7. Let A, B,C € C"™*™ with Ind(A) = k1, Ind(B) = ke
and Ind(C) = k3, and denote M = ABC with Ind(M) =t. Then

(a) (ABC)P = CPBTAP if and only if

0
0
r 02k3+1
Cks
0

0
B*BB*
CkgB*
0
0

A2k1+1
B*Akl
0

0
0

AR
0
0
0

Mt

0

0

0
Mt

_M2t+1

= r(AM) + r(B) + r(C™) + r(M?).

(b) (ABC)P = CTBP Al if and only if

0
0
r| C*CC*
C'’*
0

0
BQIH—I
C*BF

0

0

A*AA*
Bk A*
0
0
0

A*
0
0
0

Mt

0
0
0

Mt
o M2t+1

=1(A) + r(B*) + r(C) + r(M").

(c) (ABC)P = CTBT At if and only if

0
0
r| C*CC*
C*
0

=7r(A) +r(B) +7r(C)+r(M").

0
B*BB*
C*B*
0
0

A*AA*
B*A*
0
0
0

A*
0
0
0

Mt

0

0

0
Mt

_M2t+1

(2.19)

(2.20)

(2.21)

PROOF. It is well known that B can be expressed in the form Bt =
B*(B*BB*)'B* (see [28]). Hence the product CPBf AP can be rewritten

as

CDBTAD _ Ck‘3 (02k3+1)TCkgB*(B*BB*)TB*Akl (A2k1+1)TAk’1 )
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Applying Lemma 1.2 to it gives

0 0 At Ak
CcPBTAP = [C*s, 0, 0] 0  B*BB* B*AR 0
Cstl Chspr 0 0

.= PN'Q,
where P, N and ( satisfy the three properties
#(Q) CA(N), Z(P*)CR(N*), r(N)=r(A")+r(B)+r(CH).

Find the rank of MP — CPBTAP = MY(M?**+1)TM! — PNTQ by (1.3) and
let it be zero to give (2.19). Parts (b) and (c) can be shown similarly. O

Corollary 2.8. Let A, B,C € C™*™ with Ind(AB) = k and
Ind(BC) = I, and denote M = ABC with Ind(M) = t. Then (ABC)P =
(BC)PB(AB)P if and only if

0 (AB)?k+1 (AB)* 0
. (BC)?+1 (BC)'B(AB)* 0 0
(BC)! 0 0 Mt
0 0 Mt M2t+1

= r[(AB)*] + r[(BC)Y + r(M?).

PRroOF. Writing ABC = (AB)B'(BC) and applying Theorem 2.7(a)
to it, we see that (ABC)P = (BC)P(BY)1(AB)P = (BC)PB(AB)P if and
only if

0 0 (AB)*+1  (AB)* 0
0 (BHY*BT(BY)* (BH*(AB)* 0 0
r| (BC)*+1  (BO)Y(BY) 0 0 0
(BO)! 0 0 0 M?
0 0 0 Mt _M2t+1

= r[(AB)*] + r(B) + r[(BC)"] + r(M?).
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Note that (BT)*[(BT)*BT(B")*]T(BT)* = B. Hence the left side of the
above equality can be simplified by (1.2) to

0 0 (AB)?k+1 (AB)* 0
0 (BY)BY(BY)* (BN)*(AB)* 0 0
r| (BC)2+Y  (BC){(BT* 0 0 0
(BC)! 0 0 0 Mt
0 0 0 Mt _M2t+1
[0 0 (AB)2+1 (AB)* 0 |
0 (BN*BY(BT)* 0 0 0
=r | (BC)H+! 0 —(BC)'B(AB): 0 0
(BC)! 0 0 0 M?
0 0 0 Mt *M2t+1
[ 0 (AB)?k+1  (AB)* 0
| (BC)2HL (BO)'B(AB)E 0 0
=" (Boy 0 o ot |TTB)
0 0 Mt M2t+1
Thus the result in the corollary follows. (I

Remarks. Many rank equalities for Drazin inverses of matrices can
be established by (1.1), (1.2) and (1.3). From them, one can derive nec-
essary and sufficient conditions for various equalities that involve Drazin
inverses of matrices to hold, such as, (AAP)* = AAP, A*AP = AP A*
ATAD = AP AT A*APA = AAPA*, APA*A = AA*AP, AAP = BBP,
etc. The results obtained illustrate many new properties for Drazin in-
verses of matrices. For more details, see the author’s recent paper [20].
We now can summarize the work in the paper and [20] as a general topic:
Given two matrix expressions p(AP .. .,AkD) and ¢(BP,... ,BZD) of the
same size involving matrices and their Drazin inverses. Then determine
necessary and sufficient conditions such that

p(A?,...,AkD):q(BlD,...,BlD).
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Obviously, the equality is equivalent to
rlp(A7, .., AP) —q(BP,...,BP)] = 0.

If some rank formulas can be established for the matrix expression on the
left side of the above equality, then necessary and sufficient conditions can
be derived from the rank formulas for p(AP,... , AP) = ¢(BP,...,BP)
to hold. This method has been proved to be quite effective for char-
acterizing various equalities for generalized inverses of matrices. Using
this method, the author gave in a previous paper [17] necessary and suffi-
cient conditions for A --- Al € {47}, AT = Al ... Al AAt = A4l ... Al
etc. to hold, where A = A;---A;. In a recent paper [23], the author
gives a necessary and sufficient condition for {4, --- A7} € {A7} to hold
through determining the maximal rank of A — AA, --- A A with respect
to A7,..., A, . For square matrices Aj,..., Ay of the same order and
their product A = A; --- Ag, one can also use rank method to characterize
various equalities for their Drazin inverses, such as, A’/AP ... APA = A
AP APAAD AP = AD AP AAD . AP = AD . AP A AP =
Ak,D e A?, AD = AZ e AI, etc. where the reverse order law AP = A,’? e
-+ AP is investigated in Wang [24] by rank method.

ACKNOWLEDGEMENT. The author would like to thank the referee for
many valuable suggestions.
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