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Arithmetic and metric properties of p-adic Engel series
expansions

By PETER J. GRABNER (Graz) and ARNOLD KNOPFMACHER (Witwatersrand)

Abstract. We derive a characterization of rational numbers in terms of their
unique p-adic Engel series expansions. Thereafter we investigate metric properties
for the rational digits occurring in these p-adic Engel expansions. In particular,
we obtain limiting distributions for the p-adic order of the digits and the p-adic
order of approximation by the partial sums of the series expansions.

1. Introduction

Let Q be the field of rational numbers, p a prime number and Q,, the
completion of Q with respect to the p-adic absolute value | |, defined on
Q by (cf. KOBLITZ [8] or SCHIKHOF [12])

0[,=0 and |[A],=p " ifA= p“i, where p 1 rs. (1.1)
s

The exponent a in this definition is the p-adic valuation of A, which we
denote by v,(A).
It is well known that every A € Q, has a unique series representation

[e o]

A= Z enp”, ¢ €{0,1,2,...,p—1}.
n=uvp(A)
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In the discussion below we call the finite sum (A) = 3_, 4)<,<ocnp” the
fractional part of A. Then (A) € S),, where we define S, = {(4) : A €
Qp} C Q. This set S, is neither multiplicatively nor additively closed.

Recently the fractional part (A) was used by A. KNOPFMACHER and
J. KNOPFMACHER [5, 6], to derive some new unique series expansions
for any element A € Q,, including in particular analogues of certain
“Sylvester”, “Engel” and “Liiroth” expansions of arbitrary real numbers
into series with rational terms (cf. [10], Chap. IV). In the corresponding
case of p-adic Liiroth type expansions ergodic and other metric properties
have recently been investigated by A. and J. KNOPFMACHER [7]. For both
the p-adic continued fractions and Liiroth expansions, ergodicity of the cor-
responding transformations were used to derive the results. However, in
the case of Engel expansions the underlying transformation is not ergodic.
The growth conditions satisfied by the digits suggest that an approach via
Markov chains could be used. A similar approach was used to study metric
properties of Engel expansions over the field of formal Laurent series over
a finite field in [4].

Given A € Qp, now note that (4) = ap € S, iff v,(A1) > 1 where
Ay =A—ap. Asin [5], if A, # 0 (n > 0) is already defined, we then let

Gy, = <2> and put Ap+1 = a, A, — 1. (1.2)

If some A, = 0, this recursive process stops. It was shown in [5] that this
algorithm leads to a finite or convergent (relative to v,) Engel-type series
expansion

1 1
A=ay+ —+ _ 1.3
it (13)

where a, € Sy, ag = (A), and vp(ar41) < vp(ar)—1 for r > 1. Furthermore
this expansion is unique for A subject to the preceding conditions on the
“digits” a,. For notational convenience we set

n
1

Pn :G0+Z ——, where ¢, =ai...ay.

dn ) ai---Qap

In [6] it was claimed (see Proposition 4.2) that rational numbers are

characterized by finite p-adic Engel expansions. However, the following
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example of an infinite p-adic Engel expansion for a rational number shows
that this result is incorrect. For convenience in the sequel we denote the
p-adic Engel expansion

1 1 1

— + +

a1 a1as  a1a2a3

—+ - by (al,ag,ag,...).

Then the rational number —p has the infinite expansion

2 3 4

p"—1 p°—1p° -1

—pz( ) 5 3 ,) (1.4)
P P P

More generally, if 3,7 € N, then, if p"+! > /3, the rational number —%
has the expansion

_pin pr—&-l_ﬂ pr+2_ﬂ pr+3_/8
8 pr o oprtl 0 opr2 )

(1.5)

These expansions follow by induction from the Engel algorithm above with
r n+r—1 r4+n —B

A=A :—&7 An:—piy andan:prﬁ-
p B P .
It turns out that rational numbers with infinite Engel expansions all

have digits that ultimately follow the pattern in (1.5).

