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Existence of solutions for nonlinear second order systems

on a measure chain

By CHEN-HUANG HONG (Chung-Li), FU-HSIANG WONG (Taipei)
and CHEH-CHIH YEH (Kueishan Taoyuan)

Abstract. Under suitable conditions on positive functions f(¢,v) and g(¢, u),
we prove that the nonlinear second order systems on a measure chain

(El) uM(t) fto(e(t) =0, 0<t<l,
VA2 (t) + g(t,u(o(t)) =0, 0<t<l,
(BVPS) aru(0) — Bru®(0) =0,
Yu(o(1)) + du®(o(1)) = 0,
av(0) = B202(0) = 0,
e { 12v(0 (1)) + 8202 (0(1)) =0,

has at least one positive solution.

1. Introduction

In 1990, S. HILGER [8] introduced the theorey of measure chain in or-
der to unify continuous and discrete calculus. Recently, the developement

of theory of measure chain has received a lot of attention, see [1]-[7], [9],

1], [12].
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The existence of solutions of the boundary value problem
(E)  w?2) + f(t,ulo(t) =0, 0<t<1,
(BVP) au(0) — But(0) =
(BC)
yu(o(1)) +du(o(1)) =0

on a measure chain has been studied by many authors, see, for examples,
CHYAN and HENDERSON [4], ERBE and PETERSON [7], HONG and YEH
[9] and W. C. Lian, C. C. Cuou, C. T. Liv and F. H. WonG [12].

In this article, we shall consider the existence of positive solutions of
the following boundary value problem systems

((E)) w2t + f(t,o(o(t) =0, 0<t<1,
(Ez)  v22(t) +g(t,u(a(t) =0, 0<t<1,
o A0) =
(BVPS) B0y 1u(0) — f1ut(0) = 0,
nu(o(1)) + &ut(a(1)) = 0,
(BCy) av(0) — f202(0) = 0,
2
720(0 (1)) + 8202 (a(1)) = 0,
where «y, G;,7;,0; are nonnegative real numbers and r; := v;0; + @;0; +

a;vio(l) >0,i=1,2 and f,g € Crq([0,0(1)] X [0,00), (0,00)).

2. Main results

In order to abbreviate our discussion, throughout this paper, we sup-
pose that the following assumptions hold:

(Cy) & = min{t€T|t2$} and w = max{t€T|t§3UT(l)} both

exist and satisfy

o(1) 30(1).

— < <
y Si<ws—

(C2) Gi(t,s) is the Green’s function of the differential equation
—uP2(t) =0 1in (0,1)
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satisfying the boundary value condition (BC;);
(Cg) Mz = min{di, ZZ}, where

dl - {4(’72'0(1) + 51)’ 4(0[2-0(1) + Bz) } € (Ov 1)

and

L= min Z0W)s)
sel0,0(1)] Gi(o(s),s)
(Ca) f,9 € C([0,0(1)] x [0,00); (0, 00)).
In order to prove our main result (Theorem 2.1 below), we shall need

the following two useful lemmas:

Lemma 2A (ERBE and PETERSON [7]). Let M; be defined as in (Cs).
For the Green'’s function G;(t,s) (i = 1,2) the following results hold:

(R1) Gi;((t;i)s) <1 fortel0,0(1)] and s € [0,0(1)],
(R2) GG(U(E;% > M, fort e [¢,w] and s € 0,0(1)].

Lemma 2B (KRASNOSELSKII [10]). Let P C E be a cone in a Banach
space E. Assume that 1, Qo are open subsets of E with 0 € Qq,Q1 C Qo.
If

D:PN(QW\Q) — P

is a completely continuous operator such that either

(i) || Pul| < ||ul|, v € PNoQ and || Pul| > ||u|l, v € PN OQ; or
(i) || Pul| > ||u||, v € PN OQ; and | Pul| < ||u||, v € PN oQe,
then ® has a fixed point in P N (Q2\Q4).

