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On the differences between polynomial values
and perfect powers

By I. PINK (Debrecen)

Dedicated to the memory of Professor Péter Kiss

Abstract. Let F(X) € Z[X] be a polynomial of degree n > 2, and let z,
b, y, m be non-zero integers with m > 2, |y| > 2 and F(z) # by™. Under
some natural assumptions on F', we give explicit lower bounds for |F(z) — by™]|,
depending only on n, m, b, H(F') and n, b, F'(x), H(F), respectively. These results
generalize Theorems 1 and 2 of BUGEAUD and HAJDU [8]. To prove our results,
we slightly improve and make completely explicit the upper bound obtained in [3]
for the unknown exponent m in the superelliptic equation (1).

1. Introduction

Let a, b, x, y, n, m be non-zero integers with n,m > 2, |y| > 2 and
azx™ # by™. The first effective lower bound for |az™ — by™| which is in-
dependent of x and y was proved by TURK [16], in case of a=b=1. A
result of similar strength valid for arbitrary ¢ and b, however not com-
pletely explicit, can also be deduced from the work of SHOREY [14]. Later,
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BUGEAUD [5] considerably sharpened Turk’s estimate for [z — y™|. Re-
cently, thanks to some refined arguments, BUGEAUD and HAJDU [8] im-
proved and extended Bugeaud’s result to arbitrary a and b. The purpose
of this paper is to generalize the results of BUGEAUD and HAJDU [8] to
differences of the form |F(x) — by™|, where F(X) € Z[X] is a polynomial
of degree n > 2.

Under certain assumptions on F', we derive explicit lower bounds for
|F'(z)—by™| (cf. Theorem 2) from our Theorem 1 which provides an explicit
upper bound for the exponent m in the equation

fx)=by™ in x,y,m € Z, with |y| >2, m>1, (1)

in terms of b and the height of f € Z[X]. The first results proving that m
is bounded were given by TIJIDEMAN [15] and SCHINZEL and T1IJDEMAN
[13]. Later, several effective but not completely explicit upper bounds were
obtained for m; see [2], [4], [3] and the references given there. Our Theorem
1 slightly improves and makes explicit in each parameter the previously
best known bound (cf. [3]) on m. In our proof we will follow the approach
of BRINDZA, EVERTSE and GYORY [4]. They gave an estimate for m from
above in terms of the discriminant of f.

2. New results

Throughout the paper, we use the following notation. For every posi-
tive real number s, we put log, s = max{1,logs}. Let
n
f(x) :aoxn+a1xn_1+...+an:a()H(l‘—Oéi), ag # 0,
i=1

be a polynomial with integer coefficients. We write

H(P) = gas ol and - M(7) = ol [ T (1 o)

for the “classical” height and the Mahler-height of f, respectively.
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Theorem 1. Let f(X) € Z[X] be a polynomial of degree n > 2 and
b a non-zero integer. If f has at least two distinct roots, then equation (1)
with x,y,m € Z and |y| > 2, m > 1 implies

m < 224n 56, LT N r(£y3n=3(1o0 M (f))3"(log, |b])3.

As was mentioned above, our Theorem 1 slightly improves and makes
completely explicit the previously best known result of this type, estabil-
ished in [3]. In the special case f(z) = az™ + ¢, a similar result was proved
in [8]. Our Theorem 1 is also related to Theorem 5 of BRINDZA, EVERTSE
and GYORY [4], where it is assumed that b = 1 and f is irreducible and
monic, but the bound given for m depends only on n and the discriminant
of f.

In the proof of Theorem 1 we will follow the approach of [4]. We obtain
the following result as a consequence of Theorem 1.

Theorem 2. Let F(X) € Z[X] be a polynomial of degree n > 2,
and let b, x, y, m be integers with b # 0, m > 1, |y| > 2. Suppose that
F(x) # by™, and if F(X) is of the special form F(X) = t1(X — t2)" + t3
with t1,to,t3 € Z, then also assume that F(x) # by™ + ts3. Then we have

23 _ 17

—1
5
|F(z) — by™| > m3n2 8 3un "% 3n (H(F) log?" \b) . (2)

We note that to give a lower bound for |F'(xz) — by™|, we need to use
the classical height instead of the Mahler-height. The reason is that for
every k € Z, plainly H(F — k) < H(F') + |k|, but M(f) does not have a
similar nice property. However, the use of the classical height already in
Theorem 1 would result in a worse estimate for |F(z) — by™|.