Theorem 1. Let A € pZ, \ {0}. Then A is rational, A = 3, if and
only if either the Engel expansion of A is finite, or there exists an n and
an r > n, such that

pr+j+1 —

77 for j=0,1,2,... (1.6)

CLn+j =

where v | 3.

Let I denote the valuation ideal pZ, in the ring of p-adic integers Z,
and let P denote probability with respect to the Haar measure on (Qp, +)
normalized by P(I) = 1. The Haar measure on I is the product measure
on {0,...,p—1} defined by P({x}) = p~! for each factor and any element
xe€{0,...,p—1}.

We now state our main results.
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Theorem 2. The following assertions hold:

(i) The valuations of the Engel-digits a, obey a law of large numbers;
more precisely, for almost all x € T
vp(an) P

lim = .
n—oo n D — 1

(ii) The valuations of the Engel-digits a,, obey a central limit theorem:
vplan) + L=n 1 t
lim P xEI:p(n)—pl<t :/ e 2 qu.
m v/ (o — 1) Var J o
(iii) For almost all x € 1,

sy 1201 (2)) + v (an(2))
n—00 logp n

=1,

and
lim inf (—vp(an+t1(z)) + vp(an(z))) = 1.

n—oo

(iv) vp(x — z—z) obeys a law of large number; more precisely, for almost all
zel,

iv g=2YV ,_P s onox
n2 P In 2(p—1)’ '

(V) vp(x — Z—:) obeys central limit theorem

v (x_&)_ p (nHD)(n+2)

. P 1
m P |zel: m) L ctl=— [ e Pdu
n—oo V(Up(Qn—i-l)) \/ﬂ -
where V(v,(gn41)) = (n+1)(n22)(2n+3) (pfl)r

In particular we see from (i) that for almost all z € I, |an\zl,/n — pr’%l,
as n — oo. Regarding (i), (ii), (iv), and (v) above we note the similar but
weaker results shown in [5] holding for all z in I,

Up(an) < —n

and
_ (n+1)(n+2)
2

<p , n=1,23,....
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Furthermore, we consider the random variables a;ﬁi(lg) =pPr, r=
1,2,3,.... These are independent and identically distributed with infinite

expectation. However, the following result holds.

Theorem 3. For any fixed € > 0,

n

1

nlog,n =

ar-i—l(x)
ar(z)

n—oo

lim IP)|:JZ€IZ

—(p—l)’>€]=0

1 p

ar+1(z)
ar(z)

n
. 1
1.e.

nlog,n Zl

r=

— (p—1) in probability over I.
P

Remark 1. Since a theorem in GALAMBOS [3] (p. 46), implies that

either
n

1
lim sup Z ar1(7) =00 a.e.
n—oo nlog,n <~ ar(z) |,
or
lim inf ar41(2) =0 a.e.,
n—oo nlog,n ar(z)

the conclusion of Theorem 3 does not carry over to validity with probability
one.

The paper is organized into sections, which split the proofs of the
theorems. Section 2 treats rationality criteria and the proof of Theorem 1.
Section 3 gives some elementary probabilities, which will be used in the
subsequent proofs, Section 4 gives the proof of Theorem 2 and Section 5
gives the proof of Theorem 3.

2. Rationality criteria (Proof of Theorem 1)

Firstly, if A € pZ,\ {0} has an infinite Engel expansion, which satisfies
(1.6) then

A

(| 1 1 1
> - — + +oe
ai---ag ay an

P st ln—1 anGn41
n—

1 1 4
+ (_p> c Q7
DY akj al DY a/nfl B

=

Il
I
o
Q
=
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using (1.5) and the uniqueness of the Engel expansion.

