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Projective flatness of complex Finsler metrics

By TADASHI AIKOU (Kagoshima)

Dedicated to Professor Yoshihiro Ichijyo on the occasion
of his 70th birthday

Abstract. In the previous papers [7], we have studied complex Finsler ge-
ometry from the view point of Kéhler fibration, and have obtained the character-
izations of flatness of complex Finsler metrics in terms of Finsler connection. In
the present paper, we shall introduce the notion of projective flatness of Finsler
connections, and characterize the projective flatness of complex Finsler metrics
in terms of Finsler connections.

1. Introduction and preliminaries

Let 7 : E — M be a holomorphic vector bundle of rank(E) = r
(r > 2) over a connected complex manifold M of dim¢ M = n. We denote
by Tr and Th; the tangent bundle of the total space E and the base
manifold M, and we also denote by Q! the corresponding cotangent bundle.
Moreover we denote by Ty := ker dr the relative tangent bundle of the
morphism 7. Then we have the fundamental sequence of vector bundles:
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A connection hg in E is a smooth splitting in this sequence, that is, a
smooth bundle morphism hg : 7Ty — Tg such that drohg = Id. Then
hg induces an isomorphism H = hE(ﬂflT M) = 71Ty, and it defines a
smooth decomposition

T =Tg/nm ©H. (1.2)

The non-zero complex number field C* acts on £ by multiplication. We
denote by R, the action for A € C*, that is, Ryv = (z, ) for "v = (2,£) €
E. and YA € C*. We shall only consider homogeneous connections, that
is, connections invariant under the action of R).

The splitting (1.2) induces the dual splitting Q}, = Q}E @ H*, and
so the differential operator dg : Op — Q}E is decomposed as dp = di; + d%
by the differential d% : Op — H* along ‘H and the differential df, : O —
Q}E M along vertical direction. We also decompose the operators dp and
Op as Op = oy + 8% and Op = 5}‘5 + 5% respectively. We denote by S the
sheaf of germs of linear functionals along the fibres of 7. A connection hg
in the sequence (1.1) is determined by the action of 9% on S (cf. [16]). A
connection hg is said to be compatible with the vector bundle structure or
simply linear connection if 3% sends S to S, that is,

MS c S H". (1.3)

If a connection hg : 7~ 'Ty; — Tg is given in this sequence, we have to
consider two cases. The one is the case where hg is a linear connection
and another one is the case where hg is a non-linear connection.

Throughout the present paper, we use the following local coordinate
system on M and E. Let U be an open set in M with local coordinate
(z%,...,2"), and let sy = (s1,...,s,) be a local holomorphic frame field
on U. The pair (U,sy) induces a coordinate (z',...,2" &4,...,€") on
7 1(U), where (z1,...,2") is lifted from M and (¢!,...,€") is the fibre
coordinate.

If a connection hg is given in E, by definition, the condition 8%? e H*
implies that there exists some local functions N} on 7~ 1(U) such that
a%fi = — Y Ni(z,&)dz®. Since hg is invariant by the action R), these
functions {N!} satisfy the homogeneity

N;(Z,)\f) - /\N(;(zvé.) (14)
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for all A € C. These functions {N.} are the coefficients of the connection
hg. If hg is linear, then by definition (1.3), the coefficients N/ are linear
in (¢%) along the fibre E., i.e., there exist some functions 7§a(z) on U
such that Ng(z,§) = >27j,(2)¢§’. Then it is easily checked that the (1,0)-
forms wj. = Z’y;a(z)dza define a connection V : E — E®@ QL. If E
has a Hermitian metric, there exists a canonical connection V, and the
Hermitian geometry on E is the differential geometry of the bundle FE
with the connection V.

On the other hand, if hg is non-linear, then it induces a connection
Vo Tgivm — Tem ® Q}; in the relative tangent bundle @ : T/ — E.
Such a connection V is naturally induced from a Bott connection DE of
the relative tangent bundle Tp/y,. If E has a Finsler metric, then there
exists a canonical connection V in Tg /u» and the Finsler geometry on £
is the differential geometry of the bundle T/, with the connection V.

non—liny'

h
7T*TM —E>TE w

i E Y EoQ,

In the previous paper [7], we have studied Finsler geometry from the
point of view of Kéhler fibration, and characterized the flatness of complex
Finsler metrics in terms of Finsler connection. The main purpose of this

Tr/m v, Te/v ® Q}E: Finsler geometry

: Hermitian geometry

paper is to define the notion of projective flatness of Finsler metrics and
to characterize it in terms of the projective curvature of V.