As in [8], by combining Theorem 2 with an estimate for the size of the
solutions of superelliptic equations, we derive a lower bound for |F(z) —
by™| in terms of |F(x)|.

Theorem 3. Let F(X) € Z[X] be a polynomial of degree n > 2,
and let b, x, y, m be integers with b # 0, m > 3,|y| > 2. Suppose that
F(z) # by™, and if F(X) is of the special form F(X) = t1(X —t2)" + t3
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with t1,te,t3 € Z, then also assume that F(x) # by™ + t3. Then

[F(2) = by™| = ey % H(F)™" (log. b)) 551 (log. log. | F(a) )75 , (3)
where ¢; denotes an effectively computable absolute constant.

Theorem 2 generalizes the estimate

-1
1
laz™ — by™| > m2/>"(20n) "2~ 1/m <\a| log? |b|>

of BUGEAUD and HAJDU [8]. Similarly, our Theorem 3 is an extension
of Theorem 2 of [8]. Observe that our bound in (2) in the special case
F(z) = az™ yields an estimate of similar strength as in [8], up to the
exponent of m. This difference comes from the fact that A(az™ + k) <
co|k|™, while in general we only have A(F(z)+ k) < c3|k|*". Here A(g(z))
denotes the discriminant of g(x) € Z[z] and cg, c3 are constants depending
on a, n and F', respectively.

3. Some lemmas

For a non-zero algebraic number « of degree [ over QQ, whose minimal
polynomial over Z is aHizl(X — ), let

!
h(a) = % <log la| + Zlogmax(l, |az|)>

=1

denote the absolute logarithmic height of a. Let K be a number field of
degree dg, with unit rank rg and regulator Rg. In the course of our proof,
we use an independent system of units in K with small height, provided
by the following lemma.

Lemma 1. There exists an independent system &1,...,&. of units

TK
in K satisfying
TK
H h(&'z) S dK_TK?”K!RK (4)
=1
and
h<61> S TK!dK_1<9(10g 3dK)3/8)TK_1RK, = 1, ooy TR (5)
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Moreover, for every non-zero algebraic integer o € K, there exists a unit &
in the multiplicative subgroup generated by €1,...,e,, such that

h(ea) < (log Ngjg(@))/(2dk) + (rg +1)"% ! 1og*«*3(3dg )R (6)
PROOF. This is a reformulation of Lemme 1 and Lemme 2 of [6]. O

Our proof ultimately depends on Baker’s estimate for linear forms in
logarithms. We use the following version due to MATVEEV [12], which is
a sharpening of an estimate given by BAKER and WUSTHOLZ [1].

Lemma 2. Let K be an algebraic number field of degree D over Q.
Let o, ..., o, € K* with absolute logarithmic heights h(c;) (1 < j <n),
and logay,...,loga, arbitrary fixed non-zero values of the logarithms.
Suppose that

A; > max{Dh(«a;),|loga;|,0.16} (1 <j <n).
Consider the linear form
A=blogay + ...+ b,logay,
with by, ...,b, € Z and put B = max{|bi],...,|by|}. If A # 0, then
log|A| > —C(n)log(eD)log(eB) D,
where Q) = A --- A, and C(n) = 26"+20,
PRrROOF. This is a reformulation of Corollary 2.3 of Matveev [12]. O

We deduce Theorem 3 from Theorem 2 by using an explicit upper
bound for the size of the solutions of superelliptic equations.

