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§0. Introduction

Let M be an n-dimensional differentiable manifold and 7'(M) its tan-
gent bundle. We consider the bundle My which does not contain zero
vectors of T'(M), that is, My := T (M) — {0}. A generalized metric space
M, is a pair (M, gi;(x,y)), where g;;(x,y) is a metric tensor satisfying
the following assumptions:

(a) gij(z,y) is positively homogeneous of degree 0 in 3,
(b) gi; is positive definite,
(c) g%ij == 5iéjF2/2 is regular, where 9; := 0/0y" and F? := g;;y'y’.

In the previous papers ([1],[2]), we introduced three types of con-
nections in M,: (a) metrical connection CI'(N) = (F;%,C;"), (b) h-
metrical connection RI'(N) = (F;%,0) and (c¢) non-metrical connection
BI'(G) = (G;%,0) (see [1]).

Two metric tensors g;;, g*;; are related as

g*ij = Gij + Cij, Cz'j = yh({;jgih ([1]7 (28))7

which satisfies C;; = C;0 ; = Cj; and Cjp = 0, where the index 0 denotes
transvection by y.

From the assumption that geodesics introduced from the Finsler met-
ric g*;; are coincident with those from the generalized metric g;;, that is,
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2G" = N{, we have
Ni =G} — Py, G} = 0G",
2G" = g* " (y? 0,0; F? — O, F?) /2,
where 9; := 8/0z7 and the tensor P'; is arbitrary but P’y = 0.
In [2], we defined the curvature tensors R, K, H and the general-

ized metric spaces of R—, K— and H-isotropic (sectional) curvature and
obtained the following results.

Theorem A. ([2]) A generalized metric space of R—isotropic curvature
is characterized by

6{ Rhijk—R(9gn;jgix — gnkgiz)}
(0.1) = {(Cikr +2Ckir)R"1j + (Chjr +2Cjnr )R it — jlk}
+ 2(Chir — Ciny)R" jk — (Cjkr — Crjr)R iy
where j|k means the interchange of indices j, k in the foregoing terms.

Theorem B. ([2]) In a generalized metric space of R—isotropic curva-
ture, if the relation

is satisfied, then the following equation holds:
(0.3) Ry ik = R(gnj0), — gnid})-

Theorem C. ([2]) A generalized metric space of K—isotropic curva-
ture is a Riemannian space of constant curvature, that is, Cj;; = 0 and
the following equation holds:

(0.4) Ky'ji = K(gn;o;, — ghk5;-)-

Theorem D. ([2]) A generalized metric space of H—isotropic curva-
ture is a Finsler space of constant curvature, that is, g*;; = gi; (Ci; = 0)
and the following equation holds:

(0.5) Hy'ji = H(gn;0) — gnros).

The purpose of the present paper is to consider the inverse problems
of the above results. That is, when a generalized metric space has the
special forms of curvature tensors: (0.3), (0.4) and (0.5), respectively, we

investigate the corresponding properties of the space. These are expressed
in Theorems 1.2, 2.1 and 2.5.
We raise or lower the indices by means of g;; only.

Notations and terminologies are those of [1] and [2].
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§1. Curvature tensor th‘jk

First we shall show

Theorem 1.1. If a generalized metric space M,, (n > 2) satisfies the
relation

(1.1) Hijk = Hyjé}ﬂ —j|k’,
then the scalar H is a constant, and (1.1) is equivalent to

(1.2) Hy'ji = H(gn; + Chj)8;, — jlk-.

PROOF. From (1.1), we have
(1.3) (a) H'ji. = Hy;h} — jlk, (b) H'y = F*Hh},

where hi := 8% — l'l, 1" :=y'/F and H'), := H'q.
Substitution of (1.3)(b) into the identity

(1.4) 3H i = Hipy — H' (111, (3.6)(b))
gives

. 1 ; .
(1.5) H'j, = (Hy; + §F2H(j))h§€ — Jjlk.

Comparing (1.5) with (1.3)(a), we get H;)hi — j|k = 0, from which we
have (n — 2)H(;) = 0. Hence, H is independent of Y.
Next, if we apply the Bianchi identity

H'jppr + jlk[l =0 ([1], (3.10)(b)),
we have
Hyi(yihi — 31k) + Hy; (yihi — k|1 + H e (yih = j|l) = 0.
Contracting ¢ with [, we get
y;iHyihi, — yrH yh = 0.
Transvection of this equation by ¢ yields H j;hj = 0. Since H is indepen-
dent of y*, the last equation means
(1.6) Hy — (H ) =0, H . := O H.

Differentiating (1.6) by 4/ and using Fl*(;) = h;, Flyjy = hij + Cij, we
have

(L.7) (Hl")(g" jx — lilx) = 0.
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Transvecting (1.7) by g*/* and noting g*/*1;, = I/, we obtain (n—1)(H ;I%) =
0. Making use of this result, we see H; = 0 from (1.6). Hence H
is a constant. The last assertion of the theorem is easily derived from
Yih) = Jhj + Chj- Q.E.D.