1.1. Projectively flat Hermitian metrics. We recall the notion of
projective flatness of vector bundles and Hermitian metrics (for details,
see [14]). We denote by E* the open submanifold of a holomorphic vector
bundle E consisting from non-zero elements. The multiplicative group
C* = C— {0} acts on E* by scalar multiplication. The projective bundle
P(E) associated with E is defined by P(E) = E*/C* with the structure
group PGL(r,C) := GL(r,C)/C*I. Then E is said to be projectively flat
if P(E) admits a flat structure, i.e., E' admits an open cover {U, sy} whose
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transition functions Apy are of the forms

Apv = cyv @ Cyy (1.5)

on UNV, where {cyv : UNV — O};4 } are 1-cocycles and Cyy : UNV —
GL(r,C) is locally constant. As a characterization of projectively flat
bundles, the following is well-known (cf. Proposition 2.8 in p. 7 of [14]).

Proposition 1.1. A complex vector bundle is projectively flat if and
only if E admits a connection V : E — E ® Q}, whose curvature §2 is of
the form

0= %tr(ﬂ) 21 (1.6)

If the curvature form (2 of a connection V is given by the form (1.6),
then its connection form w is given by

w=a®l (1.7)

for a local 1-form a with respect to certain open cover {U, sy} of E. In
fact, if we take another local frame field 5y = sy Ay for some Ay : U —
GL(r,C), the connection form & relative to 5 is given by @ = A;'dAy +
A&lwAU. Hence the condition @ = a ® I is equivalent to Ay = dAy +
wAyp. The integrability condition d(dAy) = 0 for the existence of such Ay
is given by the condition (1.6).

Definition 1.1. A connection V in a complex vector bundle F is said
to be projectively flat if its curvature 2 is of the form (1.6).

We shall explain this situation from classical view-point (cf. [19]). On
each open set U with sy = (s1,...,8,), we say that the direction of a
section £(t) = Y €4(t)s;(t) along a smooth curve c(t) is projectively parallel
with respect to a connection V if it satisfies V& = A(é(2))€. If we put
A(¢é(t)) = A(t), then this condition is written as

S )€ = MOE

Suppose that the direction of ¢ is also parallel with respect to another
connection V. This means that any section ¢ satisfying

<d5h - e ¢ (Cft + Y ujle)s’) =0
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also satisfies the following

¢ (Cldih + Z@?<é(t>)£j> - ¢ (Cft + Z@§<é<t>>fj) =0

for an arbitrary regular curve c(t). Then we have 82(@0]}? - @?)ﬁj —

Y AN ) 2, o B
"> (w; —w;)&? = 0, and from this we get w; = @} + ad; with a =
tr(w — @) /r. Hence there exists a 1-form a satisfying

w=w+axl

for the connections forms w and @ of V and V respectively. In this case,
we say that V is projectively related to V. If V is projectively related to
a connection V, the curvature 2 of V is related to the one 2 of V by
N=0+AxI for A=da. Since A= {tr(2) — tr(2)}/r, the 2-form

0=n- %tr(()) oI (1.8)

is invariant by the projective change V — V. This form © is called the
projective curvature of V. From (1.7), a connection V is projectively flat
if and only if V is projectively related to a flat connection V. Moreover,
from (1.8) we have

Proposition 1.2. A connection V is projectively flat if and only if
its projective curvature @ vanishes identically.

A Hermitian metric g on F is said to be projectively flat if its Hermit-
ian connection V is projectively flat. If we denote by g;; = 9(si,s5) the
components of g with respect to the open cover {U, sy}, the Hermitian
connection V is given by the (1,0)-form 9;- = > g""g;m, and its curvature
2 = (£2}) is given by 2% = 00;. Since the Ricci form tr(§2) of (E,g) is
given by tr({2) = d0logdet(g;;), the condition (1.6) is written as

1.
2 = -00logdet(g;;) ® 1.
r
On each open set U, we put oy = r~!log det(g;;). The metric gy =

e?U(*) g is a flat metric on F |- Hence g is projectively flat if and only if g
is (locally) conformally flat (cf. [15]).
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Let X and M be connected complex manifolds of dim¢ X = n + r
and dimg M = n, and let p : X — M be a holomorphic map of maximal
rank n everywhere. We suppose that each fibre p~!(z) = X, is connected.
The family X = {X.} is considered as a family of complex manifold of
dime X, = r parameterized by z € M. We say that p: X — M a Kahler
fibration if each fibre X, is a K&hler manifold with a Kahler metric I1,,
where I1, is assumed to be parameterized smoothly by z € M.

