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§0. Introduction

Let M be an n-dimensional differentiable manifold and T (M) its tan-
gent bundle. We consider the bundle MT which does not contain zero
vectors of T (M), that is, MT := T (M)− {0}. A generalized metric space
Mn is a pair (MT , gij(x, y)), where gij(x, y) is a metric tensor satisfying
the following assumptions:
(a) gij(x, y) is positively homogeneous of degree 0 in yi,
(b) gij is positive definite,
(c) g∗ij := ∂̇i∂̇jF

2/2 is regular, where ∂̇i := ∂/∂yi and F 2 := gijy
iyj .

In the previous papers ([1],[2]), we introduced three types of con-
nections in Mn: (a) metrical connection CΓ (N) = (Fj

i
k, Cj

i
k), (b) h-

metrical connection RΓ (N) = (Fj
i
k, 0) and (c) non-metrical connection

BΓ (G) = (Gj
i
k, 0) (see [1]).

Two metric tensors gij , g∗ij are related as

g∗ij = gij + Cij , Cij := yh∂̇jgih ([1], (2.8)),

which satisfies Cij = Ci
0
j = Cji and Ci0 = 0, where the index 0 denotes

transvection by y.
From the assumption that geodesics introduced from the Finsler met-

ric g∗ij are coincident with those from the generalized metric gij , that is,
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2Gi = N i
0, we have

N i
k = Gi

k − P i
k, Gi

k := ∂̇kGi,

2Gi := g∗ih(yj ∂̇h∂jF
2 − ∂hF 2)/2,

where ∂j := ∂/∂xj and the tensor P i
j is arbitrary but P i

0 = 0.
In [2], we defined the curvature tensors R, K, H and the general-

ized metric spaces of R–, K– and H–isotropic (sectional) curvature and
obtained the following results.

Theorem A. ([2]) A generalized metric space of R–isotropic curvature
is characterized by

(0.1)

6{Rhijk−R(ghjgik − ghkgij)}
= {(Cikr + 2Ckir)Rr

hj + (Chjr + 2Cjhr)Rr
ik − j|k}

+ 2(Chir − Cihr)Rr
jk − (Cjkr − Ckjr)Rr

hi,

where j|k means the interchange of indices j, k in the foregoing terms.

Theorem B. ([2]) In a generalized metric space of R–isotropic curva-
ture, if the relation

(0.2) Ri
jk = R(yjδ

i
k − ykδi

j)

is satisfied, then the following equation holds:

(0.3) Rh
i
jk = R(ghjδ

i
k − ghkδi

j).

Theorem C. ([2]) A generalized metric space of K–isotropic curva-
ture is a Riemannian space of constant curvature, that is, Cijk = 0 and
the following equation holds:

(0.4) Kh
i
jk = K(ghjδ

i
k − ghkδi

j).

Theorem D. ([2]) A generalized metric space of H–isotropic curva-
ture is a Finsler space of constant curvature, that is, g∗ij = gij (Cij = 0)
and the following equation holds:

(0.5) Hh
i
jk = H(ghjδ

i
k − ghkδi

j).

The purpose of the present paper is to consider the inverse problems
of the above results. That is, when a generalized metric space has the
special forms of curvature tensors: (0.3), (0.4) and (0.5), respectively, we
investigate the corresponding properties of the space. These are expressed
in Theorems 1.2, 2.1 and 2.5.

We raise or lower the indices by means of gij only.
Notations and terminologies are those of [1] and [2].
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§1. Curvature tensor Hh
i
jk

First we shall show
Theorem 1.1. If a generalized metric space Mn (n > 2) satisfies the

relation

(1.1) Hi
jk = Hyjδ

i
k − j|k,

then the scalar H is a constant, and (1.1) is equivalent to

(1.2) Hh
i
jk = H(ghj + Chj)δi

k − j|k.

Proof. From (1.1), we have

(1.3) (a) Hi
jk = Hyjh

i
k − j|k, (b) Hi

k = F 2Hhi
k,

where hi
k := δi

k − lilk, li := yi/F and Hi
k := Hi

0k.
Substitution of (1.3)(b) into the identity

(1.4) 3Hi
jk = Hi

k(j) −Hi
j(k) ([1], (3.6)(b))

gives

(1.5) Hi
jk = (Hyj +

1
3
F 2H(j))hi

k − j|k.

Comparing (1.5) with (1.3)(a), we get H(j)h
i
k − j|k = 0, from which we

have (n− 2)H(j) = 0. Hence, H is independent of yi.
Next, if we apply the Bianchi identity

Hi
jk//l + j|k|l = 0 ([1], (3.10)(b)),

we have

H//l(yjh
i
k − j|k) + H//j(ykhi

l − k|l) + H//k(ylh
i
j − j|l) = 0.

Contracting i with l, we get

yjH//ih
i
k − ykH//ih

i
j = 0.

Transvection of this equation by yj yields H//ih
i
k = 0. Since H is indepen-

dent of yi, the last equation means

(1.6) H,k − (H,il
i)lk = 0, H,k := ∂kH.

Differentiating (1.6) by yj and using Fli(j) = hi
j , F li(j) = hij + Cij , we

have

(1.7) (H,il
i)(g∗jk − lj lk) = 0.
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Transvecting (1.7) by g∗jk and noting g∗jklk = lj , we obtain (n−1)(H,il
i) =

0. Making use of this result, we see H,k = 0 from (1.6). Hence H
is a constant. The last assertion of the theorem is easily derived from
yj(h) = ghj + Chj . Q.E.D.