Denote the Banach space E = {U = (u,v) € (C[0,0(1)])?} with norm

A} = 1 (u, 0) || := max{|ulfoo; [[0oo}-
Here ||u]loc :== sup |u(t)|. Define a set P C E by
0<t<o(1)

P .= {(u,v) | (uw,v) > (0,0),

i t i t > M OO?M [e.9] )
5§?SI}TI%W)]U( )’ES?%If?(w)v( )) = (Mifjul 2llel )}
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where (a,b) > (c,d) means that a > ¢ and b > d. Here a,b,c,d € R. It is
clear that P is a cone in F.

Now, we can state and prove our main result.

Theorem 2.1 (Main result). Assume that there exist four positive
constants 11, N2, A1 and \g such that for (v,u) € [0, A\1] X [0, 2],

o(1)
(

and for (v,u) € [Myn1,m] x [Man2, 2],

/ G1(0,s)f(s,v) / Ga(0,s)g(s u)As) > (m,1n2), (2)

(1)
Gt 9) (5,085, [ Galtslgls.wAs) < (nda) (1)

where 6 € (£,w). Then (1) has at least one positive solution (u,v) between
A and n, where X := max{A1, A2} and n := min{n,n2}.

Proor. Without loss of generality, we may assume that A < n. It is
clear that (1) has a solution U := (u,v) = (u(t),v(t)) if and only if U is
the solution of the operator equation

OU(t) := (Du(t), Pu(t))

o(1) o(1)

= ([ atosueenas [ Gl ol uto()as)

0 0

=U(t) for t € [0,0(1)] and U € E.
It follows from the definition of P and Lemma 2A that
tg[lgi’r:)}(@u)(t)

o(1
= (tlel[lglr:z} / Gi(t,s)f(s,v(a(s)))As, tglgll(}) /G2 (t,s)g(s,u(o(s )))As)
o(1) o(1)

> (Ml/Gl(a(s),s)f(s,v(o*(s)))As, MQ/GQ(U(S),s)g(s,u(a(s)))As)
0

(1) (1)

> (a0 [ Gt s olote s, 2t / Galt5)g(s,lo(s)) s
0
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0 0
o(1) (1)

(
(
> (Ml /Gl(U(S)vs)f(Sa0(0(8)))&97 M2/G2(U(8)78)9(87U(U(S)))AS)
0 0
(

o(1) o(1)
M, / Gi(t,s)f(s,v(a(s)))As, M2/Gg(t,s)g(s,u(a(s)))As>.
0

=]

min  OU(E) > (M| ®uo, Ma [ @0]|oc),
telg,o(w)]

which implies ®P C P. Furthermore, it is easy to check that ® : P — P

is completely continuous. In order to complete the proof, we separate the

rest of the proof into the following two steps:

Step (I) Let Q :={U € P | |U| < A}. It follows from (1), Lemmas
2A-2B and the fact U € P that for U € 091,

o(1) o(1)

dU(t) = ( / Gl(t,s)f(s,v(o(s)))As,/Gg(t,s)g(s,u(a(s)))As>
0 0
o(1) o(1)

< ( [ Groe) 9. oo s s, [ Gz<a<s>,s>g<s,u<a<s>>>As)
0 0

< (A1, A2) < (A A) = ([[U]], [lu]))-

Hence,

U < |U|| for U € 8D;.
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Step (II) Let Q9 :={U € P | |U]| < n}. It follows from the definitions
of ||U]|, P and Lemma 2B that for U € 09,

U = (u(t),v(t)) < (U], ltd]]) = (n,n) for t € [0,0(1)],
and for ¢t € [, 0(w)],

t),v(t)) = i t), ] t
02O 2 gl O it )

> (M |ulloo, Ma[v]leo)
= (M1, Manp)
Z (M1777M2"7)7

which implies

(Myn, Man) < (u(t),v(t)) < (n,n).
Hence, by (2),

o(1) o(1)
(@U)(60) = ( [ G956 0065, | sz,s)g(s,u(o(s))ms)
0 0

> (/wGl(@,S)f(Sav(U(S)))As, ]G2(9,8)9(8,U(0(8)))A8)
3 3

> (n1,m2)

> (n,m) = ([[U]; lle]])-

Thus,
|U|| > ||U]|| for U € 0.
Hence, by the first part of Lemma 2B, we complete the proof. O
Let

max hg ;= lim max
w—0t te[0,0(1)] W

min hg := lim  min ,
w—0T tel§o(w)] W
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max heo = lim max hit, w)
w=oo tef0,0(l)] W
min he = lim min h(t,w).

w—otello(w) W
Then we have the following:

Remark 2.2. Let o, 8, v and § be nonnegative constants, r := v3 +
ad + ayo(1l) > 0,

. min{ vo(1)+46  ao(l) + 48 }

A(yo(1) +6)" 4(ao(1) + B)
and G(t, s) the Green’s function of the differential equation
uAr () =0 on (0,1)
satisfying the boundary value conditions
aw(0) — fw™(0) = 0,

yw(o (1)) +w?(o(1)) = 0.