A typical example of Kéhler fibration is the projective bundle P(E) —
M associated to an Hermitian bundle (£, g) over M. In a Hermitian vector
bundle (E, g), if we put F'(2,§) = > g;5 (2)€4€7, we have a Kihler fibration
7 : P(F) — M with Kéhler metrics

2

I, = ﬁ%df’ A dE7, (1.9)
Since, if we fix a point zp € M, we can take an orthonormal frame s, at 2o,
the Kéhler metric IT., can be written as IT,, = /=199 log (> 6;;¢'¢7) =
V—=19d1log (3" |£[?), the Fubini-Study metric IIpg on P, = P! We
can not, however, take a frame field sy on U so that I, = [Ipg at every
point z € U.

We suppose that (E,g) is projectively flat. Since the projective-
flatness of g is equivalent to the local conformal-flatness, there exists
an open cover {U, sy} of E and local functions oy on each U such that
gu = e?U(*) g defines a flat metric on Eyy. Then, if we take a suitable frame
field sy on U, we may assume that g;; = d;; and Fyy = U F is given
by Fy = Ef]ﬁ{ifj = > |€'|? at each point on U. Since log (Y [£'[*) =
oy(z) + log F'(z,£) and the Kéhler metrics II, are given by (1.9), the
Kihler metrics on P, induced from log F' and log Fi; coincide each other,
i.e., I, = IIpg, and thus II, is independent of base point z € U.

Definition 1.2. We say that a Kahler fibration p : X — M is flat if,
at each point z € M there exists an open neighborhood U of z so that we
can choose Kahler potentials for II, which is independent of z € U. Such
a pseudo-Kéahler metric ITy = {I1,} is said to be flat.

Then, from the discussion above we have
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Proposition 1.3. If a holomorphic vector bundle E admits a pro-
jectively flat Hermitian metric, then its projective bundle P(E) is a flat
Kahler fibration.

By Proposition 2.2 in the below, the metric on £ corresponding to a
pseudo-Kéhler metric /Ipg) on P(E) is a Finsler metric, not a Hermitian
metric in general. The converse of Proposition 1.3 will be proved in the
last section.

1.2. Bott connections. A connection hg in the sequence (1.1) does not
necessarily define a connection V in the bundle E so long as hg is not
linear. However, any connection hp defines a connection V : T/ —
Tg/m ® Q}, in the relative tangent bundle w : Tgyy — E. To show
this, we recall the notion of partial connection. A morphism D¥ : Ty /M =
Tr/m@H* is called a partial connection if the Leibnitz condition DF(fs) =
df @ s+ fDEs is satisfied for Vs € Tr/m and Vf € C®(E). A connection
hg in the sequence (1.1) defines a partial connection D¥ on the relative
tangent bundle T /.

Definition 1.3. Let hg be a connection in the sequence (1.1). The
Bott connection of hg is a partial connection D¥ : T/ — T @ H* of
(1,0)-type defined by

DYY = ([X,Y]) (1.10)
for all X € H and Y € Ty, where (-) : Tg — Tg/pr is the natural
projection.