Now suppose A = % € Q. By the algorithm for each n > 1, for which
An, #0, Ayl = anAn — 1 and it follows that A, € Q for each n > 1. We
will make use of the elementary inequality

[o.¢]
0<an< Z(p — l)p_k =p forall a, €5,. (2.1)
k=0

By (2.1) we can write a,, = bnpr(@n) where b, € N and
0 < by, < porlan)tt, (2.2)

Furthermore, each A,, can be represented in the form A,, = %—:pﬂp(an),
where o), € Z, B, € N, (ay, 8n) = 1, and p 1 a,0,. An analogous rep-
resentation holds also for A,y1, provided A,+1 # 0. Substituting these
representations into (1.2) leads to

an+1p*1}p(an+1) _ bnan - ﬁn

ﬂn—l—l ﬁn

Since (an+1p*”1’(a”+1),ﬂn+1) = 1 it follows that B,4+1 | Bn. Thus by (2.1)
and using v,(a,) < —n we have

(2.3)

|ang1]| < por@+0) (by || + Bn)

(2.4)
< p”p(an+l)*cp(an)+1‘an‘ +pvp(an+1)6n < ‘an’ + 571]37”71-

By choosing N large enough, so that |3;|p~~! < 1, we have for all n >

N that |any1| < |ap|. Suppose that «, # 0 for all n. Then for all n
sufficiently large we have |a,,| = a and (3,, = 7, where o,y € N and 7 | ;.
Substituting this into (2.3) yields

ap_vp(a"H) B +bpa — vy

+
B Y

which implies that
+b, = b ip_vp(an-&-l)_
«

Since b, € N and («a,7) = 1, we must have o = 1.
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In the case that a, = +1 we get that b, = v 4 p~?(@+1)_ Since
—vp(ap41) > n+ 1 and b, > 0 we conclude that

bn =7 _|_p_Up(an+1) >+ pl_vp(‘ln) > pl_”p(an)’

which contradicts (2.2).

In the case a,, = —1 it follows from (2.3) that a,+1 = —1 as well
and hence b, = p~U(@n+1) — 5 < pl=% (@) only if vy(an1) = vp(an) — 1
for n > N, since yp~?»(@¥)~1 < 1. Consequently, in order for an infinite

Engel expansion to exist it is necessary that ayy; = —1 (j = 0,1,...),
. vp(apn) .
vp(an+;) = vplan) = j, Ansj = =P, and ay;j = byp" ") =

%, which proves (1.6) with n = N and r = —v,(an) > n.
Remark 2. If there exists m € N such that A, < 0 then by (2.3)

Apt; < 0 for every j > 1. In particular, this implies that every nega-

tive rational number A € pZ, has an infinite p-adic Engel expansion of

type (1.6).

Remark 3. For positive rational numbers A € pZ,, both terminating
and infinite expansions can occur. However, in the special case, when
A € N we see by induction that A, > 0 for all n and it then follows from
the proof of Theorem 1 that every positive integer A has a finite Engel
expansion.

3. Basic probabilities

We begin by deriving some basic probabilistic results concerning the
digits in p-adic Engel expansions.

Lemma 1. The digits a, € S, form a Markov chain with initial
probabilities
Plop(ar) = —j] = (p—1)p™7, (3.1)
and transition probabilities

(3.2)

_ j—k or .
P[Up(an+1) =—k| vp(an) =—j] = {(p Ly’ for k > j

0 otherwise.
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ProOF. Firstly by the Engel algorithm A; = x € I. Then using the
definition of Haar measure P[v,(A;) > j| = Plvy(a1) < —j] = p 7. Thus
Plup(a1) = —j] = Plop(ar) < —(j — 1)] — Plup(as) < —j] = (p — 1p~.

Next, Ao is obtained from A; by a system of linear congruences to
successively higher powers of p, arising from the relation Ay = a1 A1 — 1.
From this it follows that A, is uniformly distributed in p/I where j =
—vp(ar). Inductively, if vy(a,) = —j then A,4q is uniformly distributed
in p/I for all n > 1. Since the event vy(a,4+1) < —k under the condition
that vp(an) = —j is just a cylinder set in the infinite product space {0, ...

..,p — 1}, which is described by fixing k — j of the digits in the p-adic
expansion of Ay equal to 0, we conclude that

P[vp(an+1) < —k | vp(an) = —j) =/~
and (3.2) follows immediately. O

Remark 4. Since the probability in (3.2) depends only on the differ-
ence k — j this implies that the random variables v,(ayn) — vp(any1) are
independent and identically distributed. Thus for

np<ng<---<n; and k;>1,i=1,2...7,
P 'Up(anj—i-l) = Up(anj) - kja Up<a'flj_1+1) = vp(anj_l) — kj—la R (33)
vp(an1+1) - Up(am) — k]_] = (p — 1)jp7(kl+'“+kj)'

Corollary 4. Let A, = Ay(x) denote the random variable v,(ay) —
Up(@n41), with Ag = —vp(a1). Then

Pl#{1<e<n|a =1} =k| = (Z) (1—;>kp’f—".