-1

G(a(s),s)As>_1 — A and <7G(0,5)As> —B.
3

Q
~

=
=

1

Gi(a(s),s)As>_1:: A; and </MG1-(9,3)A3>_ — B, (i=1,2).
3

Y
o

Then, we have the following results.
(I) Suppose that maxhg := C; € [0,A). Taking e = A — C; > 0, there
exists A\; > 0 (A; can be chosen arbitrarily small) such that

h(t,w)
max
te0,0(1)] W

<e+Ci=A onl0,\]

Hence,

h(t,w) < Aw < AX\p on  [0,0(1)] x [0, A1].
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If we replace h by f and g, and replace A by A; and As, respectively.
Then, the hypothesis (1) of Theorem 2.1 is satisfied.

(II) Suppose that min Ao, == Cs € (£, 00]. Taking € = Cy — & > 0, there
exists 771 > 0 (n can be chosen arbitrarily large) such that

. h(t,w) B
—— > —€e+(Cy=— My, 00).
tG[IEI}flfI(lW)} w T M on (M. o)
Hence,
h(tw)>§w>—M =B
I Ve v

on [,0(w)] x [Mn1,m]. If we replace h by f and g, and replace B by
B; and By, respectively. Then, the hypothesis (2) of Theorem 2.1 is
satisfied.

(ITI) Suppose that minhgy := C5 € (%, oo]. Taking e = C5 — % > 0, there
exists 2 > 0 (12 can be chosen arbitrarily small) such that

. h(t,w) B
min ———= > —e+C3=—on [0,79].
teltow) w T T M 0, 2]
Hence,

B B
h(t >—w>—Mnp=2=B

on [£,0(w)] x [0,m2]. If we replace h by f and g, and replace B by
B; and By, respectively. Then, the hypothesis (2) of Theorem 2.1 is
satisfied.

(IV) Suppose that max hs := Cy € [0, A). Taking e = A — Cyq > 0, there
exist > 0 (6 can be chosen arbitrarily large) such that

max MY Lol Z A on [6,00). (3)
te[0,0(1)] w

Hence, we have the following two cases:
Case (i): Assume that maxc(g ,(1y h(t, w) is bounded, say,

h(t,w) <L on [0,0(1)] x [0,00).

Taking Aoy = % (since L can be chosen arbitrarily large, A can be chosen
arbitrarily large, too),

h(t,w) < L= A\y on [0,0(1)] x [0, \1] € [0,0(1)] x [0, 00).
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Case (ii): Assume that max;cjg (1) h(t,w) is unbounded, hence, there
exists a Ay > 0 (A2 can be chosen arbitrarily large) and ¢y € [0,0(1)] such
that

h(t,w) < h(to,)\g) on [0,0’(1)] X [0, )\2].

It follows from Ay > 6 and (3) that
h(t,w) < h(to, )\2) < A/\2 on [0,0’(l)] X [0,)\2].

By cases (i) and (ii), if we replace h by f and g, and replace A by A; and
Ay, respectively. Then, the hypothesis (1) of Theorem 2.1 is satisfied.

By Remark 2.2, we have the following three corollaries.
Corollary 2.3. Let

we ([ etorond) " mt 5e (fowass) | -va.
0 €

Then, (1) has at least one positive solution if one of the following conditions
holds:
(Hy) max fo = Dy € [0,A1), maxgy = Ey € [0,A2), min foo = Dy €
B
(27>
(Hg) min fo = D3 € (4},00], mingy = E3 € ({,00], max foo = Dy €
[0, A1) and max goo = E4 € [0, Ag);

(H3) max fo = Dy € [0, A1), mingy = B3 € (1£,00], min foo = Dy €

oo] and min go, = Eo € (%,oo];

(%700]7 and max geo = Ey € [OaAQ)a
(Hy) min fo = D3 € (%,oo], max gg = E1 € [0,4s), max foo = Dy €

[0, A1) and min go, = Es € (%,oo].