By direct calculations, for Y = " Y*(8/9¢") € T ps, we have

i ~ivs] 0
DPY =3 " (dpy'+ > aivi) @ 56 (1.11)

for the (1, 0)-form dJ; defined by the horizontal (1, 0)-form w; =5 Fjadza,
where we put
A
joo = oI

(1.12)

for the coefficients {N.} of hg. By the homogeneity (1.4), the connection
form w = (@;) satisfies the homogeneity w(z, A§) = @(z,&). In terms of w,
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the connection hg is expressed as
o == e, (1.13)

The Bott connection D¥ defined by a connection kg in the sequence
(1.1) is extended to an ordinary connection V in Tg/y- In fact, since
Tpv = 7 L'E, the relative tangent bundle T /v admits a relatively flat
connection D? : Tem — Tem @ Q}E/M defined by D°(r~!s) = 0 for every
s € E. The connection V : T — Teiv @ Q}E is given by

vV =DFa& D (1.14)

For any section Y = Y Y*(0/8¢") € Ty, the covariant differential VY
is given by

s i ~iv 9

VY =3 (deyi+ Y aivi) @ S
Since the curvature 2 of DF is defined by 2P = d%d) + @ A w, the

curvature 2V of V is given by

YV = 0P 4+ dve. (1.15)

2. Finsler geometry

2.1. Finsler metrics. A Finsler metric or Minkowski metric f(§) =
(€, ..., €") on C" is a function satisfying the following conditions:

1) f(&) >0 for all £ € C", and the equality holds if and only if £ = 0,
2) f is smooth on C" — {0},
3) fAE) = |A\2f(€) forall A € C and € € C",
4) f is pluri-subharmonic, that is, v/—199f > 0.

We show that any Finsler metric on C" (r > 2) induces a Kéhler metric
on the complex projective space P"~!. We denote by p: C" — {0} — P!
the natural projection. The tangent bundle Tpr-1 is locally spanned by
the vector fields {p.(90/0¢")} with the relation

s (Z zi’

(
(
(
(

82") = 0. (2.1)
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Let Hpr—1 = Opr—1(1) be the hyperplane bundle over P"~1. We identify the
fibre Hig = Ojg (1) over [¢] € P with the set of homogeneous functions of
order 1 on p~1([¢]). For the tautological line bundle Opr—1(—1) over P"~1
the Euler sequence 0 — Opr-1(—1) — O%" — Opr-1(—1)@Tpr—1 — 0
implies

0— Opr—1 — HE', -5 Tpr1 — 0, (2.2)

where the surjective morphism o : Hﬁﬁtl — Tpr-1 is defined by

o(XY...,X") = p, <2Xi(5)az*i> .

By the relation (2.1), the bundle Opr—1 is the trivial line bundle locally
spanned by £ = (€1,...,€7). Since f satisfies /—199f > 0, we define a

Hermitian metric (-, - ) on Hg, by

(X,Y) = ! > 8.2f7.XiW
’ f(§) = 9gio¢
for sections X = (X',...,X") and Y = (Y',...,Y") of HZ",. With
respect to this Hermitian metric, we get an orthogonal decomposition
HZ", = Tpr1 @ Opr—1. Since (€,€) = 1, we decompose o(X) = X
orthogonally as X = X — (X,€)E. Then it induces a Hermitian metric

(-, Ypr1 by (X, Y)pr = (X,Y) — (X, E)(E,Y) which is written as
(X,Y)pr1 = (91log f) (X,Y).

Hence any Finsler metric f on C” determines a Ké&hler metric on the
projective space P'~1. Let (¢!, ..., ("™ 1) be the inhomogeneous coordinate
on Uj = {[¢] € B~ | & # 0}. We put g;(¢%,....¢""Y) := log f(€)
log |£7] on EG‘- Since v/—100g; = v/—100g; on U; N Uj, the real (1,1)-
form +/—100g; defines the Kéhler metric (-, - )pr-1. The functions {g;}
are called the Kdhler potentials of (-, - )pr—1. We note that the functions
Gj = f(€)|&7|72 satisfy [1[2Gi(€) = |€|*G,j on U;NUj, and thus the family
{G;} defines a Hermitian metric on H with positive curvature.
Conversely, from any Kahler metric v/ —1839j on P"!, we get a Finsler
metric f on C". In fact, since H'(P"~1, Ofgfl) = 0, we can take g; satisfying
€2 exp g; = |€7|> exp g; on U; N Uj. Then the function f(&) = |&7|% exp g;



352 T. Aikou

defines a convex Finsler metric on C". We suppose that we get an-
other Finsler metric f from another Kihler potential {g;}. Then, since
V—=1803; = v/—1ddgj, the function log f — log f is pluri-harmonic func-
tion on P"~!. If we denote by F the sheaf of germs of pluri-harmonic
functions on P"~!, the exact sequence 0 — R Voo B m L0 of
sheaves on P" implies the long exact sequence of cohomology groups

0 — HY (P! R) — H°(P" Opr)
— H'P YL F) — H' (P LR) — ...,

The identifications HY(P"~} R) 2 R, HY(P"~! Opr—1) = C and
HY(Pr~1,R) = R imply the identification H°(P"~!, F) = R. Hence any
pluri-harmonic function on P"~! is a constant c¢. Consequently we have
f = e‘f. Hence we have

Proposition 2.1 ([7]). Any Kéhler metric on the complex projective
space P"~! determines a Finsler metric on C" uniquely up to the multiple
by a positive constant.