Theorem 1.2. If a generalized metric space M,, (n > 2) satisfies the
relation

(1.8) Hy'ji = H(gn;6), — gnkos),
then the space is a Finsler space of constant curvature H.

PRrROOF. It is sufficient to prove C;; = 0, which means that the space
is a Finsler space. Transvecting (1.8) by y" and using Ho';r = H'ji, we
get (1.1). Hence, from Theorem 1.1, we have (1.2). Comparing (1.2) with
(1.8), we have Cy;0; — jlk = 0, from which (n — 1)Cjx, = 0 is derived.

Q.E.D.

§2. Curvature tensors R;’;; and K’

Theorem 2.1. In a generalized metric space M,, (n > 2), if the rela-
tion

(2.1) Ry’ ik = R(gn;0}, — gnid?)

is satisfied, then the space is one of R—isotropic curvature.
PROOF. (2.1) gives

(2.2) R'ji = R(y;6;, — yi0?).

It is proved that (2.1) means vanishing of the left-hand side of (0.1) in
Theorem A and using (2.2), the right-hand side of (0.1) vanishes. Q.E.D.

It is not yet proved that the scalar R of (2.1) is a constant. Now we
shall prepare the following

Proposition 2.2. In a generalized metric space, the following relations
are valid:

(2.3) E'viy — By =3E'j, — Ji'x, E'j = E'qj;
(2.4) R'yy = Ry = 3R + Jj'x,  R'ji= Ry,
where

(2.5) (CL) ink: = Pijk/g +2(Pij/k +Pik:rPTj +PirPTjk:) _.7|k
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PROOF. After some calculations, (2.3) follows from
E' sk = Bn' ik — (Pjnjke + PTjpPlry — jlk) ([1], (3.9)(c)),
Ep'ji+ Ej'vn + Ei'ng =0 ([1],(3.10)(a)).
Next, (2.4) follows from (2.3), (1.4) and
(2.7)  H'yn=Rjy+E', HY%=Ryir+EY% (2],(1.9)(c),(d)).
Q.E.D.

Remark. Using the relation D'y = P'j,+P" ;) = Di"; ([1],(3.2)(a)),

we can rewrite (2.5) as

(25)  (b) Ji'k = —P'juy0 +2(P'jk + PP + PP ) — gk

Theorem 2.3. In a generalized metric space M, (n > 2) with (2.1),
if the tensor J;';, vanishes, then the scalar R is independent of y*.

(2.6)

PROOF. Substituting (2.1) and (2.2) into the relation

Hy'je = Ry — Co' RN+ By (2], (1.7)(a), (1.9)()),
we have
(2.8) Hy,'ji = R(gn;oh — y;Cn'x — jlk) + En’ .-
Transvection of (2.8) by y” gives

H'ji, = R(y;0;, — jlk) + E' jx.

Differentiating this equation by y", we have
(2.9) Hy' i = {Rnyy;0k + R(gjn + Cjn)0;, — Ik} + E' jn)-
From (2.8), (2.9) and the identities (2.6), we have

R(y;Ch’k + Cnjdi) + Rnyy;0;, — Plinyk — PTjn Pl — jlk = 0.
Transvection of this equation by 1/ yields

R(F?Ch'y — Chiy') + F? Ry hj, — 2Py, 5+
Plinjo — 2Py Pliy 4+ 2P P = 0.
Making —h|k in the above equation, we obtain
F*Rjyhj, — jlk = Jj's.

Therefore, by our assumption, we get R(j)h}; — j|k = 0. Contracting i and
k, we have (n — 2)R(;y = 0. Hence R is independent of y". Q.E.D.
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Theorem 2.4. In a generalized metric space M, (n > 2) with (2.1),
if the tensor P'j vanishes, then the scalar R is a constant.

PROOF. From (2.5)(b), we see that if P’y = 0, then J;’; = 0 holds
good. On the other hand, by the definition

E'ji =FEo'jk = Py + PT;D" sk — Gk ([1,(3.9)(a)),

we see that if P’y = 0, then we have E*;; = 0. Hence, from (2.7), we have
H'j; = R}, which means H';;, = Ry;0% — j|k from (2.2). Consequently,
noting Theorem 1.1, we have that R is a constant. Q.E.D.

Theorem 2.5. A generalized metric space M,, (n > 2) with
(2.10) Khijk = K(ghjélic — ghké;")
is a Riemannian space of constant curvature.

PRrROOF. (2.10) is equivalent to Kpijx = K(gn;9ik — gnrgij). Conse-
quently, making use of the identity

Khijk + Kinjt = —gni(r R jk ([1], (3.14)(b)),
we have
(2.11) iy R & = 0.
On the other hand, from (2.10), we see
Ky' iy = R'jx = K (y;0 — ykéé).

Substituting this equation into (2.11), we have gp;x)y; — j|lk = 0. Hence,
transvection of this equation by y’ gives gni(k) = 0, which means that the
space is a Riemannian space of constant curvature. Q.E.D.
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