Thus the number of times that degrees of consecutive digits increase by 1

has a binomial distribution with mean value n (1 — %) and variance n pp;zl.

In particular the liminf result of part (ii) of Theorem 2 follows imme-
diately.
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Corollary 5. The random variables A,, have mean value and variance

p
E(A,) = ——
(8n) = 2
and )
V(A,) =
(Bn) (p—1)?
Proor. By Lemma 1
oo 00 ) p
E(A,) = ZEP[UP(%) —Up(ant1) = =(p—1) pr f= n_1
(=1 =1 p
Similarly
EA2) =(p-1)S 2pt=-"L_ 1o P
(A7) = ( ); PRy e}
from which the formula for V(A,,) is immediate. 0

Lemma 2. The following equations hold:

Plup(an) =1 = (o~ 19} (3.4)

n—1

(i)

and therefore

1
Pl3n:vy(ap) =t =1——. (3.5)
p
" mostft—8—1
(i) Plop(antm) =t | vp(an) =s] = (p—1)"p m—1 )
PROOF. First we prove statement (i). Since the sequence of degrees
of the digits a1, aq, ... is strictly increasing we have by Lemma 1,
Plop(an) = —t] = Z Plop(an) = =t [ vp(an—1) = —jn-1]
1<j1<g2 < <Jn—1<t
X Plvp(an—1) = —jn-1 | vp(@n—2) = —jn-1]

- Plop(az) = —j2 | vp(ar) = —j1] P [vp(ar) = —ji1]
=(p-1)" Z pjn—l—tpjn—z—jn—l N 'pjl_j2p_j17

1<j1<jo < <Jn-1<t

=(p-1)"p" > 1=(p—1)"p" (:L: 11>

1<j1<jo<-<jn-1<t
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Thus we have

P[3n : vy(an) = t] :i(p— an_t(t_ 1)

n—1
t—1
B t—1 1
= (- 1p tZ(p—1)€< ' > =1-
=0 p
For the proof of (ii) we find
Plop(antm) = =t [ vp(an) = —]
= Z P [vp(an+m) =—t ‘ Up(anerfl) = jmfl]
5<j1<je<-<jm-1<t
~Plop(anta) = —ja | vp(ant1) = —ji]
x Plup(ant1) = —j1 | vp(an) = —s]

_ (p _ 1)mps—t Z 1
$<j1<ja < <jm-1<t
t—s—1
_ —)ymys—t ) O
(p—1)"p ( 1 )
Remark 5. From the proof of (i) we can also deduce the joint proba-
bility distribution

Plvp(a1) = —j1,- - vp(an) = —ju] = (p — 1)"p 7",
provided that the growth condition vy,(a;)< —i holds for each i =1, 2, .
Otherwise the joint probability distribution has value 0.

Lemma 3. Let X, be a sequence of independent, identically dis-
tributed random variables with EX,, = y and VX,, = 0. Then

n
nlgrolo T ; n+1—k)X, =p almost surely. (3.6)

PrOOF. Under these hypotheses the law of large numbers

o1
nh_)rgo - ; X, = p almost surely
holds. Since (3.6) is just the second order Césaro mean of the random
variables Xj. Since the first order Césaro mean exists almost surely and
equals u, so does the second order mean. [l
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4. Proof of Theorem 2

Since we can write v,(a,) as the sum of independent random variables

n—1 n—1
vp(an) = Y (vp(air1) = vp(as)) +vplar) = =Y Ay,
=1 i=0

it follows from Corollary 2 that v,(ay,) has mean and variance

Evy(an) = L

and

Vitplan) = n Loy,

respectively.