Ezample 2.1. If f(&) = Y |€%)%, then it induces a flat metric ds? =
V=13 d¢AdE* on C. The induced Kihler metric (-, - )pr—1 is called the
Fubini-Study metric and given by the form

r—1
g = V/—1801og (1 +3 |<i|2> .
i=1

Conversely, the Fubini-Study metric on P"~! induces a flat Hermitian
metric on C" uniquely up to a positive constant.

A complex Finsler metric on a vector bundle is defined as follows.

Definition 2.1. A Finsler metric F' on a homomorphic vector bundle
m: F — M is a smooth assignment of Finsler metrics f, to each fibre
E, = C". The pair (E, F) is called a Finsler bundle.

It is easily shown that if a Finsler metric F'is given on E, then P(F) ad-
mits a pseudo-Kahler form Ilpg) = vV —100log F. We shall show that the
converse is also true. For this purpose, we take an open covering {(U, sy)}
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on E which induces complex coordinate systems (z1,..., 2", ¢4, ... €") on
7 1(U) and (z1,. .. ,z”,C}, . ,C;ffl) on Uj = {(z,[¢]) e p~1(U) | & # 0}.

Let L = Op(g)(—1) the tautological line bundle over P(E). The re-
striction of L to each fibre P, is the tautological line bundle Op, (—1) over
P, = P"~!. The sequence (2.2) is true for each fibre P, that is,

0 — Op, = HE" 75 Tp, — 0.

Thus, on each P,, we can construct a Kéahler form II, on P,. If each II,
depends on z € M smoothly, then the family {I1,} defines a pseudo-Kéhler
form Ilppy on P(E). If we put Ilpp) = v/—10dg; on P(E), then we can
construct a Finsler metric ' on E by

F(z,€) = |¢* exp g; (2, [€]).

We note that another Kahler potential {g;} for IT which induces the Kéhler
metric 11, on each P, is given by

9i(2,[€]) = ou(2) + g5(2, [¢]) (2.3)

for some functions oy7(2) defined on U. Hence the Finsler metric F de-
termined from the potential {g;} is connected to the function F' by the
relation F' = ¢?U(*) F on each U. Consequently we have

Proposition 2.2. Any pseudo-Kahler metric on P(E) determines a

Finsler metric on E uniquely up to the multiple by a positive function
on M.

2.2. Finsler connections. Each fibre of a Finsler bundle (E, F) is a
vector space F, = C" with a Finsler metric f,. By definition f, is parame-
terized smoothly by points of the base manifold M. Since F'(z,&) = f.(£),
the real (1,1)-form /—199F defines a pseudo-Kihler form on E which
induces a Kéahler metric on each fibre E/,. Hence the bundle g : E — M
is a Kahler fibration with a pseudo-Kéhler form /—100F. We put

_O°F
9giagl’

Fi5(2,€)

Then, since the locally d0-exact real (1,1)-form /—190F is positive def-
inite on each fibre E., the Hermitian matrix (F;;) defines a Hermitian
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metric G on the bundle @ : T/ — E by

o 0
(o561 ) = ¥

In the sequel we consider the bundle @ : T/ — E with the Hermitian

metric G.
Ty EmE —— E

wl lw
E —— M
We shall determine a connection hg : 7Ty — Tg in the sequence
(1.1) so that the induced connection V in Tg/, satisfies the metrical con-
dition
dLG(Y,Z) = G(VY,Z)+G(Y,VZ) (2.4)
for zﬁY, Z € Tgypr- Since V is of (1,0)-type, we have Ei}}thzﬁ => F,; A;’HL
Fynw". Hence the connection form & = (&}) of V is given by &} =
> F‘imaﬁﬂij. From (1.13), the coefficients of hg is defined by >° NZdz* =
> w;&’, and thus we have

. OF.- .
N, =) Fm—Ind, 2.5
@ Oz £ ( )
The horizontal lifts X, of 0/0z% are given by

0 m 0
Xa:@—ZNaaTm.