ProoF. It follows from Remark 2.2 and Theorem 2.1 that the desired
result holds, immediately. O

Corollary 2.4. Let A; and B; be defined as in Corollary 2.3. Then,
(1) has at least two positive solutions U; and Uy such that

0 < ieall <A™ <ithl],

if the following hypotheses hold:
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(H5) min foo = C1, min fo = Cs € (%,oo] and min g, = D1, mingg =
D, € (%7 OOL'
(Hg) there exists a real number A* = max{A}, \5} > 0 such that
f(t,v) < A1) on [0, \]],
g(t,u) < AX\5  on [0, \3].

Proor. It follows from Remark 2.2 that there exist four real numbers
Mas Thas My and 7, , satisfying

0<m, <N <, 0<n,, <A <n,,,

f(ta U) > BlTh,l on [5,0'((,{))] X [M1771,17771,1]7

g(ta u) > 32771,2 on [g,a(u))] X [M2771,27771,2]
and

f(t,’U) > B1772,1 on [f,o'(w)] X [M1n2,1>7]2,1]7

g(ta u) > an2,2 on [f,o'(w)] X [M2772,2a7]2,2]'

Hence, by Theorem 2.1, we see that (1) has two positive solutions U; and
U such that
e < U]l < X <[t < m;

where 71 := min{n, ,,7,,} and 72 := min{n, ;,n,,}. Thus, we complete
the proof. O

Corollary 2.5. Let A; and B; be defined as in Corollary 2.3. Then,
(1) has at least two positive solutions Uy and Us such that

0 < [t < n* < |t

if the following hypotheses hold:

(H7) max fo = D1, max foo = Dy € [0, A1) and max gy = E1, min go, =
Ey e [0, Ag);

(Hg) there exists a real number n* := min{n},n3} > 0 such that

f(ta U) > Bl?ﬁ on [§7U(w)] X [Mlniﬁ’nﬂv

g(t,u) < Bans  on [§,0(w)] x [Mans,n3].
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PROOF. It follows from Remark 2.2, there exist four real numbers A, |,
A1y Ayy and A, , satisfying

0< A, <N <A, 0<A,, <0<,

f(t,?)) < A1A1,1 on [070(1)] X [07 )‘1,1]7

g(t,u) < AgA,; on [0,0(1)] x [0,A,,].
and

f(t,v) < AN, on[0,0(1)] x [0, ,],

g(t,u) < AzX,, on [0,0(1)] x [0,],,].

Hence, by Theorem 2.1 that (1) has two positive solutions U; and Us such
that
A < [lth]] <" < |[Uoll < As,

where A\; = max{\, ;,A,;} and A2 = max{A, ,,A,,}. Thus, we complete
the proof. O

Remark 2.6. Consider the following fourth order boundary value prob-

lem
(B)  ub238(0) 4 g(t,u(o(t) =0, 0<t<1,
a1u(0) — Bru(0) =0,
(BCs) N
(BVP.1) mnu(o(1)) +d1u(o(1)) =0,
—aputt(0) + Bov22(0) = 0,
(BCy)
—yut? (0 (1)) — 62ut22 (0 (1)) = 0,
where «y, 0;,7:,0; are nonnegative real numbers, r; = v;0; + a;0;+

a;vio(1) > 0,7 = 1,2 and g € C,4([0,0(1)] x [0,00),[0,00)). If we let
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—uPA(t) = v(t), then (2.6) can be transformed into

((Eq)  u®2@#)+ov(t)=0, 0<t<]1,
(B5)  v®2(t) +g(t,u(o(t) =0, 0<t<l,
a1y — Bul =
(BVP.2) BC) { (0) = Bru™(0) =0,
mu(o(1)) + 6u?(a(1)) = 0,
(BCQ) 042?)(0) - 521)A(0) =0,
You(o(1)) + dou(a(1)) = 0

Thus, we can apply the above-mentioned results to study the existence of
solutions of (2.6).
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2]
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