Theorem 1.2. If a generalized metric space Mn (n > 2) satisfies the
relation

(1.8) Hh
i
jk = H(ghjδ

i
k − ghkδi

j),

then the space is a Finsler space of constant curvature H.

Proof. It is sufficient to prove Cjk = 0, which means that the space
is a Finsler space. Transvecting (1.8) by yh and using H0

i
jk = Hi

jk, we
get (1.1). Hence, from Theorem 1.1, we have (1.2). Comparing (1.2) with
(1.8), we have Chjδ

i
k − j|k = 0, from which (n− 1)Cjk = 0 is derived.

Q.E.D.

§2. Curvature tensors Rh
i
jk and Kh

i
jk

Theorem 2.1. In a generalized metric space Mn (n > 2), if the rela-
tion

(2.1) Rh
i
jk = R(ghjδ

i
k − ghkδi

j)

is satisfied, then the space is one of R–isotropic curvature.

Proof. (2.1) gives

(2.2) Ri
jk = R(yjδ

i
k − ykδi

j).

It is proved that (2.1) means vanishing of the left-hand side of (0.1) in
Theorem A and using (2.2), the right-hand side of (0.1) vanishes. Q.E.D.

It is not yet proved that the scalar R of (2.1) is a constant. Now we
shall prepare the following

Proposition 2.2. In a generalized metric space, the following relations
are valid:

Ei
k(j) − Ei

j(k) = 3Ei
jk − Jj

i
k, Ei

j := Ei
0j ;(2.3)

Ri
k(j) −Ri

j(k) = 3Ri
jk + Jj

i
k, Ri

j := Ri
0j ,(2.4)

where

(2.5) (a) Jj
i
k := P i

jk/0 + 2(P i
j/k + P i

krP
r
j + P i

rP
r
jk)− j|k.
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Proof. After some calculations, (2.3) follows from

(2.6)
Ei

jk(h) = Eh
i
jk − (P i

jh/k + P r
jhP i

kr − j|k) ([1], (3.9)(c)),

Eh
i
jk + Ej

i
kh + Ek

i
hj = 0 ([1], (3.10)(a)).

Next, (2.4) follows from (2.3), (1.4) and

(2.7) Hi
jk = Ri

jk + Ei
jk, Hi

k = Ri
k + Ei

k ([2], (1.9)(c), (d)).

Q.E.D.

Remark. Using the relation Dj
i
k = P i

jk+P i
j(k) = Dk

i
j ([1],(3.2)(a)),

we can rewrite (2.5) as

(2.5) (b) Jj
i
k = −P i

j(k)/0 + 2(P i
j/k + P i

krP
r
j + P i

rP
r
jk)− j|k.

Theorem 2.3. In a generalized metric space Mn (n > 2) with (2.1),
if the tensor Jj

i
k vanishes, then the scalar R is independent of yi.

Proof. Substituting (2.1) and (2.2) into the relation

Hh
i
jk = Rh

i
jk − Ch

i
rR

r
jk + Eh

i
jk ([2], (1.7)(a), (1.9)(b)),

we have

(2.8) Hh
i
jk = R(ghjδ

i
k − yjCh

i
k − j|k) + Eh

i
jk.

Transvection of (2.8) by yh gives

Hi
jk = R(yjδ

i
k − j|k) + Ei

jk.

Differentiating this equation by yh, we have

(2.9) Hh
i
jk = {R(h)yjδ

i
k + R(gjh + Cjh)δi

k − j|k}+ Ei
jk(h).

From (2.8), (2.9) and the identities (2.6), we have

R(yjCh
i
k + Chjδ

i
k) + R(h)yjδ

i
k − P i

jh/k − P r
jhP i

kr − j|k = 0.

Transvection of this equation by yj yields

R(F 2Ch
i
k − Chkyi) + F 2R(h)h

i
k − 2P i

h/k+

P i
kh/0 − 2P r

hP i
kr + 2P r

khP i
r = 0.

Making −h|k in the above equation, we obtain

F 2R(j)h
i
k − j|k = Jj

i
k.

Therefore, by our assumption, we get R(j)h
i
k − j|k = 0. Contracting i and

k, we have (n− 2)R(j) = 0. Hence R is independent of yi. Q.E.D.
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Theorem 2.4. In a generalized metric space Mn (n > 2) with (2.1),
if the tensor P i

k vanishes, then the scalar R is a constant.

Proof. From (2.5)(b), we see that if P i
k = 0, then Jj

i
k = 0 holds

good. On the other hand, by the definition

Ei
jk = E0

i
jk = P i

j/k + P r
jDr

i
k − j|k ([1], (3.9)(a)),

we see that if P i
k = 0, then we have Ei

jk = 0. Hence, from (2.7), we have
Hi

jk = Ri
jk, which means Hi

jk = Ryjδ
i
k − j|k from (2.2). Consequently,

noting Theorem 1.1, we have that R is a constant. Q.E.D.

Theorem 2.5. A generalized metric space Mn (n > 2) with

(2.10) Kh
i
jk = K(ghjδ

i
k − ghkδi

j)

is a Riemannian space of constant curvature.

Proof. (2.10) is equivalent to Khijk = K(ghjgik − ghkgij). Conse-
quently, making use of the identity

Khijk + Kihjk = −ghi(r)R
r
jk ([1], (3.14)(b)),

we have
(2.11) ghi(r)R

r
jk = 0.

On the other hand, from (2.10), we see

Kh
i
jkyh = Ri

jk = K(yjδ
i
k − ykδi

j).

Substituting this equation into (2.11), we have ghi(k)yj − j|k = 0. Hence,
transvection of this equation by yj gives ghi(k) = 0, which means that the
space is a Riemannian space of constant curvature. Q.E.D.
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