We denote by X its complex conjugate X,. The connection v Te/m —
Tg/m ® Q induced from the connection hg of (2.5) is called the Finsler
connection of (E,F). We also denote by & the section of Tp /), which
spans the line bundle ker{p. : Tg/n; — Tpg)}, ie., € = 3 EM(D/0E™).
Then, the equation (1.13) shows that VE = 0, and from F(z,£) = G(E,€)
and (2.4) we have dLF =" X, Fdz* + Y X5Fdz® = 0. Then we have

Lemma 2.1 ([3]). Let (E, F) be a Finsler bundle, and & the connec-
tion form of the Finsler connection V. Then we have

(1) "o+ ne=0.
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(2) 2P =0ro.
(3) 2V = 0P + dvi.

A Finsler bundle (F, F) is said to be modeled on a complex Minkowsksi
space (C", f) if the connection hg defined by N¢ in (2.5) is linear(cf. [11]).
Then hg induces a connection V in E. We recall some results from [1]
and [2].

We fix a point zp € M and identify the fibre (E.,, f.,) as a Minkowski
space (C, f). If we set

G={A€GL(r.C)| f(48) = f(¢), "¢ € C"},

then G is a compact subgroup of unitary group U(r). Let z € M be an
arbitrary point and ¢ = ¢(t) be a smooth curve connecting zp = ¢(0) and
z = ¢(1). We can assume without loss of generality that the points z and
2o are contained in a neighborhood (U, sy). Let £(t) be a parallel field
of E along the curve c. Since

de? o dz%
;+§e%wm;=a (26)
we have
d, o d _ 42" pdE)
aHf(t)H = th(c(t),&(t)) = (XaF a el > =0

This shows that the parallel displacement P, along the curve ¢ is norm-
preserving. Hence each fibre (E,, f,) is congruent to a fixed Minkowski
space (C", f), and the holonomy group H is a subgroup of the compact Lie
group G. Then there exists a GL(r, C)-valued function Ay : U — GL(r,C)
satisfying

F(2,€) = f(Au(2)6). (2.7)

Since f(Ay(2)€) = f(Ay(z)€) on UNV, we see that the local frame fields
{30 = suAy'} define a G-structure on E.

On the other hand, by using SZABO’s idea (cf. [18]), we can construct
a Hermitian metric gr compatible with the connection V. In fact, for an
arbitrary Hermitian inner product (-,-) in E,,, we define a G-invariant
Hermitian inner product (-, - )¢ in E,, by

<W7C>o=L(gn,gC)d9
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for all n,{ € Ep and for a bi-invariant Haar measure dg of G. Then,
since the holonomy group H with reference point zg is contained in G, this
Hermitian inner product (-, -)o is extended to a Hermitian metric gr on
E defined on the whole of M by

gr(&,n) = (P71, P Mn)o.
This Hermitian metric g is compatible with V. Hence we have

Theorem 2.1 ([1]). We suppose that a Finsler bundle (E, F) is mod-
eled on a complex Minkowski space (C", f). Then

(1) the metric F is of the form (2.7),
(2) the structure group of E is reducible to the Lie group G,

(3) there exists a Hermitian metric gr on E which is compatible with the
connection V.

A Finsler metric ' on F which is modeled on a complex Minkowski
space (C", f) can be written in the form (2.7). We consider the case
where the connection V is flat. In this case, we can assume that the
neighborhoods {U, sy} can be chosen so that the connection form wj- =
> I, (2)dz® vanishes on each U. Hence the differential equation (2.6)
is simplified as d¢'/dt = 0, and thus the components £'(t) of parallel
field £(t) along a curve c(t) are constant on ¢(t). Hence the function
Ay : U — GL(r,C) in (2.7) is constant. Consequently, with respect to
such a neighborhood (U, 517), the metric F' is independent of the base point
z € M. The following definition is a generalization of real case in [17].

Definition 2.2. A Finsler bundle (E, F') is said to be flat or locally
Minkowski if it is locally isometric to a Minkowski space (C', f), i.e., E
admits an open cover {(U, si7)} with respect to which the metric F' depends
only on the fibre point £ not on the base point z.