Lemma 3. Let a and m be non-zero integers with m > 3 and Q(X) =
[l (X—a;)¢ € Z[X] be a monic polynomial of degree n > 2 with distinct
roots ai, ..., ap. Put A(Q) = [[;,;(ei — ;) and let m; = m/ged(m,e;)
fori =1,...,r. Suppose that for some i, j with 1 < i # j < r, we have
ged(m;, mj) > 3. Then all the solutions (z,y) € Z* of

Q(z) = ay™ (7)
satisfy

o] < H(Q)™ exp { (canm) = ™ | AQ) ™ la]"* ™ (log. [aA(Q)])"" " .

where ¢4 and c5 are effectively computable absolute constants.
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PROOF. This easily follows from the Proposition of BUGEAUD [7]. O

4. Proof of the theorems

We follow the method of the proofs in [4] and [3], but with explicit
constants.

PROOF of Theorem 1. We have two cases to distinguish. First we as-
sume that f has an irreducible factor P € Z[X] of degree > 2. Let § be a
root of P, moreover, let Ri, hkg, Dg and 7k be the regulator, class number,
discriminant and unit rank of the field K = Q(d), respectively. Combining

the inequality
2

log 3

d]K S log\DK\,

due to GYORY [9] with a result of LENSTRA [10], we have

hi Ry < - D |2 log ! | De|. (8)

1
(dg — 1)
By an estimate of MAHLER [11] on the discriminant of P, we get

|Dg| < diE M (P)2d=2,
Since P|f implies M (P) < M (f), this yields
D] < d M ()22,

Combining the last inequality with (8) we obtain

bR € i () log MO (0)

Let a¢ denote the leading coefficient of f, and let (1,..., 3, be the zeros
of g(z) = ag_lf(%). Set

Alg)= T i -8y,

Bi#Bj

and write ¢ in the form g(z) = P (x)Py(z) where Pi(z) = agKP(%)
and P, are relatively prime polynomials in Z[X]. Let f1,..., (g, be the
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zeros of Py with 1 = ¢ and (x,y) be an arbitrary, however, fixed solution
to (1). The greatest common divisor of the principal ideals (agx — 1) and
(g(aogr)(apz — B1)~*1) divides A™(g). Therefore there are integral ideals
A, B, C in K such that

A<a0.’17 - ,61) = BC" (10)
where
M
ng(m7 kl) '
Further,

max{Ni¢/g(A), Nijo(B)} < lag - b- A(g)|"™".

Hence using Lemma 1, (6) and (9), by a simple calculation we obtain
that the ideals A" and B¢ have generators o and (3, respectively, with

max{h(a),h(B)} < cg. (11)
Here
cg = 0.12n3(n — 1)d%K7162dK_1(rK 4 1)t
x (log 3dx )™= > M ()" (log, M (f))* log, [b].
Equation (10) can be rewritten as
afagz — f1)" = ey, (12)
where 7 is a generator of C'x and ¢ is a unit in K. Let £, ... ,Erg b€

an independent system of units with the properties specified in Lemma 1.

Ly . . .
Then we can express € as € = &’ slll ...erg®, where ¢’ is a unit with

h(e') < (rx + 1) (log(3dk))*"* 2 R.

Modifying ~ if necessary, we may assume that  ax |;] < w.
If lagx| < M(g) + 1 then ST

2™ < y|™ < (2M(g) +1)",

and Theorem 1 is proved.
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Otherwise, from |agz| > M(g) + 1 it follows that |apx — §;| > 1 for

i=1,...,dg. Thus we have

n—13_ m|h h
b K > — A"
lag ™ by™ " > @g@ﬂ{!aow Bil

TK

. . N =1 . .

> gz — 81" > 'V [T 1e” It 189 7V
i=1

—dg+1——

— —w——1——dg+1—
Y A B Y e T2/ B

>[e]

Here || denotes the house of the algebraic number v, i.e. the maximum of
the absolute values of its conjugates, and j is the appropriate index for
which |[y)| = |y|. Supposing m > n + 1 (otherwise Theorem 1 follows),

the last inequality yields

h(v) < 2.182¢6d% log, |y|,

. m
with the same cg as above. We may assume that |agz| > |y|=, or else we

obtain
laoz| + M(g) > |yl =,

and Theorem 1 follows. Thus we get
1 m .
|a0$_ﬂi|21|y|" (1 <i <dg).