Hence by the law of large numbers and the central limit theorem (see
e.g. FELLER [2, pp. 244, 253]) parts (i) and (ii) of Theorem 2 follow.

For the proof of (iii) we note that the events vy (an) — vp(ant1) > k(n)
are independent with probabilities P[An > k(n)} = p~ k() The Borel-
Cantelli lemmas then yield

0, if > p7*( converges

P[Ay > k(n) for infinitely many n| = n=1

1 if 3 p*™ diverges.
n=1

By choosing k(n) = clog, n we see that with probability 1 the events

(vp(an)—vp(an+t1))
log, n

if ¢ > 1. The lim sup result then follows. The corresponding lim inf result

> ¢ occur infinitely often if ¢ < 1 and only finitely often

was already shown in Section 2.
(iv), (v) We first compute the mean and variance of v,(z — £2). In [5]

it is shown that

Pn

xr — —
an

— pfvp (CI7L+1 ) .

Now
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To compute the variance we make use of the fact that

n+1 n+1r—1
vp(Qn+1) = Z Up ar = Z Z A (41)
r=1 r=1 [=0
== A(n+1-1). (4.2)
=0

We now remark that the last sum has the same distribution as the sum

—i:(z +1)A
=0

Thus we have for the variance

mn+1)(n+2)2n+3) p
6 (p—1)*

(14 1)°VA; =

NE

V(vp(gnt1)) =
l

I
o

Assertion (iv) now follows form Lemma 3.

For the proof of (v) we check that the random variables (I + 1)4A;
satisfy Lindeberg’s condition (cf. [2, p. 256]): since s2 = V(v,y(gnt1)) is of
order of magnitude n3, we have to compute the integrals

y? dFy(y) = (k:+1)2/ 3js T2 AF(2)
| |>tn

|y|2tn3/2

< (k+ 1)2/ 22 dF(z),
(el v

where Fy, is the distribution function of (k + 1)(Ay — —) and F = Fp.
Thus the last integral is equal to the sum

2
(S
k> pl+ vn “
for n sufficiently large, and we have

1 o e
522 / y? dFy(y) = O(np zf>—>0

n
F=0y > ts1,
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for any ¢ > 0. Thus
vplans1) — g R
V(vp(gn+1))

has asymptotically normal distribution and the proof is completed.

5. Proof of Theorem 3

Qr

We first notice that by Lemma 1 the random variables |ﬁx) lp = por

are independent and identically distributed with infinite expectation. We
write s = log, y iff y = p® and use the truncation method of FELLER 2,
Chapter 10, § 2], applied to the random variables U,., V,.(r < n) defined by

Up(x) = |ars1/ar(x) »

) ‘/7’('%') = O lf |a7‘+1/a7‘(x>}p S nlogp na

Ur(x) =0, ‘/7"($) = ’arJrl/ar(l‘)‘p if |ar+1/ar(l‘)}p > nlng n.

Then
Plzel: ! z”: ar+1(2) —(p—1) >¢ (5.1)
nlog, n| <~ ar(z) |,
gIP’HUl—l—n-—i—Un—(p—l)nlogpn‘>5nlogpn] (5.2)
+P[Vi++V, #£0], (5.3)
and using Lemma 1,
IP)[V1+...—|—Vn7EO}§nIP’ a2(7) > nlog,n (5.4)
a1(z) |,
1
n j%: (= 1p < g =o(1) (5.5)
pk>n10gpn

Now note that

E(Uy + -+ Uy) = nE(Uy), V(Uy + -+ Uy,) = nV(Uy),
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where
By = Y,  PPA=K= > pFe-1p" (56
28 s,
=(p-1) logp([n log,, n}), (5.7)
and

V(th) <EUY) = ). (p—1)pF < gnlog,n.

pk<nlog,n

Chebyshev’s inequality then yields

p[\Ul +o+ Uy — nE(UY)| > mE(UI)} (5.8)
nV(U) - pn?log,n _
" (enE(Uh))”? (s(p — 1)nlog([nlog, n]))2

Since E(Uy) ~ (p — 1) log,n as n — oo, Theorem 2 follows.
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