If (E,F) is flat, then from (2.5) it is easily shown that its Finsler
connection V is flat. In the previous papers [3] and [7], we have shown the
following;:

Proposition 2.3. A Finsler bundle (E, F) is flat if and only if its
Finsler connection V is flat, i.e., (E, F') is modeled on a complex Minkowski
space and its associated Hermitian metric gp is flat.
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3. Projectively flat Finsler metrics

3.1. Projectively flat Finsler metrics. Similarly to (1.8), the projec-
tive curvature @ of Finsler connection V is defined by

~

~ 1 ~
O=0V--tu(2V)el
T

Definition 3.1. A Finsler metric F' is said to be projectively flat if its
projective curvature @ vanishes identically.

We suppose that F' is projectively flat, i.e., 6 =0. If we put

1
~tr (2V) =3 A5z N2+ Y Apdz® AOF + > A pd2® NG
= A,

the curvature 2V is given in the form 2V = A®I. To investigate the
prOJectlve—ﬂatness of F' in local coordinates, we compute the curvature

= 0" + d*®. The components Q; = 0"o! Wi+ 0'wi + o' ’ of OV are
given by

O =Y R dz* NdZP, 0°0E = Rigdz A6,
0"w; = R pdz=" NG,

where the coefficients of Q; are given by

Rl = X: FZ ) _ aF]Za RZ _ 81—‘]204
jaB T BT jao jak — aék ) jak aék :

For local computations, we shall state some formulas. From the ho-
mogeneity (1.4), differentiating (1.4) with respect to A and X respectively,

; ON?
Zag; W Za&y (3.1)

Moreover, from the homogeneity Fja(z, XE) = F}a(z, €), we have

or:  _
> 03“ ¢=0 > agkagkzo. (3.2)

we have
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Lemma 3.1. If the Finsler connection V in (E, F) is projectively flat,
then (E, F') is modeled on a complex Minkowski space.

PrOOF. From R;ak = Aam;- and the first identity of (3.2) we have

or;
Aot = 3607 afk =D & =0

Here we used the homogeneity I a2, AE) = ' I7,(2,6) for A € C. Hence we
get Agr, = 0, and thus R! ik = 0- Moreover from RZ ;= Aa,jcé;- we have

arj, ONi
Al =Y FRL =3¢ T (3.3)

Hence, from the second identity of (3.1) we have (Y A,z£%)¢" = 0, and
thus we get ZAa,gf_k = 0. We also consider the tensor field N, on each
fibre F, defined by

ON’ 0
— 2
Na_za@ 4 ® 5o
Since each fibre £, has a Hermitian metric (£F};), the norm || Ny ||, of Nq
is naturally defined. Then, by the condition (3.3), we have

HNaHz = Z ( a]g ) azgj Z(Aajgj) ) (Aoﬁgz) =0

from which we have N, = 0, and so A,; = 0 from (3.3). Consequently
we get R’ak = R’ = 0. Thus d'w = 0, that is, (F, F') is modeled on a
complex Mmkowskl space. O

On the other hand, the condition © = 0 is equivalent to that there
exists a suitable open covering {(U,sy)} of E such that the connection
form & of the Finsler connection V is of the form & = ay ® I for a (1,0)-
form ay on each 7=!(U). Then we have

Lemma 3.2. If the Finsler connection V in (E, F) is projectively flat,
then there exists a local function oy : U — R such that 2V = 0doy @ I
onU.

PROOF. By Lemma 3.1, if V is projectively flat, then (E, F) is mod-
eled on a complex Minkowski space. Hence, by Theorem 2.1, there exists
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a Hermitian metric gr = (g;5(2)) on E such that the connection form d);

of V is given by &;; = 3" ¢"™dgjm and the form ay is given by

1 1
= — ) = — 1 = .
ay . tr(w) 7'8 og (det(gw))

If we put oy = r~!log det(gij) on each U, the connection form is given by
d); = doy ® (5;, and its curvature 2V is given by 2V = 000y ® I. O

3.2. Main theorems. We suppose that (E, F') is projectively flat. Then,
by the proof of Lemma 3.2, there exists a local function oy(z) on U such
that the curvature {2 is written as 2 = ddoy(z) ® I. Then we can show
hat the local metric Fyy = e’V F(2,€) is a flat Finsler metric on U,
ie., F(z,6) = e U F(€). Then, from (1.9), the Kéhler metrics IT, are
given by IT, = \/—1001og F(¢) which shows that {P., IT.} is a flat Kéhler
fibration.