We may suppose that
6i = Bil o 182 =B

1<, <dg, i#j.

Hence we have

[ sl  AEDIA(g)]

5 S (g —1)
1<i, jay |90% = Bil y|

Bi#B;

If (‘Wc_ﬁl)hK =1, then 2252 is an algebraic integer. Thus

apr— B2 apz—F1

B1 — B2 )’ | DNojg(Bi —B2)

‘NL/Q < - ' (Ni/o(aoz — £1))°

> 1
apr — 1 |_ ’
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with L = Q(f1, 52) and [L : K] = s. Combining this last inequality with
(13), by s < dg we obtain

1A > [NLjo(Br — B2)| = |Ngjglaor — B1)°

1 di|°
Dy m/n >
<4Iy\ > >

which implies Theorem 1.
If (22=01yhx £ then we may assume that |y|2= >2|A(g)|hk (oth-

aoz — B2
erwise we would obtain a much better estimate for m). So by (14) we

2
)

2sz(m/n72) > 2(2m/n)72n

get
| apx — 1\ "™ 1
O — —_—
5\ a0z — 5
(15)
< log (hK oot —f _ 1‘) < —Zlog, Jy|-
apx — Pa 2n
In the case ‘(%) 1| 3 one can obtain a very good bound for m

by (15). Otherwise, using Lemma 2, (4) and (9), we get
<a093 - ﬁl)hK ]
apx — 2

l
(o) (e N B (AN
- <(_{_§2) e @ 5’(2)5(2)/04(2) ~(2)

g8/
/(2),3(2)/04(2)

+ wlog i

bglog +leog +1g ﬁ

> exp {—cr(n)M(f)*"3(log, M(f))*" ! log? |b|log, |y|log, m} ,

where by is an integer with |by| < w(rg + 1) and
cr(n) = 223 In+ABAI8, Tntld 100y
Here the superscript (2) denotes the image under the isomorphism Q(3;) —

Q(B2). The comparison of this lower bound with (15) completes the proof
in the first case.
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In the second case f has only rational roots. Hence, all the zeros of g
are integral. Let 81 and (s be two distinct roots of g, of multiplicities kq
and kg, respectively. Repeating the argument used in the first case one
gets

ui(apr — Bi) = viy’, 1=1,2 (16)
where w = W, Ui, Vi, Yi € Ly |yi| > 2 and |ug| < |A(g)", |vi] < |agflb|
(i = 1,2). We may suppose that |y2| > [y1]. Set Ay = log {112 +wlog (Z—;)

From (16) we deduce
ug(B2 — Br) | _ |vrue <y1>w B 1‘ < 1\A1|
v2u1 \ Y2 N '

v2yy

N |

Using Lemma 2 again we have

— < 241n5 lOg* M(f) log* ’b‘7
logm

and Theorem 1 is proved. [l

PROOF of Theorem 2. Let k = F(x)—by™. We apply Theorem 1 with
f(x) = F(z) — k. Combining

M(f) < v/(n+1)H(f)
with
H(f) < H(F) + |k[ < 2H(F)|k|
and expressing |k|, we obtain the lower bound for |F'(z) — by™| stated in

the theorem. O

PROOF of Theorem 3. Set k = F(z) — by™ and let ag be the leading
coefficient of F. By applying Lemma 3 to the equation

Q(aox) = ag~by™
with Q(z) = agfl(F(a%) — k) and a = aj~'b, and using the inequalities
laol < H(F — k) < 2H(F)|k],

we obtain a bound for |z|, hence for |F'(x)|, in terms of H(F), b, n, k and
m. Namely, we get

log, log, |F(z)| < csn®*mlog, mlog, H(F)log, |b|log, |k|,
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where cg is an effectively computable absolute constant. Further, from
Theorem 2 we have

5
56 23 17
22 7_1’_7

m% < 28+3nn6 SnH(F) logfin ‘b‘ ’k}‘

Combining these estimates, Theorem 3 easily follows. O
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