Conversely we suppose that F' is induced from a flat pseudo-Kéhler
metric on P(E). Then, from (2.3), there exists a local function oy(2) on
each U such that

3 =log (K}Pﬂz,a) () (3.4)

is independent of the base point z € M. If we put Fy7(€) = |&7|? exp g;([€]),
we have

F(z,6) = " Fy (¢) (3.5)
on each 7~ 1(U). In this case, the connection h : 7*Ty; — T is given by

, oy .
N&(Z7£) = @517
and the Finsler connection V in (E, F) is given by dJ; = 0oy ® 5; on each
7~1(U). Hence its curvature 2V is given by the form Q; = 0doy ® 5;
This shows that the Finsler connection V is projectively flat.

Theorem 3.1. A complex Finsler metric F' is projectively flat if and
only F' is induced from a flat pseudo-Kéhler metric on P(E).

By Lemma 3.1 and 3.2, we have also proved the following.
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Corollary 3.1. A Finsler bundle (E, F) is projectively flat if and only
if it is modeled on a complex Minkowski space and its associated Hermitian
metric gr is projectively flat.

Corollary 3.1, Proposition 2.3 and Proposition 1.3 imply the following.

Theorem 3.2. Let E be a holomorphic vector bundle over a complex
manifold M. The projective bundle p : P(E) — M is a flat Kéhler fibration
if and only if E admits a projectively flat Hermitian metric.

From (3.5), the projective flatness of Finsler metrics is equivalent to
the conformal-flatness in the sense of [3]. Then we get an example of
projectively flat Finsler metrics.

Ezample 3.1 (cf. [4]). Let M = C*"/\z be the Hopf manifold. The
tangent bundle Ty admits a projectively flat Finsler metric. In fact, for
an arbitrary Finsler metric f : C* — R, the function F' : Tj;y — R given by

f()

defines a projectively flat Finsler metric on Tjs, and an associated Her-
log |12 > dzd ®dz.

[

Fifz,¢) = e I

mitian metric is given by the Boothby metric ds? = e~
The projective bundle P(Ty;) — M is a flat Kéhler fibration.

4. Some remarks

In this last section, we shall consider the case where M is a compact
Riemann surface and f : X — M a geometrically ruled surface. Every
geometrically ruled surface over M is isomorphic to P(E) for some holo-
morphic vector bundle £ — M of rank two.

For the degree [, c1(FE) := deg(F) of a holomorphic vector bundle £
over M, its degree/rank ratio of E is defined by u(E) := deg(F)/rank(E).
A holomorphic vector bundle F is said to be stable (in the sense of Mum-
ford) if it satisfies u(E’) < w(E) for an arbitrary proper sub-bundle E’
satisfying 0 < rank(E’) < rank(FE).

We fix a Kéhler metric g = ¢g17dz ® dz of M. A Hermitian metric h
on F is said to be weak Finstein—Hermitian if its curvature form Q]’ =

R;.lidz A dZ satisfies ghRé.ﬂ = cpéj» for a function ¢. Hence the curvature
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form is written as the form (1.6) for the 2-form A = pg,1dz A dz, which
shows that (E,h) is projectively flat. The converse is also true. On the
other hand, by [8], a holomorphic vector bundle E' is stable if and only if
it admits a projectively flat Hermitian metric h. Hence the following three
conditions are equivalent (see (2.7) Theorem on p. 140 of [14]):

1. FE is stable in the sense of Mumford,
2. E admits a weak Einstein—Hermitian metric h,
3. E admits a projectively flat Hermitian metric h.

On the other hand, by Theorem 3.2, a holomorphic vector bundle F ad-
mits a projectively flat Hermitian metric if and only if P(F) admits a flat
pseudo-Kéhler metric ITp ). Hence the statement above, we have

Proposition 4.1. A geometrically ruled surface f : X = P(E) — M
is a flat Kéahler fibration if and only if the bundle E is stable in the sense
of Mumford.
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